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Strain Regularity and Stiffness Tensor of Reinforcers in
Dense Particle Reinforced Composites
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Abstract.  Based on the study of strain distribution in composites reinforced with high-volume-fraction

randomly distributed particles the quantitative relation betw een the average strains of matrix / rein-
forcers and micwostructure parameters of the composite isinvestigated. It is revealed that besides the av-
erage strains strain fluctuation is also an important factor affecting the stiffness modulus of the compos-
ites. The relation between the strain fluctuation and microstructure parameters of the composite is also

obtained to demnve the stiffness tensor. The theoretical prediction is favorably compared with experimen-
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tal results.
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Hill " pointed out that the prediction of elastic
moduli of composites can be carried out if the rela-
tion of the local strain and macro strain are ob-
tained. If the reinforcers are spherical/ ellipsoidal
and their volume fraction is less than 10%, the e-
lastic moduli of the composites can be predicted ac-
curately by Eshelby equivalent inclusion method'”,
the self-consistent method > and so on.

However, in actual engineering composites,
the shape of the reinforcers is usually far much
more complicated than a sphere or ellipsoid, the
volume fraction of reinforcers is as high as 10%-
40 %%,

seems impossible to cut out a unit cell in which only

and they are irregularly distributed. It

a unique reinforcer is included, as done in previous
theories. For composite in engineering, accurate
prediction of effective elastic moduli is still an open

problem until now.
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In fact, macro mechanical properties of com -
posites, particularly their elastic properties, are not
sensitive to the details of the local stress and strain
fields at the ends of the reinforcers. A good predic-
tion of macro mechanical properties of composites
can be obtained without the so-called exact micro-
mechanical calculation.

Lid "% studied short fiber/whisker rein-
foreced com posites w hose aspect ratio is larger than
3 by the network model. The effect of orientation
of fiber/ whisker on macro properties is considered,
while the space location distributive randomicity of
short fiber/whisker and the strain distributive de-
tail in the end of reinforcers were neglected. The
strain regularity of the matrix and reinforcers and
the stiffness tenor are given. The stiffness tensor of
the composite in engineering can be predicted in the

condition of arbitrarily tropism distributing rein-
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forcers and arbitrarily deformed condition.

In the present papers the transverse stiffness
of composites reinforced with high-volume-frac-
tion, randomly distributed, one-way fibers by the
network model is studied. The precision of simu-
lating composites reinforced with high-volume-frac-
tion, randomly distributed particles by a two-di-
mensional model is discussed.

The quantitative relation between the average
strain and fluctuation of matrix/reinforcers and mi-
crostructure parameters of the composite is investi-
gated. Then an explicit stiffness tensor is derived,
which is compared with the ex perimental measure-

ment and previous theoretical results.

1 Strain Regularity

1.1 Average strain

The strain distribution regulation of particle
reinforced com posites is investigated with a two-di-
mensional network model " ; a typical example is
shown in Fig. 1. The reinforcers with the special
volume fraction are distributed into the matrix.
The stiffness of elements is decided according to the
property ratio of the matrix to the reinforcers.
M acro strain fields are given by controlling bound-
ary displacement. According to the displacement of
the vertex of triangles A, B and C, shown in Fig.
1(c), the strain &; inside triangles can be calculat-
ed. The statistic regulation of the strain distribu-
tion is derived by a statistic analysis on the strain.
The total number of triangles is 51543.

g represents reinforcement; ¢ represents serial
number of reinforcement element. For the ¢-th re-
inforcement element, the volume is denoted as
Vi g, the strain is denoted as €.t g and then the

average strain of the reinforcer can be written as
_ 1
sij»gzvzsﬁyfagvhg (D
g

By controlling boundary deformation, the first
principal strain is unit value; the other principal
strain is zero. The included angles of the principal
strain and the X -axis are 05 55 107, 157, 20 and
25", respectively. For every direction, eleven sam-

ples with reinforcers randomly distributed are stud-

-
h \ 4 y
v/

(c)

