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Abstract: 　The influence on the st iffness modulus o f composites exer ted by the vo lume fraction of

reinfo r cer s, aspect rat io, the modulus ra tio of the w hisker to the matr ix , the effect of r einfor cers

or ientation and heat tr eatment state is discussed, the quant ificational relations between m icro-

structure paramet ers o f the sho rt -fiber / w hisker reinfo rced meta l matr ix composite and its macr o

mechanica l pr opert ies ar e built, and an optimal design method of m icro-str uctur e par ameter s about

or ig inal isotr opy and singular ity tr opism distr ibution of t he whisker reinfo r ced metal mat rix com-

posite is developed. Typical opt imal design examples concerning the micr o-st ructure par ameter of

this kind of mater ial ar e pr esent ed.
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摘　要: 讨论了增强体体积比、长径比、基体与增强体的模量比以及增强体取向分布、基体的热处

理状态对复合材料刚度模量的影响,建立了晶须增强金属基复合材料微结构参数与宏观力学性能

间的定量关系, 探索了晶须增强金属基复合材料微结构参数优化设计方法, 给出了该材料微结构

参数优化设计的典型算例。
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　　T he composite property has a close relation

w ith the volume and micro-structure parameter s

of reinforcers. How to derive the composite

macro mechanical property f rom m icro-str ucture

physical and geometrical parameters, and, in re-

turn, how to do an opt imal design for the micro-

st ructure parameters according to mechanical

pr opert ies of composites; both problems are of

gr eat concern but ar e no t so lved ver y w ell
[ 1, 2] .

In recent y ears, the meso-mechanics has

been applied to composite research and the rela-

tion betw een the composite material micro-st ruc-

ture and macro mechanical pr operty has been

built up
[ 2- 4]

. For example, for a small aspect ra-

tio and low vo lume fraction, the elast ic property

of the w hisker or gr ain r einfo rced composite can

be per fect ly predicted by Eshelby equivalent in-

clusion method
[ 4, 5] . A modif ied shear lag model

has been employed fo r property pr edict ion of the

shor t f iber r einfor ced composite w ith higher as-

pect r at io and low volume fract ion
[ 6- 8] . But for

the composite material used in practical engi-

neering w ith high volume fract ion reinforced,

the pr operty predict ion is dif ficult [ 9] . The pre-

dict ion theory concerning the mechanical pr oper-

ty and optimal design o f the composite material

can prov ide theoret ical foundation for reasonable

material design and ut ilizat ion, and promo te

w ider application of composites. All these ques-

t ions are crying out fo r solut ion.

The influence of tr opism dist ribut ing of

shor t f iber/ w hisker on the material macro prop-

er ty w as calculated in Ref. [ 10] , in w hich the

space locat ion distr ibutive random icity of short
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fiber/ w hisker and the st rain dist ribut ive detail in

the end o f reinforcer s w er e neg lected, and st if f-

ness tenso r expr ession of the composite w as de-

rived by intr oducing a matr ix and r einfo rcers'

deformed availability coeff icient and tropism dis-

tr ibut ing density funct ion of reinfo rcers; w ith

this funct ion the st if fness tensor of the compos-

ite in engineering can be predicted in the condi-

tion of arbitr ar ily t ropism dist ribut ing rein-

fo rcers and arbitr ar ily deformed condit ion. T he

upper limit and low er limit of the composite ma-

terial st if fness correspond to an equal st rain

model ( mix ed theo rem ) and equal st ress model

respect iv ely ; arbit rary values of the st iffness

module f rom the upper limit to low lim it corre-

spond to a set of specific av ailability coef ficients,

so that the predict iv e precision can be guar an-

teed
[ 11] .

Based upon a predict ion theor y
[ 10] , the

quant ificational relat ions betw een the micro-

st ructure parameter of the whisker reinforced

metal matrix and macro mechanical property are

built in this paper . Aimed at composite materials

w ith o riginal isot ropy ( random tropism dis-

tr ibut ing r einfo rcers ) or singularity t ropism ,

w ith g iv en mater ial macro mechanical proper ty ,

an opt imal design of micr o-st ructure parameter s

w as implemented.

1　Deformed Statis tical Character and

Strain Energy of Reinforcers and

Matrix

The reinforcer defo rmat ion character ist ic

parameter �f is def ined as the rat io of the average

roo t-mean-square st rain of w hiskers to the

macro-linear st rain along the same direct ion,

w rit ten as

�f = �f
� ( 1)

w here �-f is the root-mean-square str ain o f rein-

fo rces oriented in l direct ion, as show n in Fig. 1,

and �, the macro-linear st rain along the same di-

rect ion.

It can be proved that on condit ion o f elast ic

F ig . 1　Schemat ic diagr am of w hisker or ientation

deformat ion, �-f depends on the vo lume fraction of

reinforcer s, aspect rat io and modulus r at io of the

reinforcer s to the matr ix only , and it is indepen-

dent of macro defo rmat ion. �-f is an int rinsic

characterist ic parameter of the composite and

can be expressed as
[ 10]

�f = f
Em

E f
,
L
d
, V f ( 2)

w here V f is the volume fract ion o f w hisker s in l

direct ion; L- and d- are the average length and di-

ameter o f reinfor ces respect ively; E f and Em are

the elast ic moduli of w hisker and matrix respec-

t iv ely .

