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1.1 —MIBitHESR
ARERRL, NAELERPWR, X—BRFTHEATZET L REAERE u(e,t)
RE—MENTRERAE. K v £IEZE & A RBEEYES S

y :
u(x,t) = Y a;(t)é:(@) + ur(=,t) (1.1.1)
i=1

Hep, up(z,t) BRK|RT. & &) TiE, BT HEEZMS, S50 E— K& E
FIRHE, AR FEFAREM. BATH &(x) MEERBZRE LA By. BB BIRIA—RE
KRR |

Flai(t),&i(x)) =0 (1.1.2)
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R F A HREERY. KB ARMTONES, RESENRREG J(a) &i())
XFE, WSHBE A RB IR S RE R BB ILRE — WIS S5 4 I T H# 5 &, B
k & (x) € By, R ‘
J(&i(=2)) = min J(&i(=)) (1.1.3)

¢, (x)eBN,F(ai,€;)=0

BRAZME, BITRY o SEMNE &

XE, WREERN, EHRIER —EEZMF-BEN, Bl FrRB A LS
RS —H. 7, BIRMNZARN, FIRAR. Hm, DR REREEER S KR EATIR
Heye, MK (1.1.2) © F 24

F: oai(t) = (u,§;) (1.1.4)

XEB, (,)Hh L0 EMAR. SREVBRREESINIRE, W
dk(t) =Fk(ak;£17"'7£N;V£17"'7V£N)}

u@=Awfmn (11.5)
Ko, 0 WRIHE ¢ RS, wo HEEE.

RS, MEE, BIRIETIG B AR E R R A R R SR R
X FARBWUAEE. RESLMENAENRE. KE. KRUETIRGLHEE.
J ARSI, SEAGFTRREN, 544, RARSRBHESNER.

1.2 ZHBERRRERHREMEREL
THE, EER-BERER TR ERHIEE O RMRIRAES N RERBER.

- ZERMEARER: Bk BREZREURSN u~ Zak(t)fk(w) XE, a5 &

WA AT Rk E B KR A0 R 3 %ﬁﬂﬁﬂﬁﬁﬁﬁﬁﬁﬂiﬂ%ﬁ%hﬁfﬁ Galerkin ¥, 133l
Brxt DR  REE, T ae(t) BRI DA BAE 86 BRI B B &4 M BALIER
& RWXTNRESI RS, MWL T #X— RN E RIS (I Reynolds (%) 3¢
QAR Ly s

HTHEATPTERR, FHULFREFREANTE, 2500 80% &4 MEEERRHA
RIMER. BREHSRETRAOBBURNIE: ZEUER 8RB BFE I F RN B
FHMRLERR, HAFRBMFFLIHNBIHRE, TARHTHBES.

ATRIAFRBRINBEN NI RE, BREREHZE J*

i,
ﬁ@w~£MéA(mmmmnT@z (1.2.1)

@
T (k) = min J*(Ck) (12.2)

HRI@EERD, ur FRE. AL, 7 up B/MIETET, SI3FERSH p EBPIRETK
BIRER, UARRKKBLEEWRESE. XH J* TELHE J(o€, -, €ér) BUR,
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J(p;ﬁl,---,EN)é/OT [(U,u)—iai]dﬁ

k=1
N N
p(uo(a:,O) — Z ar(0)€, uo(x,0) — Zak(O)Ek) , T HEE (1.2.3)
k=1 k=1

Hrh, p A—FASE XH, KRBEBNERESINRENBERLER: HE, NEEH o, X
(GI(P), .. ’E;V(p)) € BN’ ﬁﬁ

TEE) 60 =, 7, T ) 124

HaWRR (115). FR, %25 AR S & BTN o0 7 co, 8K 0" 20,
T
/ [a}lp—p|2dt

/ (o] pmol?dt

/0 [a3,(0)] e 2t

B (UO(E,O),U()((B,O)) -

FERARAMEIZE J S Lagrange RTH% R R SMILR, T T S0k ABLE 0 3 b
Bk, ATTBE - RICAEIEE J9 X J9 KA, RE MM i KR A2,

HXSH p HIT-RBR, BIEHE *‘“%%#%ﬂ:ﬁ:&ﬁ)ﬁ?ﬂ‘]ﬁﬁﬁ% & BHHAARK (1.15)
BRI 1R BT R R AR AR 4E S R AL

2 f£ Lorenz RGP RIEA

2.1 ZHRAXMTHBESE Lorenz &4t
i =4 Boussinesq Ji#2H] F:H{ Lorenz R4 N

2 .
BVW+J(!P Vig) — Pr(1+a2)2—:—— Pr

<e (1.2.5)

