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Abstract：Based on the first-order upwind and second-order central type offinite volume

(删and Cw)scheme，upwind and central type of perturbation finite volume(UPFV
and CPFV)schemes of the Navier-Stokes equations were developed．In PFv method。the
mass fluxes of across the cell faces of the control volume(cv)were expanded into power
series of the grid spacing and the coefficients of the power se,一es were determined by means

of the conservation equation itself．The UPFV and CPFV scheme respectively uses the same
nodes and expressions as those of the normal first-order upwind and second-order central
scheme，which is apt to programming．The results of numerical experiments about the fiow
in a lid-driven cavity and the problem of transport of a scalar quantity fn a known velocity

field show that compared to the first-order删and second-order CFV schemes，upwind
PFV scheme妇higher accuracy and resolution。especially better robustness．The numerical

computation to flow in a lid-driven cavity shows that the under-relaxation factor can be
arbitrarily selected ranging from 0．3 to 0．8 and convergence perform excellent with

Reynolds number variation from 102 to 104．
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Introduc廿on

The finite volume(FV)method uses the integral form of the conservation equation as its

starting point and can utilize conveniently diversified grids(structured and unstructured grids)and
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is suitable for very complex geometry，which are why it is popular with engineering and has been

widely used in a great variety of commercial software of computational nuid dynamics．Relative

to the finite element(FE)method and the finite differential(Fn)method，the disadvantage of

Fv method is that it is not higher accuracy．Fv method is of second level approximation，

namely，integral approximation and reconstruction approximation．If the integral approximation is

of n l-order accuracy and reconstruction approximation is of n2一order accuracy，the order

accuracy of FV method is the smaller one in n 1 and n，．Civil and foreign researchers have made

a lot of efforts to develop all kinds of practical Fv schemes，for example，first-order upwind and
second—order center differential schemesL川，center type FV scheme by Jameson。2’3。and AUSM
by Liou and Steffen[4,5]．But its accuracy is lower than or equal to second．order accuracy．In

general．Fv schemes whose accuracy is higher than second—order are multi—node scheme．Because
Of multi—node scheme referring to more control volumes and corresponding to solve more

complicated algebra equations．it is very di艏cult to be used in the three—dimensional cases．

In recent years，Z．Gao∞’7j presented perturbation finite volume(PFV)method whj'ch is

different from conventional ones that improve scheme accuracy．Coventional methods separately

process convectional term and difmse term in governing equations while PFV method considers
them as a whole and improves numerical scheme accuracy by means of inherent association in
them．In detail，the numerical mass fluxes of across the cell faces were expanded into power

series of the grid spacing and the coefficients of the power series were determined winl the aid of

the integral conservation equation itself．Finally，upwind and central type of PFV schemes for

convection and diffuse equations were obtained．It retains the advantages of the first．order upwind

and second—order central Fv scheme，however，its interpolation(or call it reconstruction)

approximation are of arbitrary order accuracy．Numerical tests of the problem of transport of a
scalar quantity in a known velocity field and several model equations with PFV 8cheme used show

that PFV schemes have higher accuracy and higher resolution，better stability and wider applicable

range of Reynolds number than those of the normal first．order upwind scheme．
In this paper，the PFV method for the Navier-Stokes equations for incompressible fluid flow

is developed．ne cavity flow in a lid driven is computed with the hybrid algorithm including
SIMPLER[8]and MSIMPLEC[9]used in structured grid and with the SIMPLEC[101 algorithm used

in unstructured鲥d，which．are used to predict the pressure—velocity coupling correction，sixth—
order upwind PFV and first．order upwind FV used．ne problem of transport of a scalar auantity
in a known velocity field was solved numerically with second．order upwind PFV，forth．order
central PFV，second-order central Fv and first．order upwind Fv schemes respectively used．

Comparison in numerical results of the above—cited several schemes is giyen and discussed．

1 Perturbational Finite Volume(PFV)Scheme

The general form of a scalar transport integral equation is

丢J’，P声d y+J’。P加席d5=，。弘V声刊s， (1)

where≠is the general scalar variable；10，u，￡and p are the fluid density，velocity，time and

dynamic viscosity，respectivemy；V and S are respectively the volume and surface area of control

volume(CV)；n is the normal unit vector of the cell face．The perturbational finite volume
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(PFV)method uses the first．order upwind and second．order central FV scheme for the

convective．diffusion integral equation as its starting point．The mass fluxes across each face of the

control volume are modified and expanded into power-series of the grid spacing．The coefficients

of the power-series are determined with the use of a space splitting technique and the relations

between the convective and diffusion fluxes．In the case of that the line connecting two central

nodes Po and Pi of adjacent control volumes is nearly orthogonal to the common face owned by
control volume Po and control volume Pi，the semi—discretized upwind and central type of矾W

scheme is deduced as

丢(_蛇)=垂专【户岂导一丢而(·一sign西)砉矗寻轰砖】(哆一蛇)一
季枷砉批眇趴一产哿哆_，】old=。， ㈤

e=善两‰砖(sign西)‘， (3)

sign西=h
mg>0，

m矿<0，
(4)