Fr om Ref. [ 10] , the st rain energ y in unit

volume of composite is

W c =
1
2
�2mVmS ( m) ij r s�ij�r s + 1

2
E f�ij�rs×

∫
 / 2

0

sin!∫
2 

0

�2f (∀, !)#(∀, !) nin j nrnsd∀d! ( 3)

w here the definit ions o f ! and ∀ ar e show n in

Fig . 1; #(∀, !) is the reinforcer o rientation densi-

ty funct ion; ni ( i= 1, 2, 3) is the direct ional con-

sines o f a unit v ecto r, and sat isf ies

n1 = sin!cos∀
n2 = sin!sin∀
n3 = cos!

( 4)

�m is an int rinsic characterist ic parameter of the

matrix ; for composites w ith singular direction

distr ibuting or random tropism reinforcers,

there ex ists

i . e.

�mVm + �fV f = 1

�m =
1 - V f�f

Vm

( 5)

　　The st if fness tensor o f the composite can be

obtained by per forming twice dif ferent ials to Eq.

·148· LI M in, LIU Qiu-yun, LIU Xiao-yu, LIANG Nai-gang CJA



( 3) , that is

S( c) ij rs = �2mVmS( m) ij rs +

E f∫
 / 2

0

sin!∫
2 

0

�2f (∀, !) #(∀, !) nin jn rnsd∀d! ( 6)

Specially , w hen r einfo rcers randomly oriented in

X-Y plane, the simple expr ession for the st if f-

ness tensor can be w rit ten as

S( c) ij rs = �2mVmS( m) ij rs +

E f∫
 

0

�2f (∀)#( ∀) n inj nrnsd∀ ( 7)

w here ∀ is the angle of w hisker orientat ion and

X axis.

Af ter the micro-structure physical and geo-

metr ical parameters o f the composite and rein-

fo rcer o rientation density funct ion are known,

by Eqs. ( 6) and ( 7) , the st if fness of the com-

posite can be predicted. Based on the st iffness

pr edict ion theory ment ioned above and know ing

the st if fness tensor of the composite, the st ruc-

ture par ameter of the composite can be opti-

mized.

2　The Influence of M icro-st ructure

Parameter of Material on the

St iffness of Compos ite

The opt imal design for m icro-st ructur e pa-

rameters of the composite includes physical and

geometrical parameter opt imizat ion. T he process

of select ing material is the opt imal process for

physical par ameters. When the reinfo rcer and

matrix are f ixed, the physical parameters can be

obtained uniquely . Fo r special composites, the

same macro pr operty can be achieved by dif fer-

ent combinat ions of geometrical par ameters, so

the process, deciding the volume fr act ion o f re-

inforcers, aspect rat io, o riented dist ribut ion and

heat t reatment state, is the optimal pro cess for

geometrical parameters of the composite.

Opt imal design is based on building the

quant itat ive relationship o f m icro-str ucture

physical and geometr ical parameter s of the com-

posite to macr o mechanical propert ies, so first in

the follow ing, the influence o f the geometrical

parameter on the st iffness of the composite is an-

alyzed. It should be noted that because the inter-

face of the w hisker reinforced metal matrix com-

posite is conjunct iv e w ell, belonging to a st rong

interface, the influence of the conjunct intensity

of the interface on the macro property is neglect-

ed in this paper.

2. 1　The influence of the volume f raction of re-

inforcers , aspect ratio and modulus ratio

of reinforcers on the stiff ness of composite

It can be known fr om Eqs. ( 6) and ( 7) that

all parameters w hich influence �f must do w ork

to the st if fness o f the composite. According to

Eq. ( 2) , it can be known that the volume frac-

t ion of reinforcers, aspect r at io and modulus ra-

t io o f the reinforcer s to the matr ix should influ-

ence �f . By using the 2-D netw ork model
[ 12]

, the

inf luences o f these afo rement ioned material pa-

rameters on �f were invest igated; the simulative

results w er e show n in Fig . 2. By using the least

square method, the regression formula o f �f, in

the range of linear elast ic defo rmat ion, can be

expressed as [ 13]

�( e)f = 1. 4( 0. 94 + 0. 3V f )
E m

E f

0. 84- 0. 03
L
d

( 8)

( V f : 5% - 40% , L / d: 3 - 15, Em/ E f: 0 - 1/ 3)

w here L and d ar e the aver age length and diame-

ter of reinfo rces r espect ively . The aspect rat io of

reinforcer s means L / d, and the same here-

inaf ter. In this analysis, the modulus of the re-

inforcer is assumed higher than that o f the ma-

trix, the modulus rat io of matrix to r einfo rcer

ranging betw een 0 and 1/ 3. Those afo remen-

t ioned material parameters have a linear influ-

ence on �f . In Fig . 2, the comparison of tw o re-

sults predicted by r eg ression fo rmula Eq. ( 8)

and netw ork model respectiv ely , �f , changing

w ith L / d and Em/ E f, is provided, and it can be

seen that the tw o resul ts ag ree well.