<e (1.2.6)

Viw =0

51 1+

ta (2.1.1)
T ov 1 _,
S+ I(WT) —Rage — VT =0

He, T HM&EE, Ra X Rayleigh ¥, Pr 4 Prandtl ¥, o AJUAILLBIERF, J X Jacobi
FEfE, vALENHEE. JUTAFAN0<c<2n 02 <7 KHERE. VbR %44
¥(0,2) = ¥(2m,2) = ¥(z,0) = ¥(z,m) =0

V2U(0,2) = V2¥(2m,z) = V2¥(z,0) = V2 U(z,m) = 0 (2.1.2)

aT orT
5;(0, z) = £(27r,z) =T(z,0) =T(z,m)=0
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2.2 Lorenz RGEREE LA Galerkin X%
2 N
V=Un+ V= Zak(t)£k(x, z)
F=t 2.2.1)
. 2.2
T=Tn+Tr =) be(t)x(z,2)
k=1
Hep, Ur I Tr ART, & G ABRMKRERE, HBRERHEZHF
=6
(éx, &) kl} (222)
(Cky Ct) = Omi

$ Lorenz R4t (2.1.1) 7E & F ¢ L 3EAT Galerkin #tf, H-HEBRLF£H (21.2), B
N
ZdzAkz =
=1

N M
Z a1y Biim + Pr(l + a2) Z bCr +

Pr ialel _ Q(1)
2 = Yk
1=1 taetia

1

l,m=1

(2.2.3)

. N M
Sby, = Z Z‘a;mektm + Ra

=1 m=1

HH&ZRZHEORAERWT

N , M ®
A2
z§=1 aFir + 7 s z§=1 G = @y

oz Oz 9z 0z

Akl=—A(%%a2+%%)dﬂ ‘

Pbm o | BPm
Bitm = /_; ( 522 ¢ T 2

9G

Cu = . a—szdf?

%

9 061 _ 9¢x 06
0z Oz Oz Oz

asz 2 asz
a

3261 2
Dy = A ( 3$2a +
Bt = /n (3z Oz

)(

822

86 36m
dxr Oz

)drz

oz? 822

)def?

)as

-

(2.2.4)

o6

F = %deﬂ

n

[ (%0 o, %3G
Gt = /;7(8:3 oz +8z Oz e

2.3 Lorenz RPN FGZEHE J R BILFGZH J°
EXBRMEFZER J A

T T
J= / (PR, ¥r)dt + / (Tr,Tgr)dt =
0 0o

T
‘/(; (¥n, UN) — 2(9, ON)+ (Tm, Tne) — 2(T, Thr)]dt (2.3.1)
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5T AhsREY, BRBUEMHZE J LBEHREN BR, B,

N M

J = (~20k(0)(#(0), &) + ak(0)) + > (~2bx(0)(T(0), &) + b2(0)) (2.3.2)
k=1 k=1

XB, FHA Lagrange RFEFZIBINRE (2.2.3) MAKR; RATREESBERHMIE
RS (2.2.2). Ak, X BIEAHEZE J9 R

Jg—J+/ Z,\k t)( QW ZAk,a,)dt+/ an(t) @ _p)dt+

N
Y
I=1,k<

kl=1,k<l

M
(€, &1) = 6)? + p2 Z [k &) = Ba)? (2.3.3)
kd=1,k<

=1,k<!

HA, p1, p2 ATETF, Me(t), m(t) 4 Lagrange &7, Q, QP #3IMRER (22.3) MK
KRR AT RBBRE & 5 &, & I HENSTFR. HEHEAEHE, 4 ok, Sb, 68 Al
8 MABTSTR, BI—ARHSHEH (FEEFE, B%). BRBKRE & G 25,
FIA (2.2.4) RBFE (22.3) FHATMRY, RATLAEHETRRENBRRIEEDHREL.

2.4 BIEEITHER

KRR BEESERS RS, EitEP, TEMIRELE LR BRORMKE &
Ck-
241 YIRS ERPIHE

BAMREREI N EREEN: (1) FRELFERAREH.  (2) BRMBEIE
FHREAREATHETWHEGHESNEBHE.