丢(k纸)；象击[卢高卑一丢嘞薯矗≠洛砧】(红一电)一
砉枷善he,击№邮卜P等哆^，】0ld=。， ㈥

q=∑／c=O南矽， (6’

where吒is the value of声at the central node of the control volume Po，诈。is the volume of the
control volume P0，西is the vector linking two adjacent control volume center with directional

being from P0 to Pj，sj
is the area-vector of the手face on the boundary of control volume P0 and

its directional agrees with the outer normal of that face，乃=如·I弓121(IM]·S)can be

considered as the cell Reynolds number in the ar direction，氟《is the mass flux of across the cell

／t：face．The continuity equation of fluid flow of across the ceU gives as follows：

(7)

The last term in the right．hand side of the PFV schemes(2)and(5)，labeled old，is
computed in the previous iteration and it is USUally very small because the line connecting two

adjacent control volume center Pn and P，is nearly orthogonal to血e common face．From the一 一 ， 一 一

treatment of deducing the PFV scheme．we know that the truncation—error of the modified
differential equation of the upwind PFV and central PFV scheme respectively is of(N+

1)th．order and(2N+2)th．order．Therefore，the upwind PFV scheme(2)is a mixed one witll

(N+1)th．order interpolation and second．order integration approximations while the central PFV

scheme(5)is a mixed one with(2 N+2)th．order interpolation and second—order integration

approximations．If let N=0 in the relations(2)and(5)，the upwind PFV and the second

O=．呵
、∑川
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central PFV schemes respectively is reduced to the normal first-0rder upwind Fv and second—order

central FV scheme for the integral equation(1)．Remarkably，me I删scheme(2)inherits the
TVD character owned inherently by first-order upwind FV scheme andⅡle second-order central

PFV scheme(5)is cell-centered positive one for any value of the grid Peclet number．In

addition，I d，l is the length of the vector pointing from the center of control volume P0 to the

centre of adjacent control volume Pi．The萨face on the boundary of control volume P0 is the

common face of the two adjacent control volumes P0 and Pj．If 8i＼dj notes the distance from

the center node Po to the矿face and(1一岛)l df notes the distance from the node弓to the

／t：face，the PFv scheme with distance factor岛≠1／2 is the same as that with distance factor

岛=1／2．In general，t11e艿f is often not equal to(1一国)fbr me great majority of unstructured

and unstructured·structured mixed grids．This is a good property of the PFv schemes(2)and

(5)，which cause terse expression and easy programming．

2 Perturbational Finite Volume(PFV)Scheme of N-S Equations

The integral form of the Navier。Stokes(NS)equations for the two—dimensional，steady，
incompressible flow are

j’。ion．nd．s=o， (8)

J 5加’ndS—J s p甩dS+j s产V声。ndS， (9)

whereⅡ = (“， 秽)，“and移are respectively the velocity components in the Cartesian舻and

y-coordinate directions，P denotes the pressure．

2．1 PFV scheme of the NS momentum equation(9)
hl tlle c嬲e of tllat the line connecting two center nodes of the two adjacent control volumes

P0 and Pi is nearly orthogonal to the common萨face，the upwind and central删scheme for the
NS momentum equation(9)is respectively deduced is

砉专[P鲁导一丢西(·一sisn而)砉矗}岛砖】(吩一吃)一
壹蛹+量击⋯声．一户可d-，．Sji 哆一吩)】old=。， (10)∑毋s+∑百【(P V声· 一户丽(吩一吩)j =o， (10)

垂扎=l簪i=l一1丢嘞薯踹s)j磁h剖一
季1竹s+莹去⋯郴卜∥辞％^)]0ld=。， (11)J1 t,j∑竹s+∑去l(产V≯·s)，一∥薏卑(吩一虹)l =o， (11)
』= =

