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Abstract
An approach employing displacement–stress dual criteria for static shape
control is presented. This approach is based on normal displacement
control, and stress modification is considered in the whole optimization
process to control high stress in the local domain. Analysis results show that
not only is the stress reduced but also that the controlled surface becomes
smoother than before.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The shape of some space structures, such as antennas, mirrors
and reflectors, will change when suffering from thermal
distortion. The change in shape of these structures results
in a change in the signal communication, and therefore results
in the invalidation of measured data. This shape error is also
introduced by manufacturing errors, moisture, loose joints and
material degradation. So active shape control to correct in-
orbit shape errors is needed [1–6]. On the other hand, in
recent years, active aperture antennas [7] which can adapt their
surface shape to meet the requirements of communication, as
well as active wings [8–10] which can adapt their aerofoil shape
to different flight states in order to reduce cruise drag, increase
flaps-up, alleviate loads and thereby improve performance,
have been currently developed. We may say that the shape
control of aerospace structures means two things: one is
keeping the shape of structures to counteract the shape error
resulted from external distortion; another is to actively change
the shape of the structures to a desired shape to better meet the
requirements of a mission.

Shape control of space structures has been in existence [1]
at least since the 1980s. In the 1990s, smart structures
were frequently used in active shape control of aerospace
structures [2–10]. The core of shape control is to minimize
the cost function which, in most published works in this
area [6, 11–14], is defined as the square difference of the
displacement between the designed shape and the actual shape.

Besides the displacement error, Koconis [15] defined the
cost function as the sum of the displacement difference and
the amount of control voltage. For the case of composite
plates and shells with embedded actuators, Koconis gave the
theoretical resolution of control voltage. Forster [16] presented
an integrated multidisciplinary optimization to designing the
structure, its actuators and control system input in order
to solve the dynamic shape control problem in which the
structure is forced to vibrate at given frequencies and a given
shape of motion. He presented four objective functions, that
is, total mass, total error of the displacement, total control
energy stored in the piezoelectric patches and total control
power. Any combination of these four functions was used
as either objectives or constraints. Chee [17] looked at the
shape control not only to keep the displacement error to
a minimum but also considered slope error, smoothing the
structure using slope criteria at a tolerable expense to the
displacement accuracy. So far, we have not seen any detailed
work considering the stress problem in the process of shape
control.

Generally, actuators are distributed on the surface of the
structure, thus the active moments induced by actuators are
also discrete. Therefore there exists a local unevenness of the
stress, and even intolerable high stresses may appear in a local
domain. This would reduce the security and fatigue life of
the space structures. In order to solve such a problem of high
stress, a novel approach employing displacement–stress dual
criteria for static shape control is presented here.
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As Chee [17] pointed out the true shape control problem
is a type of inverse problem with no explicit solution. So
optimal algorithms, such as the iteration methodology [17],
optimal linear quadratic Gaussian [18], multidisciplinary
optimization [9] and heuristic methodology (e.g. worst-in-
best-out [14]) have been utilized to carry out the control
inputs applied to the actuators. In this paper, the iteration
methodology is selected and modified as the optimal method.

In this paper, we considered a laminated plate, i.e. an
aluminum plate is selected as the basic structure. On
its top and bottom surfaces, piezoelectric patches were
bonded as the adaptive actuators. An approach employing
displacement–stress dual criteria for static shape control is
studied. The approach is based on normal displacement
control. Furthermore results of the control are modified by
reducing the stress in local domains. An iteration algorithm
inspired by the PBVD approach [17] is employed to carry out
the control input voltage. The analysis demonstrates that the
stress is significantly reduced and that the controlled surface
also becomes smoother than before.

2. Basic equations

For simplicity in presentation and as a representative example,
a thin composite plate with piezoelectric patches bonded on
both surfaces is investigated here. The finite element method
for a piezoelectric composite plate was detailed in [11, 19],
so only the main equations are presented in the following
description.

Strain–displacement relation

According to the theory of thin plates, there exists the following
geometrical relation for a bending thin plate:

ε =
{

εx

εy

γx y

}
= z

{
κx

κy

κzy

}
= z




− ∂2w
∂x2

− ∂2w
∂y2

−2 ∂2w
∂x∂y


 (2.1)

where w and [ κx κy κyx ]T are the displacements
and curvature vector of the central plane, respectively.
[ εx εy γyx ]T is the strain vector and z is the distance from
the central plane.

Stress–strain relation

For a bending plate, a plane stress state is assumed:{
σx

σy

σx y

}
= A

1 − µ2

[ 1 µ 0
µ 1 0
0 0 1−µ

2

]{
εx

εy

γx y

}
(2.2)

where A is the elastic modulus, µ is the Poisson ratio and
[ σx σy σyx ]T is the stress vector.