A T HEATy B IER T, 8 55 Lorenzl®! 5 =4 Lorenz 31 1 RAEFTH HIMMAH S WA
# (EfWEU EREEN) #TAE. BT XRERRERAANR, FTURNMNERSZ %S
—¥. BREA—RONGEHSERMGBEHTIHE, SREAETENOENE 4 Rayleigh 3
%T 28.0, Prandtl #(HR 10.0, JLATRJ LBIEFH 1.5. 45IRA 2 N1 3 NEMEHR Lorenz
ARERTRBEHMBRES, WHHRE 5 BN RE. BHHSERWBESHHA

v(0) = 2sina:sinz}

(2.4.1)
T(0) = 2coszsin z

¢é1 = V2sin(mz)sin z )
€2 = V2 cos(maz) sin z

¢1 = V2cos(mz)sinz } (2.4.2)
(2 = V2sin(mz) sin 2
(3 = V2sin(22) )

242 HEERGH
KBBMNE & 0, KA LRSH, MKRGIBRAE, BB R E R S0 5
BHBANTET 1077, IBLRNE L B2 fin. BitEERTR: -, EXHE6P,
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Mt G4 EERYBEZRNRA EERR. B RAASERR, RITESRAHENRRL
B ERSEIFHRBEEN B SHHE F£2, B 2 BEREN T AR E R HE R
AR, FFH AT DR A7 SCHL B A A& AFIZ B B B 5.

Bl (s B‘mﬁé‘%:‘&iﬁﬁlﬁ%iﬁwﬁ B2 T(0) HyMGams 52 Um MBS L
FEGwEEX, TEARSEHESR ERAERRE, TEYSR

Fig.1 Comparison of the initial and converged Fig.2 Comparison of the exact and converged

forms of ¢3. Up: initial; Low: converged solutions of T(0). Up: exact; Low: converged.

2.5 Lorenz M{L{ESE NN RetzhHhEFIEs
2.5.1 B REHZEIEPE

HTE5L2MK =4 Lorenz RN 4 B3EfTHE, BL Ra = 28.0, a = 1.5, Pr = 10.0. [ 3,
B 4 4354 =4k Lorenz REF L4 Lorenz BRIEKERZWHATMPUE. MNEPEH=ZHRE
ERARGZREEEMTNRR, 0 X ~a, Y ~ by & Z ~ by. NTATRAELERES,
az, by & bs TR REMEAEYE, a5 b M —SRET=ZEREHARENEIAE
MWE 3, B 478aT I, 7 X 5 e ZEFEEBRKR.

(@ X~Y (b) X ~2 ©Y~2Z

B 3 Lorenz REMMNER
Fig.3 The phase trajectories of Lorenz system

WRIAEH: $—, AEREPHERERETRE Lbh =R RENERLEM LS
SARETIAEIR, B BEFIZRAAFEEREBMRR; B2, BRETRNHSA Fourier £
MR, FUETRREN AL IRENCQEHRLESBELET Fourier REIRAESH S
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Rezhd. B, EARMNKRRIFARHEEK. Dl Lorenz BINSH IR/ R T HESI N R
GEtk A B AR HBh F 2 E R .

(d) a1 ~ by (e) a1 ~ b3
B 4 T Lorenz RAMAERARHER

Fig.4 The phase trajectories of 5D Lorenz optimal low dimensional dynamical system

2.5.2 Poincaré #, 10

Poincaré B IEFAELN “W MARBHNEEBRE. B 5 A a2, by MAASEPEN
a1 < 0 KZMAIZ5TE a1 = 0 *FHE ) Poincaré BH, ERAMRS| FAEHTEH LHHRE. AT
HER G EMATIFE, BHEZEPGERARNARKGERI, BPEL by, by FETEN b = —0.2
il a1 = 0 ) Poincaré #H, ‘&5 =4 Lorenz RGE+ HBLIKERS B HAKL (LE 6), B
AR LR RERS. HTKERZEREN, FUELEREPPEERE. ABOELE,
Bl 6 A E B 5 Lorenzl® 3 p ik BB 2 A tHEE BB KR,

B 5 Poincaré & 6 Bkt
Fig.5 The Poincaré section Fig.6 The tent projection

e ot e P
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2.5.3 hEE ST

Xt BB B 1 R & B PG B AT RIS oA, BT BB E 50 ~ 1050 Y
HFES, $KH 0.01, 3Lt N = 10° M. BPBEARRURE o, AR XTI log P,
AT X, B 74/ T =4 Lorenz RAETES S Ra = 28.0, a = 1.5, Pr = 10.0 Kt g ThaKiik
B. ANEHEY, ZWFFEHIE 012 L. HABRNSHRENTIEEENE 8 s, b
76 0.14 MHEHBLES, HAREER, XRHRERRIER.

