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ABSTRACT Stochastic characteristics prevail in the process of short fatigue crack progression. This
paper presents a method taking into account the balance of crack number density to
describe the stochastic behaviour of short crack collective evolution. The results from
the simulation illustrate the stochastic development of short cracks. The experiments on
two types of steels show the random distribution for collective short cracks with the
number of cracks and the maximum crack length as a function of different locations on
specimen surface. The experiments also give the variation of total number of short cracks
with fatigue cycles. The test results are consistent with numerical simulations.
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NOMENCLATURE A(e,t,x) = crack growth rate at local area x
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Ao(c) = average part of crack growth rate
Aqgq = crack growth rate at ¢ = 1
¢ = nondimensional crack length
¢max — maximum crack length for a local area
Cmax — largest crack length in the whole area of observation
d = average ferrite grain size
d = normalized average grain size
Dy(t,x) = zero-th order of damage moment or the number of total cracks
Do = number of total cracks in the whole area of observation
L), L (¢) = variables for stochastic process
n, (¢) = average part of crack nucleation rate
n(c,t,x) = crack number density at local area x
nx (¢,t,¥) = crack nucleation rate at local area x
N = number of loading cycles
N4 = number of loading cycles for short crack regime
Nf=number of loading cycles to fracture
N, = nondimensional coefficient
P = pearlite fraction
t = time
W1 (x), W1(x) = white noise representing two independent stochastic processes
n,&,p,¢ = material constants
oy = yield stress
O max = Maximum stress

INTRODUCTION

It has been revealed that, the initiation and the propaga-
tion of short fatigue cracks in most metallic materials
present collective evolution behaviour. The number of
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extent of fatigue damage depends on the total number of
short cracks."® For this situation, we adopted the
method of the equilibrium of crack number density to
describe such an evolutionary process.”” The basic con-
cept of the model is that, at certain time duration, the
number of cracks with a given length is because of two
aspects: (a) crack nucleation; and (b) crack growth. In
previous studies, the evolution of short cracks was often
assumed uniform throughout the gauge area of a speci-
men. However, during a fatigue process, the initiation
and the growth of short cracks are always randomly
distributed. In some local areas, short cracks appeared
with high density; simultaneously in some other areas, no
short crack damage occurred.'™® This suggests that the
collective damage of short fatigue cracks is a stochastic
process.

In this paper, the collective development of short fa-
tigue cracks in different local fields is described in the
light of local crack number density (LCND). By con-
sidering the influence of damage and the stochastic fluc-
tuation of local material properties, the equilibrium
equation of LCND is established. The simulation of
short crack damage is performed by the equilibrium
equation with LCND concept. The progression for the
maximum crack length and the number of cracks in
different locations demonstrates the stochastic develop-
ment of short cracks. The simulations also give a com-
parison between the mean-field theory and the stochastic
analysis. An experimental investigation was correspond-
ingly conducted, in which two types of steels were tested.
One was a series of structural steels with five grades of
carbon content. The other was a stainless steel with two
grades of grain size. In addition to the effect of the
pearlite fraction and the grain size on the short fatigue
crack damage, the experimental results show the stochas-
tic development for the maximum crack length and the
number of cracks in different locations. The results also
show the increase of the total number of cracks against
fatigue cycling. The tendency of the experimental meas-
urements is in good agreement with the theoretical simu-
lations.

STOCHASTIC MODEL AND NUMERICAL
SIMULATIONS

Denote n(c,t,x) as LCND to describe the fatigue
damage, which represents the crack number density of a
local area x. Such an area is small enough comparing with
the macro-scale of material, but it contains enough number
of short cracks to fulfil the requirement by the LCND

analysis method. The evolution equation is:"

%n(c, ¢ x) +£ A(e,t, ) (e, 1, 6)] = Nenn(e,1,%). (1)

Equation [1] is established based on the concept that the
total number of short cracks in area x is determined by
both the crack nucleation and the crack growth in the area,
which describes the equilibrium of LCND in the phase
space. The second term on the left side of Eq. [1] represents
the flow of LCND, which is attributed to the crack growth in
area x, while the term on the right side represents the influ-
ence induced by crack nucleation in area x. The research in
Ref. [11] indicated that the damage extent because of the
collective short cracks was dominated by the zero-th order of
damage moment Dy (¢, x), i.e. the number of total cracks. If
only the correlation between the nearest neighbouring
cracks is taken into account, one may write

Alc,t,x) =4 {c, x, Dot x), L(g(;’ x)} : (2)
and
nn(c, t, x) = nN [c, x, Dy (2, x),%} . (3)