‘

‘吖l
。 。

in which the term，labeled old，is computed in the previous iteration．The expressions of 61『and
G；are respectively from the formulae(3)and(6)．Above equation is finally expressed as

where

口。声P。=

4P．

∑唧声只
，=1

。

+60， (12)
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可dj．SJ一丢而(，一sign而)砉矗}备礤】。r
蔫一虿1％．荟2N+I揣砖]， ∽，

(14)

¨一砉n51『+砉专№邮卜户等(j5P『“。)]0Id。，60-一再n51『+蕃专【(产州心卜户莆@。√‰)J眦
一量力s+耋击№邮卜卢辞哆“。，]0ld． ∞，j一∑=l竹s+善亩l(∥V妒鳓，一卢莆㈡。“。)J· (15)

The under-relaxation is always used in the numerical computation to avoid the divergence of

the iterative procedure[1 1|．Therefore the following equation is to be solved：

㈡拳L +6。+(1一d≠)aadodrjo尸l。d，
(16)

where a‘is the under-relaxation factor for the variable声．It is equal to 0．6 for two velocity

components u and口．The under-relaxation factor for pressure is also set to 0．6．

2．2 The pressure-velocity coupling correction equation and its numerical

discretization

Regarded the pressure P P’determined in the previous iteration as the initial value of the

present iteration，the initial velocity U P’。can be obtained by solving the discretized momentum

equation(1 6)，which is not necessary to satisfy the continuity equation(7)．To avoid

uncoupling between pressure and velocity，the initial velocity and pressure value must be

corrected．Here，the hybrid algorithm including SIMPLER and MSIMPLEC thought is adopted
for structured grid while SIMPLEC algorithm is used for unstructured grid．The following
discussion is emphasized on hybrid algorithm including MSIMPLEC and SIMPLER thoughts．
Based on the MSIMPLEC algorithm，me cell face modified velocity H：is defined as

巧11㈦，∽](鲁)高， ∽，

，=百aoa0 一砉吁，2_一夕』口，，

where
p：。and p≯眦龇pfessure c。Irec吐onS甜舭

(18)

control volume(CV)Po and己，

respectively·The linear interpolation of the initial velocity U p”。is adopted
to obtain the cell face

velocity uj’．Then巧should make(Uj++巧)satisfy the continuity equation．Substituting above

equation into the continuity equation，we can reach the following discretized equation about the
●

，

pressure
co玎ecnonpL：

P

P

土G上喏

=
吁

呵
、∑川
=O口

P，
声呵_∑川

=
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■

媚p：=∑咖：)+6乞， (19)
‘0 ，=1 。，

where the superscript P denotes that the coefficients are in the pressure—correction equation．And

the coefficients are given by

够=州执+㈡t】槲，
“P．

aS=∑筇，

勺

6乞=一∑乃，

where 6暑denotes the sum of mass fluxes through the faces of the CV

pressure correction P：，the pressure and the velocity are corrected by

pP。2
p
P0+a妒尸。’

‰叫。一鲁唾。“P。一垂警，

(20)

(21)

(22)

Po．After obtained the

(23)

(24)

where
ap
is the under-relaxation factor for the pressure，which is given 0。6 here．Following that，

according to MSIMPLEC algorithm，velocity field will be explicitly corrected by means of

momentum equation．

UPo 一％。v p)01。／。：． (25)

After that，according to SIMPLER thought，pressure will be solved directly．This is

corresponding to modify the predict pressure by MS／MPLEC．The equation computed directly

pressure in SIMPLER is the same appearance as one computed modified pressure in MSIMPLEC．

But coefficient and quality residual must be computed by Up。just corrected explicitly．

3 Numerical Tests

3．1 Flow in a lid-driven cavity

The viscous flow in a lid．driven cavity was computed for the case of Re=l 000。3 200．
5 ooO with the cell．centered sixth．order upwind PFV．second。order central FV and first．order

upwind FV schemes。the hybrid algorithm including MSn皿’LEC and SnⅡ’LER thought and

uniform structured grid used．For the case of Re=1 000，the flow Was again computed wimS姗C algorithm，unstructured grid，sixth．order UPFV and first．order UFv used．Above the
two cases．the algebraic equation system is solved by the Gauss。Seidel method．nle inner

iterations ale set to four．The result is compared with those of the Ghia solution L 12 J．

Figures 3—10 giyes the horizontal and vertical velocity components“and秽at the vertical

and horizontal centerlines of the cavity with Reynolds number set 1 000，3 200 and 5 000。

respectively．In the case of Reynolds number being 1 000，the result of upwind PFV is nearly

coinciding with that of G断a both structured grid and unstructured grid respectively used。殇e