Fig. 1 Particle reinforced composites

and netw ork model
(@) particle reinforced composites;
(b) network model local enlarging;
(o) triangle cell
ied; the strain is statistic by Eq. (1). The results
show that to any first principal strain direction
‘", & ¢ is much greater than other strain com po-
nents and almost keeps unchanged. Tt is denoted as
reinforcers strain coefficient Ag. The relation be-
tween the average strain of reinforcers and macro
strain §; is
Cg = A 2
A, is only dependent on the modulus ratio of
the matrix to the reinforcers E./ E, and the vol-
ume of the reinforcers V.. With fixed £/ E, and
Ves Agis a constant. So A, is an intrinsic parame-
ter of com posites. It is expressed as

Ew
Ag= f .

A ccording to the parameter combination listed

Ve 3

’
g

in Table 1, the modulus ratio of the matrix to the

particle K./ E; and. the volume of the particle V,
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are changed. Based on the results, Eq. (3) can be

expressed as

Eum 0.9
Ey
where O E./ E1/2, 0 V50%.

Table 1 Material parameter combinations

A = (0.85+0.9V,) 4)

Parameters Scales
EJ/E, 172, 1/3,1/4 1/6, 1/8, 1/ 12, 1/ 16, 1/ 25
V. 10%. 20% 30%., 40%, 50%

Numerical results and the regressive function

are shown in Fig. 2.

0.87
e v 50%

0.6
Ve: 0~50%
E/Ey: 0~50%

Ag

04r

0.2}

6 01 02 03 04 05
EwE,

Fig.2 Agversus E,/ Egand V,

Similar to reinforcers, g represents matrix,

average strain in matrix is denoted as
N | 2
€jm — 1% €, t.th,m (5)
m

Because the sum of deformation of the matrix
and reinforcers equals macro deformation, matrix
strain parameter Aw and reinforcer strain parameter

A, have a relation as

>\g Vg+ Am V=1 6)
Numerical results prove Eq. (6) and
E:ij, m — )\m E’L] (7)

1.2 Strain fluctuation
In shortfiber

strain fluctuation is far less than that of the average

reinforced composites, the
strain. It is neglected*” . But in particle rein-
forced com posites, the strain fluctuation is not little
compared with the average strain because of the
shape. It is necessary to investigate strain fluctua-
tion.

For the t-th reinforcement element, the strain
difference is denoted as

Aij7 t, g -

For the t-th matrix element, , the strain differ-

Cjng T S 3)

ence 1s denoted as
Av'j, tsm —

According to the parameter combinations and

&j, tom T 7€ij.m (9)

sample used in Section 1, statistic results indicate
that though the strain difference of every element is
distinct, the relation between the average value of
the square of strain difference and macro strain can
be expressed with a strain fluctuation coefficient.
The strain fluctuation coefficients of reinforcers and

matrix are expressed as Ag and Am; one can get
1
VZAI] t;gArs. iy g Vt,g: Aéezjerx (10)
g 1t
and

1
V_ZALj,t,mArs,t, mvt.m:AﬁleLjers <11)

Similar to a strain coefficient, strain fluctua-
tion coefficients, 2 and Aw, are intrinsic parame-
ters of the composite. They almost keep unchanged
regardless of the loading direction and location of
reinforcers. They are expressed asand

E.,

1 Em
A=f V| and &y = gl
Ey

b
Ey

V"l

(12)
where V= 1— V, is the volume fraction of the
matrix.

Regressive functions of &, and A, are ex-

pressed as
A, = (0.01+0.15Veexp| — 6.5
where
En
0<< V,<< 0.5, 0<< E_< 0.5 (13)
g
and
Em
A, = (0.15V wexp| —5| 7
Ey
where

0= Vo< 0.5 0= %< 0.5 (14

g

Numerical results and regressive functions of
A, and A, are shown in Fig. 3 and Fig. 4.