Constitutive equations for piezoelectric patches

σp = Cpεp − eE

D = eεp + λE
(2.3)

where e is the piezoelectric constant matrix, λ is the
permittivity constant matrix, E is the electric field vector and
D is the electric displacement vector. The subscript p denotes
the piezoelectric patches.

Governing equation of statics

By virtue of the above equations, the finite element equation
of the piezoelectric composite plate may be described as
follows [11]:

Kuuu + Kuϕϕ = 0 (2.4)

where Kuu is the stiffness matrix, Kuφ is the mechanical–
electrical coupling matrix, u is the vector of displacements at
the grids of elements and ϕ is the vector of the control voltage
applied to the piezoelectric patches.

Effect coefficient matrix

From the above expressions, it can be seen that the
displacement has a linear relation to the control voltage, and
so does the stress. Then we can express these relations with
two effect coefficient matrices:

u = Cwφϕ (2.5)

σ = Cσφϕ. (2.6)

Here we suggest two new matrices Cwφ and Cσφ , where Cwφ

is called the displacement–voltage sensitivity matrix and Cσφ

is the stress–voltage sensitivity matrix.
For practical analysis, the two effect coefficient matrices

Cσφ and Cwφ can be obtained by a numerical method. These
two matrices and their related matrices (see section 3) are
significant in the process of displacement–stress optimization.

Similarly, the element matrices are defined as follows:

ue = Cwφ
e ϕ (2.7)

σe = Cσφ
e ϕ (2.8)

where ue = [ ue1 ue2 · · · uene
]T (ne is the number of

elements) is the element displacement which is defined as
the average value of the displacements at four grids of the
i th element. σe = [ σe1 σe2 · · · σene

] is defined as the
average value of the three stress components of the i th element.
Cwφ

e is the element displacement–voltage sensitivity matrix
and Cσφ

e is the element stress–voltage sensitivity matrix.

3. Displacement–stress control

3.1. Explanation of the approach

Generally, for an engineering structure, the objective of shape
control is stated as the requirement to control displacement,
for example, one space baseline interferometer requires an
antenna whose diameter is needed to be 10 m and whose surface
precision is needed to keep the values of the rms displacement
error smaller than 0.5 mm during its running time in orbit.
In this paper, in order to minimize the harm of high stress to
structural security, an additional stress criterion is presented
besides the general displacement criteria.

The stress control in the present study may be termed
the stress error control, that is, the stress error between the
designed shape and the controlled shape is set to be smaller
than the value ET

σ and should better be a minimum. Therefore
the dual criteria in this paper are depicted as follows:

469



W-M Chen et al

(1) The controlled shape satisfies a displacement criterion
over the global area, that is:

Ew = ‖wc − wd‖2 � ET
w. (3.1a)

(2) The stress of the controlled shape satisfies a stress criterion
in the local domain, that is:

Eσei
� ET

σ , i = 1, 2, . . . , ne (3.1b)

and Eσ is as small as possible. Here Eσ = ‖σec − σed‖2;
Eσei

is the error of element stress, σec is the stress vector of
the controlled shape and σed is the stress of the designed
shape.

3.2. Definition of sensitive matrices

The main characteristics of the approach studied in this paper
consist of:

(1) As stated above, the priority of shape control aims at
displacement control and stress control is used as a
modification to displacement control.

(2) Displacement control focuses on shape simulation over the
entire area, but stress control focuses on the modification
in the local domain or to reduce local high stress.

(3) In order to improve the efficiency of optimization, the
sensitivity coefficient matrix is employed to choose the
most effective actuator.

It should be noted that the so-called sensitivity coefficient
matrix used here is neither the displacement–voltage sensitivity
matrix Cwφ

e nor the stress–voltage sensitivity matrix Cσφ
e , but

a novel matrix, the displacement and stress–voltage sensitivity
matrix, which is defined as

C	
e i j = |Cσφ

e i j | − |Cwφ

e i j | (3.2)

where i = 1, 2, . . . , ne, j = 1, 2, . . . , m and m denotes the
number of actuators.

The reason why we use such a matrix lies in that the most
efficient actuator in this approach should be the one which
cannot only change stress most efficiently but also keep the
displacement, or change in the displacement, to a minimum.
In other words, the most effective actuator should be that which
is sensitive to stress but not sensitive to displacement.

3.3. Algorithm of displacement–stress control

Here we give some optimization guidelines (in fact, for
engineering problems these guidelines can be determined
easily according to the practical requirements): the maximum
value of the displacement error ET

w, the maximum value of the
stress error ET

σ and the maximum number of iterations N .
The algorithm for displacement–stress shape control is

summarized as follows:

(1) Carry out the control voltage ϕ1
w according to minimizing

the objective function Ew = ‖wc − wd‖2.
(2) Carry out displacement w1

c and σ1
c under the action of

ϕ1
w. Then check if the displacement error satisfies E1

w =
‖w1

c−wd‖2 < ET
w. If no, modify the structure, the actuator

scheme or the control target, then return to step (1); if yes,
go to step (3).