Consider that the influence caused by damage cumula-
tion and crack length in the above equations can be
treated separately and assume that the number of total
cracks can be expressed as a power-law type. Such that,

Ale,,%) = [Ao(e) + L&) Wi ()] [n D (r,)], 4)

and

nx(e,t,x) = [, () + L7 () Wa ()] [p D2, )] (5)

Combining Eqs (4), (5) and (1) one may obtain the
following stochastic equation for the problem concerned:

%n(c, tx) + g {tla + bW ()]}

= (et )l (0) + LEOWA ()]}
= Ny pilnn, (¢) + L (0) Wa () {tla + b Wi ()]}, (6)

<
e

where, n; = (1 = )77, pr = p(1 — )7, 2 = [" pn, (0)

de,and b = [[*pL*(c)de.
In the calculaton of Eq. [6], we set &= —¢

=0.5, n=p=1.0, and Ap(c) and nx,(c) are assumed
to be the following forms:

1—(1—Ag)c (<1

Ao(c) = {3 > D) (7)
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mo={o 78 €53 8)
L(c) and L*(¢) in Eq. (6) are assumed with the same form
as Eqs (7) and (8). Figure 1 is the result of a simulation
showing the stochastic evolution of the maximum crack
length ¢y for different local areas at different time
stages. It is seen that four local areas labelled A, B,
C and D are four typical evolution sites: area A—the
value of ¢may is very small for the whole process; area
B—¢may 1s small at the beginning of the fatigue damage
but it grows up rapidly and becomes a main crack site in
the whole field; area C—at this site there is always one of
the largest cracks in the whole field; and area D—the
crack at this site is one of the largest at the beginning of
fatigue process but its growth rate slows down and even-
tually it cannot act as one of the largest cracks for the
whole field. The simulation result shown in Fig. 2 illus-
trates the distribution of the number of total cracks Dy in
different local areas for the same simulation as Fig. 1.
A small value of Dy for areas A and B is observed from
the beginning to later stages, and a relatively large value
of Dy is seen at areas C and D. The results of Figs 1 and 2
display four distinct situations: area A—unfavourable
both for crackinitiation and growth; area B—unfavourable
for crack initiation but favourable for crack growth; area
C—favourable both for crack initiation and growth; and
area D—favourable for crack initiation but unfavourable
for crack growth. The results demonstrate the stochastic
distribution for short crack development caused by the
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Fig. 1 Evolution characteristics of maximum crack length ¢,,,, with
time 7 at different local positions.
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independent influence of crack initation and crack
growth. These imply that a fast damage development
area in the beginning stage of fatigue cycling may not
be the location of a main crack, whereas the local area
with slow speed of damage development at the beginning
may form a main crack leading to final fracture.

Figure 3 shows the results of multiple simulations. The
solid curve represents the result of the mean-field theory,
i.e. setting L(c) = 0 and L*(¢c) = 0 in Eqs (4) and (5). The
dashed curve represents the best-fit result from the data
points of stochastic simulations. It is seen from Fig. 3
that with the progression of the fatigue process, the
difference between the two cases becomes evident, show-
ing that the value of &y, obtained by the mean-field
theory is larger than that obtained by the stochastic
simulations. In addition, Fig. 4 shows the correlation
between émayx and Dy, in which the solid curve represents
the result from the mean-field theory and the data points
denote the results from the stochastic simulations. It is
seen that the results from the two methods have the same
trend.

TEST MATERIALS AND PROCEDURE

Two types of test steels were used in this investigation.
One type was a series of structural steels with five grades
of carbon content. The chemical compositions are listed
in Table 1. A specimen of triangular shape''? was used in
fatigue testing for the structural steels. The specimens
were annealed so that the microstructure consists of
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Fig. 2 Evolution characteristics of total number of cracks D, with
time ¢ at different local positions.
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Cmax

Fig. 3 Evolution characteristics of maximum crack length for the
whole field ¢y, with time # (the solid curve representing the result
of a mean-field method, data points showing results of stochastic
simulations with dashed curve as regression of simulation data).

Cmax

Fig. 4 Relationship between maximum crack length for the whole
field Zpay and total number of cracks Dy (the solid curve represent-
ing the result of mean-field method and data points representing
results of stochastic simulations).

Table 1 Chemical compositions (wt.%) of structural steels tested and data for Pc, d and o,

Steel C Si Mn \% P S Pc (%) d(um) o, (MPa)
Ac 0.119 0.530 1.42 0.100 0.021 0.021 13.0 313 299
Bc 0.206 0.435 1.75 0.120 0.027 0.034 24.6 32.8 424
Cc 0314 0.292 1.57 0.101 0.019 0.022 39.1 34.1 422
D¢ 0.382 0327 1.58 0.101 0.022 0.025 48.1 29.4 441
Ec 0.470 0.297 1.18 0.101 0.020 0.028 59.9 21.0 405

ferrite and pearlite with different proportions of the two
components in relation to corresponding carbon content.
The pearlite fraction (Pc), average ferrite grain size (d)
and yield stress (gy) are also listed in Table 1.