．，p
即．，p口

_∑Ⅲ
=
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)，

Fig．1 Unstructured mesh for the flow in

a lid—driven cavity

Fig．3 Horizontal velocity component u at the

vertical centerline(unstructured mesh)

y

Fig．5 Horizontal velocity component“at the

vertical centerline(structured grid)

Fig．2 Uniform grid for the flow in a

lid—driven cavity

V

Fig．4 Vertical velocity component口at the

horizontal centerline(unstructured mesh)

Fig．6 Vertical velocity component t，at the

horizontal centerline(structured gad)
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Fig．7 Horizontal velocity component u at the

vertical centerfine(structured grid)

y

Fig．9 Horizontal velocity component u at the

vertical centerline(structured grid)

Fig．8 Vertical velocity component F at the

horizontal centedine(structured grid)

Fig．10 Vertical velocity component口at the

horizontal centerline(structured西d)

computational results of PFV schemes match the Ghia sohtion well for Reynolds number set 3200

and 5 000．But in the Ghia solution．the multi．structured grid technique was used．From Fig．3 to

F噜．10，the accuracy of computation result of sixth·order upwind PFV is outstanding

improvement comparison with that of UFv．In general。convergence become more difficult wim

grid refined．T0 avoid to lost generality，the global absolute mass fluxes residue and relative mass

fluxes residue。13。convergence curves by different scheme were given out and compared with grids

equal to 320 x 320 and Reynolds number equal t0 5 000．From Fig．1 l，the relative mass fluxes

residue curve by second central FV scheme is a great amplitude of oscillations when iterations are

less than l 000 while upwind PFV performs steadily．From Fig．12，although there are oscillations

in convergences CUlWCS，amplitude correspond to UPFV is less and attenuate much faster．It is

obvious that when convergence was reached，upwind PFV scheme saved about 1 500 outer

iterations relative to upwind FV scheme．
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Fig．11 Global relative mass flux residue
·

Fig．12 Global absolute mass flux residue

3．2 The problem of transport of a scalar quantity in a known velocity field

ne governing equation is Eq．(1)．ne velocity field near a stagnation point(菇=0，Y=

0)is given by u=戈，移=一Y．ne following boundary conditions are to be imposed on：inlet

(Y=1)，jl=0；along the west boundary(石=0)，声=1一Y；symmetry condition on the south

boundary(Y=0)，a,／,／aY=0；outlet(x=1)，aj5／a搿=0．

The isoclines of拳calculated on 40×40 CV using second．order UPFV for the convective

fluxes with values of P=1．0 and 11=0．001 is presented in Fig．13．In computation，for j’=

0．001，if coarse grid is used，for example 10×10 CV，the second—order CFV will produce large

oscillations and can not produce a convergence solution，while the second—order upwind PFV and

forth．．order central PFV scheme result in a meaningful solution with no oscillation．Although the

fwst-order upwind FV produce a smooth convergence solution on a coarse grid，it
is a higher

error．ne conclusions are visualized in Fig．14．
ne diffusion fluxes across west wall varying with grid refined are given in Fig．14．It is

apparent mat second—order CFV scheme Can not produce the meaningful convergence solution

Fig．13 Isoclines of庐

吣

爿
，
皇

墨
12

Number ofelements N

Fig．14 Convergence of total flux of≯through

the west wall
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under the condition of coarse grid while second I『PFV and fonh CPFV call do．In the case of the

same grid numbers．the solutions by PFv scheme are higher accuracy and faster convergence

velocities than those by the UFv and CFV scheme．

4 Conclusions

Perturbation finite volume(PFV)sch【eme of the Navier-Stokes equations for incompressible

flow is a terse and efficient formulations．It uses me same nodes as those of the normal first—order

upwind and second．order central FV schemes．However。the reconstruction approximations of

PFV scheme are of higher order accuracy．Numerical results of using upwind PFV schemes，first-

order upwind and second．order central FV scheme to compute the flow in a lid—driven cavity show

that the resolution and efficient of PFV scheme is higher than that of first—order upwind and

second-order central Fv scheme and the applicable range of Reynolds number of PFV scheme is

much wider than that of second．order central Fv scheme．EspeciMly．it is better robustness．In

numerical test with Reynolds number equal to 1 000，3 200 and 5 000， respectively，

underrelaxation factor is set to 0．6 and keep constant． In fact，the optional range for

underrelaxation factor is wide and when the factor is arbitrarily selected from 0．3 to 0．8，

convergence solution will also be obtained．
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