4 4 4
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24 2 9 2
14
01 1 v 1
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(a) X Wizhik (b) Y ez ik T (o) Z mTh Ak
(a) The power spectrum of X (b) The power spectrum of Y (¢) The power spectrum of Z

B 7 =#k Lorenz RS HH M ThE %
Fig.7 The power spectrum of 3D Lorenz system
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h 9
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b N
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1 3
-6 ~6 3 ~61
00 01 02 03 04 05 00 01 02 03 04 05 00 01 02 03 04 05
(a) a1 HIZhE K (b) a2 KT (c) by BIzh3e ik
(a) The power spectrum of a1 (b) The power spectrum of a2 (¢) The power spectrum of b
5 3
L
] 24
]
0q -
| :
]
0
‘_571 1
] : : r . -1 . . . :
00 01 02 03 04 05 00 0.1 0.2 03 04 05
(d) b2 By (e) b WIZh3 ik
(d) The power spectrum of by (e) The power spectrum of b3

Bl 8 fi#f Lorenz BIL{K4E REHUH M TR #

Fig.8 The power spectrum of 5D optimal low dimensional Lorenz system

2.5.4 Lyapunov 5%
Lyapunov {8 R B — M RE W BN € BRI EHERSES, ER Lyapunov 5%
LB,  Lyapunov {88 (A = 1---k) "] & X4
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A= lim %m {eig[gj(p)]} (2.5.3)
KB T REAGKH Jacobi 75K, k RRGHEE. MRS Jacobi EEREKE, FHEIE=4%
Lorenz REMALBARMIMERFHREH AL

B 56X =4k Lorenz REHATHT, Z R A 9 iR, ErhBIAERARTE], SA44454 Lyapunov
B8, =1 Lyapunov 88 —AIE, —MAR, — AR BZFRGERREMLK. & 104
St HBERGEHITHHGER. LA Lyapunov fREH AN IE, 4514 0.0064 1 0.0025; — 4K
1, 4rH1A —0.0024 1 —0.013; —MAR. S=HRSMEE, H 10 EABOLME T RN E
B,

0.010 ' [ 0.020
0.005 0.010
m>~ ——
0.000 I 0.000
-0.005 W/M -0.010
-0.010 ' ' : -0.020
0.0 1000.0 2000.0 0.0 300.0 600.0 900.0 1200.0
B9 ZH RS Lyapunov HMEBILIE SR B 10 fi#kRE Lyapunov HMEBLIER
Fig.9 The evolution of Lyapunov index Fig.10 The evolution of Lyapunov index
of 3D system of 5D system

2.5.5 A3l S FRE >

34 Ra = 28.0, Pr = 10.0, a = 1.5 B, =4 Lorenz ZR&PEH =315, ENEHETH
B (—8.485, —8.485,27.0), (8.485,8.485,27), (0,0,0). Xf [ HIMEAEM % (—13.85,0.09 +
10.2i,0.09 — 10.2i), (—13.85,0.09 + 10.2i,0.00 — 10.2i), (—20.8,11.8,—2.6). HYGAE(EF X =4
REN R AR A BTN - & R).

T4 Lorenz BRI RERRERHESE T UA =ZATINA, ENEMHZRE K AFRA (0.02,
—3.74,0.03, 8.05,19.23), (—0.001,4.869, 0.01, —3.95, 19.56), (0,0,0,0,0). X} RiMIAE(E %Y (~0.44+
10.2i, —0.44 — 10.2i, —15.9,0.34, ~17.3), (—15.3, —0.15, —17.95, 0.48 + 11.42i, 0.47 — 11.451), (—29.8,
—28.7,14.2,13.63, —2.6). HIMAIE HX=MASIAEAE A, HENALBEAFXR.

HRBEHEMITRERERSITS N RER —MEEFE. FALE, B LLME1BS
HAE R =4 Lorenz REEMZ AP MR ERMB SR ERE. HEDEHLRZKIREERE
SRRERBR ERXIHRE. FESPHTRBUER, RAVRKIRALE Lorenz BRINKAESN T RES
LI =4 Lorenz RELIEXNPRR. B 12 FIE 14 HH T M KHEZ R KR E S AEER
. ZWBJEAHERIERTT U REXT N KA FEEE, BEA%REPNNHREAFNRK,
HH IR E Fi B i1 :

B 15 A AEBRRRAEHLBIVMETE LY E S AR eEREn—1MF, AEHRTE
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=30 30
(@ X~Y X~z ©Y~2Z

B 11 =%k Lorenz RAEKIRERIE
Fig.11 The stable manifolds of 3D Lorenz system

30 50 50

(a) a2 ~ b2 (b) az ~ b3 (c) b2 ~ b3
H 12 f4 Lorenz BILEAEREBERE
Fig.12 The stable manifolds of 5D optimal low dimensional Lorenz system