The other type of test material was a stainless steel with
the chemical composition (wt.%) of C=0.098, Si=10.57,
Mn =147, P=0.027, S=0.007, Cr=17.7, Ni=9.38.
Two groups of specimens (As and Bg) with rectangular
plate geometry’ were given different procedures for heat
treatment. The microstructure was austenite (single phase)
with the average austenite grain size (d) of group Ag
(d=72 pm) and group Bs (d=207 pm). The yield stress
was 250 MPa for group Ag and 228 MPa for group Bs.

Fatigue testing was performed in a Material Testing
System (M'TS ) (MTS Systems Corporation, 14000 Tech-
nology Drive, Eden Prairie, MN55344-2290, U.S.A.)

machine at room temperature. The triangular specimen
shown in Fig. 5 was used for the structural steels. The
specimen was clamped in a special grip"® installed in the
MTS machine. The wider end of the specimen was
rigidly clamped and the other end was subjected to flex-
ural loading. When reversed cyclic loading was applied,
the surface tensile stress within the isosceles triangular
part was constant.'"'* A large gauge area with the same
stress condition for monitoring the evolution of short
cracks is therefore available. During the fatigue testing,
a frequency f=15Hz was applied under the stress ratio
R=—1. On the other hand, the rectangular plate type
specimen with a cross section of 3 x 10 (mm) shown in
Fig. 6 was used for the stainless steel. The stress ratio
R=0.1 and a frequency f=35Hz were applied in such
fatigue testing.
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Fig. 5 Specimen of triangular gauge section used in fatigue testing
for the tested structural steels (dimensions in mm).
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Fig. 6 Specimen of rectangular gauge section used in fatigue testing
for the tested stainless steel (dimensions in mm).
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Fig. 7 Fatigue life N as a function of pearlite fraction P for five
groups of steel specimens.

For both the type of specimens, 12-15 observation
locations were preset to observe and measure the number
of short cracks on the specimen surface. Fatigue cycling
was periodically interrupted and the specimen was re-
moved from the test rig. The specimen surface was ob-
served and photographs were taken under an optical
microscope with polarized illumination (Reichert-Jung,
C. Reichert AG, Hernalser Hauptstrasse 219, A-1170
Wien, Austria). Then the specimen was installed back
into the testing machine and the same fatigue loading
was again applied. Thus, the photographs taken of the
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Fig. 8 Ratio of short crack regime to total fatigue life Ny/N; as a
function of pearlite fraction Pc for five groups of steel specimens.

same field traced the initiation and the growth of short
fatigue cracks. Fatigue cycles of short crack regime and
of total life were measured for the test specimens.

EXPERIMENTAL RESULTS AND DISCUSSION

It was observed in the experiments that the initiation and
the growth of short cracks were within the ferrite domain
for the structural steels. The ferrite grain boundary and
the pearlite domain are the barriers against short crack
development. The observations are of the similar appear-
ance to previous investigations."” Figs 7 and 8 show the
results of fatigue life as a function of pearlite fraction
for the five structural steels which were obtained from
fatigue testing at o= 1.10y. Figure 7 indicates that
the fatigue life of steel A that possesses the lowest
pearlite fraction is much superior to the remaining four
groups of specimens, with the data of N for B¢, Cc, D¢
and Ec being within the same scatter range. Figure 8
shows an increasing trend of Ny/N; vs. P¢ for the five
structural steels, where Ny is the number of loading
cycles of the short crack regime that is terminated by a
main crack observed on the specimen surface. Figure 8
also indicates that the proportion of short crack regime is
between 60% and 85%, and that when a main crack
forms it may last more fatigue cycles for a specimen
with lower pearlite fraction.

The initiation and the propagation of short cracks for
the test specimens presented typical stochastic character-
istics. The random distribution of short cracks was meas-
ured in terms of the maximum crack length and the total
number of cracks in different locations on specimen
surface. As two examples, Fig. 9a—d shows the measure-
ments for steels Ac and E¢, and the situations of the
steels B¢, Cc and D¢ were of the similar appearance.
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From Fig. 9, one may find typical locations like A, B,
C and D shown in Figs 3 and 4. The tendency of the
experimental observations is consistent with the numer-
ical simulations.