According to Egs. (13) and (14), the stiff-
ness of the com posite over that of the matrix is cal-
culated. The result is 2. 38 without considering
strain fluctuation, whereas the result is 3.12, con-
sidering strain fluctuation. The difference is 24 %.

It is shown that strain fluctuation is an important
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Fig. 4 Ag versus Vg and En/ E,

factor to stiffness.

2 Stiffness Tensor

2.1 Stiffness of reinforcers
Stiffness of reinforcers is denoted as K. o

strain energy of the ¢-th reinforcement element is

1

Wt,g: EKijrs.gEij, t g€ty g Vt,g (15)

The sum of strain energy in reinforcers is

K 2
?Kijrs,g - E:ij-, ts gers, t,gV&g (16)

Substituting Eqgs. (8) and (9) into Eq. (16) yields

W, =

Wy= %K yrs gz (évjvg+ Au b g)(iamg + 4. fsg) Vig

1 L 1
- ?Kijrs.g E'L]. gers. g Vng EK ijrss gz Azj, tyg Ars. g Vt.g
an
Substituting Eqs. (2) and (10) into Eq. (17)

yields

Wg: %Kijrs,gsljers+(>\§+ Aé)Vg <18)

The second derivative of Eq. (18) yields the contri-
bution of reinforcers to the stiffness of the com pos-
ite

Gi].r&g: (>\3+ Aé)VgKifrx,a (19)

=)

2.2 Stiffness of matrix

Similar to reinforcers the contribution of the
matrix to the stiffness of the composite is
Gijrsom = M+ B0 VKoo

2.3 Stiffness of composite
The stiffness tensor of the com posite is yielded

Kiis = Gijrsom T Gijrs.s =

Kijrem N+ A2V + Ko g A2+ 2DV,

QD

(20)

3 Comparison with Experiment

The numerical results are compared with ex-
periment of short-fiber and particle composites.

With V,= 10%, L/d=4.5, the verse stiff-
ness moduli of SiCw/2024Al composite are calcu-
lated. The stiffness moduli of the whisker and ma-
trix are equal to 480 GPa and 73 GPa, respective-
ly. With Egs. (1), (2) and (6), A,=0.233, A, =
1.125, with Eqs. (8), (9) and (10), 4,=0. 031,
An=0.067. Combining Eq. (21), the verse mod-
uli of composite is 86.05GPa. The experiment re-
sult is 86. 5Gpa in Ref.[ 5] .

is favorably compared with the experimental one.

The numerical result

To a particle reinforced composite with Em/
E,=1/25, the experiment result is given in Ref.
[ 8] . The numerical result in the present paper is

shown in Fig.5. The solid circles are experimental

En/E=1/25

0 0.1 0.2 0.3 0.4 0.5

Fig. 5 Comparison between calculation
and experiment
data; the broken line is self-consistent model; the
chain-dotted lines are bounds of Hashin and Shtrik-
man; the solid line is theory in Ref. [ 8] . The tri-
angle is the data calculated with the present
method; V, is 30 %, 40 %, 50 %, respectively. It

is obvious that the calculation result is in agreement
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with the experiment data.

4  Conclusions and Discussion

Based on the study of strain distribution in
composites reinforced with high-volume-fraction,
randomly distributed particles, it is revealed that
the average strain and strain fluctuation are two
important factors affecting the stiffness modulus of
the composite. The relation between the average
strain and strain fluctuation and microstructure pa-
rameters of the composite is obtained.

The present paper is aimed at the composite
with spherical, randomly distributed, same-sized
particles. To other conditions, it is necessary to
specifically calculate to derive other formulas. It is
necessary to further study the effect of the shape,
array and size.

In the present paper, it is accurate to study
the transverse stiffness of composites reinforced
with one-way fibers; it is approximate to study
particle reinforced composites. Three-dimensional

effect will be discussed in other papers.
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