30 50 50

-30 30 -30 30 -30 30
(@ X~Y M X~Z (Y ~2Z
B 13 =# Lorenz ZHENRERE
Fig.13 The unstable manifolds of 3D Lorenz system
30 50 50

-30 -5 -5
-30 30 -30 30 —30 30

(a) a2 ~ b2 (b) az ~ b3 (c) bz ~ b3
B 14 fi4E Lorenz BERGERERBERIE

Fig.14 The unstable manifolds of 5D optimal low dimensional Lorenz system
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EUW?E%E‘J%W%‘E‘JH%W%H‘JBIUZ?X#%. BRERESARERERBME L, WTHEIE
FITE SR PUE L R TR, AT AT @ TS S5T, LERNI RGP M TR

30 — 30

~30 i —30

—-30 30 —-30 30
(a) a1 ~ by LB EME (b) a1 ~ b2 EHIREE B Wi
(a) The stable manifold on a1 ~ b2 (b) The unstable manifold on a1 ~ b2

B 15 F# Lorenz Bk REREHBRE

Fig.15 The other manifolds of 5D optimal low dimensional Lorenz system

2.5.6 42

FEXT B I RGN 1 F BT S Ar e, B4 ETUAE TRAZEREASE TN
P T, PRSI Lorenz BALIKAES) 1 R 5 57 5IBE Rayleigh ${ Ra F1 Prandtl { Pr 28
WIS E. ERSTRASEH, NBRA b BT RHRAREIES a1 =0 FHEHAHER
] Poincaré 8 L HBR. X BMR SETELRSNTIE 300 ~ 400 Z (8], FE]PKEA 0.005.
B 16 45124 Ra=28.0,a= 15K, & Pr=0.1~500 ZBR%Esh ¥R, Pr
WP KE 0.01. BEMPAER, 7E 3.98 HHE MBI A& 39.8 MHEME4#, Kow KRN
Crisis ®l, B 174 H Pr =10.0,a = 1.5, Ra )\ 0.1 ~ 100 43#; . Ra 344 0.01. ) 16.5
TG, RERRIFHRIEN R X,

20.0 : w w T 60.0
40.0 -
10.0 + C
i 200} e
00 G 1 It
| - 8
—-10.0 1 20.0
—20.0 L 1 : . : —40.0 . I . I . I . 1 .
0.0 10.0 20.0 30.0 40.0 50.0 0.0 20.0 40.0 60.0 80.0 100.0
16 B Pr 3RS EE 17 B Ra ¥R SEHE
Fig.16 The bifurcation diagram of Pr Fig.17 The bifurcation diagram of Ra
3 & it

1) TR BRI I R AR T B TR T HIE, HEMNERTTERISR, 27
Ak, R RBRE RIS AR RO, B R B A PR AL B 2 ) R i 3
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T, RBERELR BRI REEY, EOIRFEKESIHERARMEHL
H.

2) R ETRMENSN DRGNS ZFET R, BEERS MR T ENERSN
FATA, BT B NFIFIE. ARG R Lorenz HBK KSR RME, LS5
F Fourier ZHZINRE (B ~ +=4k) S 2Z LIRS HBLIRIEAT A R i T8 L8 Wi i ).

3) B M43l h R AR LB IRE LR R DR E AR E KRR HInZ K, KW
RERBRMUE, I AR TR KEE R EE .

ZLEPR, BAUIRYESN )R GERARTE 1R X 5L b B SR 3l R R A BO5 .
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A NEW DATABASE-FREE METHOD OF CONSTRUCTING
OPTIMAL LOW-DIMENSIONAL DYNAMICAL SYSTEMS
AND ITS APPLICATIONY

Wu Chuijie* ! Zhao Hongliang'
* (LNM, Inst. Mech., CAS, Beijing 100080, China)
t (Res. Center for Fluid Dyn., PLA Univ. Sci. Tec., Nanjing 211101, China)

Abstract Based on the theory of constructing optimal Low-Dimensional Dynamical Systems
(LDDS), either based on known databases or directly from partial differential equations, (Wu CJ,
Discrete and Continuous Dynamical Systems. 1996, 2(4): 559~583), a new method of building
optimal LDDS models directly from partial differential equations is proposed in this paper. A 5
dimensional optimal LDDS of Lorenz system is obtained with the new method, and its dynamical
characters are studied. Results show that the new method does not depend on flow database and
has the ability to capture the typical characters of complicated fluid problems. There are some
new complicated dynamical properties in the 5 dimensional optimal LDDS, which are not exist in

the classical Lorenz model.

Key words optimization, partial differential equations, dynamical system, Lorenz system
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