Short crack development in the stainless steel tested was
observed within the austenite grain domain, and the
number of cracks gradually increases with fatigue cycles.
Figure 10a and b are the measurements of specimens Ag
and Bg showing the variation of crack number per unit
area with the normalized crack length (¢/d) and the nor-
malized fatigue cycles (IN/Nyp). For group Ag [Fig. 10a],
the data were the measurements of 12 local fields with a
total of 186 grains. For group Bs [Fig. 10b], the data were
cumulated from 15 local fields with a total of 108 grains.
The ratio of the maximum stresses (6.,,,) to the corres-
ponding yield stresses (ay) was 1.5. Itis seen from Fig. 10a
and b that a sharp peak develops at ¢/d = 1; meaning that
the short cracks terminated at grain boundaries. A small
proportion of short cracks may pass through the first
grain boundary and they may resume a relatively
fast growth rate. Only a few short fatigue cracks may
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overcome the second and the third grain boundary.
When a crack grows beyond the fourth grain boundary,
it is likely to become a main crack leading to final frac-
ture. One may consider that the short crack regime ends
when such a main crack appears. Based on this premise,
we obtained that for group Ag at 6, =388 MPa (65ax/
o,=1.5), a main crack first appeared at N=2.66 x 10°
and its final fracture was at Ny=3.04 x 10°. For group Bg
at Omax =336 MPa (0,/0,=1.5), a main crack first
appeared at N=1.80 x 10° and its final fracture was at
N¢=2.05 x 10°. The short crack regime took up a large
portion of the total fatigue life, 87.5% for group Ag and
87.8% for group Bs.

Figure 11 illustrates the results of the entire S-N data
for the two groups of specimens. It indicates that the
fatigue resistance of group Ag is superior to that of
group Bg, i.e. the condition of smaller grain size pos-
sesses better fatigue life. The fatigue limit, which is
defined as the maximum stress experienced by a speci-
men withstanding 5 x 10° loading cycles, is 368 MPa for
group Ag and 299 MPa for group Bs. The results of
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Fig. 9 Stochastic development of maximum crack length [(a) and (c)] and total number of cracks [(b) and (d)] for steels A and Ec.
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Fig. 10 Variation of number of cracks with normalized crack length and number of fatigue cycles. (a): Group Asg, and (b): group Bs.
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Fig. 11 Maximum applied stress vs. number of cycles to failure (V:
d=72 pm, A: d=207 pum, symbol with arrow: no fracture occurred).

Fig. 12 show the variation of the total number of short
cracks (Dg) with normalized number of fatigue cycles. It
is noticed that the difference between the two data sets
diminishes despite their difference in grain size.
A parabolic tendency exists between Dy and N/Ny, and
the value of D, almost remains constant after the forma-
tion of a main crack. Referring to the linear correlation
between ¢,y and Dy indicated in Fig. 4 and noting that
the normalized time t is associated with normalized fa-
tigue cycles N/Ng, one may conclude that the variation
trend of ¢,y with 7 is equivalent to that of Dy with N/Np.
Thus, we see the evidence that the variation tendency
between cmay and # given by stochastic simulations shown
in Fig. 3 is consistent with that of the experimental
results shown in Fig. 12. The solid curve, plotted in
Fig. 3 obtained by mean-field theory, overestimates the
collective short crack evolution when # tends to a large
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Fig. 12 Total number of short cracks Dy vs. normalized number of
fatigue cycles N/Ny.

value. The parabolic increment between Dy and N/Ng
is also obvious for another type of specimens (Ac, B,

Cc, D¢ and Eg), which may be observed from Fig. 9b
and d.

CONCLUSIONS

The stochastic simulations using the equilibrium equa-
tion of LCND have been conducted to display the
random distribution of short crack population. The ex-
periments on a series of structural steels and a stainless
steel reveal the stochastic behaviour of short fatigue
cracks. The following conclusions are drawn:

1 Stochastic characteristics prevail in the evolution process
of short fatigue cracks. The local area with obvious short
crack damage in the early cycling stage may not be the
location of a main crack, while some local area with less
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short crack damage in the early cycling stage may become
a location to form a main crack leading to final fracture.

2 At the early stage of fatigue cycling, the difference of
simulations between stochastic analyses and the mean-
field method is diminished. At a later stage of the fatigue
process, the increment of short crack parameters slows
down in comparison with the mean-field method. The
experimental results of parabolic tendency between total
number of cracks and fatigue cycles are consistent with
the stochastic simulations.

3 In spite of the stochastic characteristics, the specimen
condition of smaller grain size possesses better fatigue
resistance and the specimen condition of less pearlite
fraction is of superior fatigue properties.
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