Figure 1. Schematic representation of the model.

(3) Check if the stress error satisfies Eσei
� ET

σ and Eσ is as
small as possible. If yes, stop the optimization process; if
no, start the modification according to the following steps.

(4) Sort the stress errors of all the elements in order of the
highest value to the lowest, i.e. Eσe1

> Eσe2
> · · · >

Eσene
, then take the kth element which has Eσe1 as the

objective whose stress will be modified.
(5) Calculate the element matrices Cwφ

e , Cσφ
e and C	

e . Take
C	

e kl1
= max C	

e k j , j = 1, 2, . . . , m, and actuator l1 as
the most effective actuator.

(6) Iterate the control voltage of actuator li (i = 1, or
2, . . . , m) to obtain the change value 	φli of the control
voltage, that is, to minimize the stress error of the
element k under the restriction of the permitted loss of
displacement accuracy.

(7) Check if Ek
σe

< ET
σ . If yes, go to step (8), otherwise take

actuator l2 as the second effective one, which satisfy

C	
e kl2 = max C	

e k j ,

j = 1, 2, . . . , l − 1, l + 1, . . . , m.

Then go to step (6).
(8) Calculate the stress in the other elements under the voltage

change 	φli in actuator li , i.e. check if Eσei
< ET

σ . If yes,
stop the optimization; if no, go to step (5) to start the next
iteration of modification.

Note: during the process of iteration, once the maximum
number of iterations is reached or the displacement error
tolerance is exceeded, the iteration should be stopped.

4. Numerical example

The shape control procedure presented in this study is trying
to modify the plate to a desired shape by applying the optimal
control input of actuators. The model is a cantilever aluminum
plate with size 150 × 120 × 2 mm3. Twenty piezoelectric
actuators of size 20 × 20 × 0.5 mm3 are bonded to both the
top and bottom surfaces of the plate, respectively (shown in
figure 1). The distance between the piezoelectric patches is
10 mm and the distance between the piezoelectric patches and
the edge of the plate is 5 mm.

The finite element model has 120 grids and 99 plate
elements.
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(a)

(b)

(c)

Figure 2. Displacement of two approaches. (a) Line no. 1, (b) line
no. 2, (c) line no. 3.

The designed shape is described by the function

w(x, y) = (cosh(x) − 1) sin(y)

G

which simulates the twist shape. G is the scale factor.

4.1. Reduction of stress

In order to compare the displacement and stress of
displacement control and the displacement–stress control
presented in this paper, three lines, at three different
coordinates, labeled nos 1–3 are used. The displacement
results are shown in figure 2. Stress results in figure 3, in
which the stress of all the elements whose y coordinates of
the central point are 45 and 15 mm, are shown in (a) and (b),
respectively.

Comparing the results of the two approaches, it can be
seen that under the restriction of satisfying the displacement

(a)

(b)

Figure 3. Stress of two approaches. (a) y = 45 mm,
(b) y = 15 mm.

precision, the stress resulting from the approach presented in
this study can be reduced. On the other hand, it should be
noted that the displacement error becomes increased while the
stress is reduced. In fact, only the control voltage ϕ1

w carried
out by the displacement control is the result which makes the
displacement error a minimum: any other control voltages
applied by the displacement–stress control can no longer keep
the displacement error minimum.

4.2. Improvement of smoothness

The shapes from the two approaches are shown in figure 4.
Comparing the two shapes, we find that a local unevenness
is introduced in figure 4(a) but no unevenness is found in
figure 4(b), i.e. in the present approach the smoothness of the
actual shape is improvedconsiderably.

This may be explained by virtue of expressions (2.1)
and (2.2) in which the stress has a direct relation to the curvature
of the plate. So reducing the stress equally well reduces the
curvature, and furthermore improves the smoothness of the
plate.

Analyzing the effect of stress modification on the
controlled shape, it can be seen that, with the decrease in stress,
the curvature of the plate is also decreased, so the smoothness
of the controlled shape can be improved. The slope control was
researched in [12] and it was also found that the improvement
of the slope could result in the loss of displacement precision.
In future work, in order to obtain a good result for shape
control, we should perform a synthetic control optimization
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(a)

(b)

Figure 4. Shapes from the two approaches. (a) Displacement
control, (b) displacement–stress control.

of the displacement and stress, or the displacement and slope
(or curvature), which will be an interesting and challenging
problem.

5. Conclusions

In current approaches to shape control, the objective function
Ew is defined as the square of the displacement error. Because
the stress is not considered in the control process, there exists
an unevenness in the stress and even excessively high stress in
local domains.

In order to solve such a high stress problem, a new
approach, employing displacement–stress dual criteria, and
based on general displacement control modifying the stress
in local domains for static shape control is presented here.
Analysis of our results shows that the stress is significantly
reduced and the controlled surface become smoother than
before as well. The synthetic control optimization of
displacement and stress should be investigated in future work.
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