Effect ive load undertaken by reinforcer s

w ould increase w ith the increase of the volume

fract ion and aspect rat io , so �f would increase

and the st if fness of the composite w ould also in-
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crease. �f increases w ith the increase of moduli of

matrix modulus to reinforcers modulus, w hich

means that the closer the modulus of the matr ix

is to that of the reinforcer, the more easily the

performance potent ial of those two w ould be

brought into play suf f icient ly.

Fig . 2　The curv e of �f versus L / d and Em /E f

2. 2　The inf luence of tropism distributing of

reinforcers on stiff ness of composite

The tropism dist ribut ing of r einfo rcers can

be changed by mature technics in engineering ,

the quant itat ive analysis o f the influence of

t ropism dist ribut ing o f reinforcer s on the st if f-

ness of the composite has an important pr act ical

signif icance.

When reinforcers are unidirect ionally orient-

ed, the orientat ion density function can be ex-

pressed by a unit pulse funct ion, i . e . #(∀, !) =
V f∃( 0,  / 2) . P rovided that r einfo rcers are ori-

ented in X -axis direct ion, f rom Eq. ( 6) , it is

known that the stif fness modulus of the compos-

ite in X-axis dir ection is as follow s

S
( 0)
( c) 1111 = �2mVmS (m) 1111 + �2fV fE f ( 9)

　　If �f= �m= 1, Eq. ( 9) is changed into the fa-

mous mix law , w hich can provide the max imum

value ( upper lim its) of the st if fness modulus of

the composite

When whiskers oriented random ly in 3-D

space, #(∀, !) = V f / 2 , f rom Eq. ( 6) it can be

yielded that

S
( p 3)
( c) 1111 = �2mV mS ( m) 1111 + �2f V fE f

1
2 ×

∫
 / 2

0

sin5!∫
2 

0

cos4∀d∀d!=

�2mVmS ( m) 11 11 +
1
5
�2fV fE f ( 10)

　　Comparing Eq. ( 9) and Eq. ( 10) , one can

f ind that the contribut ion of reinfo rcers to the

st if fness o f the composite, w hen whiskers ori-

ented random ly, is only 1/ 5 as that w hen rein-

fo rcers ar e unidir ect ionally o riented. So to adjust

the t ropism of r einfo rcers is an ef fective method

for providing the st if fness modulus o f the com-

posite.

Fo r instance, aimed at SiCw / Al w hisker re-

inforced metal matrix composite, the inf luence

of the t ropism dist ribut ing of reinforcers on the

st if fness of the composite is quant itat ively ana-

lyzed. T he st if fness modulus o f the matrix and

reinforcer are 70 GPa and 450 GPa; the volume

fract ion of reinforcers is 40%; the aspect rat io is

10. By Eqs. ( 8) and ( 3) , �f and �m are calculated

out to be 0. 54 and 1. 3 respect iv ely . Acco rding

to Eq. ( 9) , the st if fness modulus of the compos-

ite is 130. 5 GPa when reinforcers are unidirec-

t ionally oriented. Where the first item in Eq.

( 9) , i . e. the contribut ion to the st if fness o f the

composite about the matrix is 78GPa, the second

item , i . e. that about ( o f ) reinfor cers is 52. 5

GPa. According to Eq. ( 10) , the stif fness modu-

lus of the composite is 88. 5 GPa, the contribu-

t ion o f matrix and reinforcers are 78 GPa and

10. 5 GPa, and thus the contribut ion of rein-

fo rcers just takes 12% . So the stif fness o f the

composite w ould not increase remarkably w ith

reinforcer s leading in the metal matrix . In o rder

to achieve a higher modulus, the reinforcer s

must arrange direct ionally .

The methods to adjust t ropism of rein-
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fo rcers used in eng ineer ing pract ice are heat ex-

tr usion, forg e, r olling and so on. For instance,

w ith heat ex t rusion, the direct ional arrangement

level of reinfor cers is cont rolled by the rat io of

ext rusion. T he higher the rat io , the more re-

markable the ef fect of directional ar rangement .

But the aspect rat io of reinfor cers would de-

crease w ith the rat io of ex tr usion increasing, so

the effect of reinforcement w ould be w eaker than

before. It is obvious that the rat io of ex t rusion is

a parameter needed to be opt imized in engineer-

ing pract ice. T he r elat ionship betw een the rat io

of ex tr usion and tropism of reinfor cers is show n

in Fig . 3. It can be seen that w hen the rat io of

ext rusion reaches 16, the tr opism of reinforcer s

is very close to unidirect ional arrangement .

Fig. 3　T he ratio o f ext rusion and tropism of r einfor cers

2. 3　 The influence of matrix on mechanical

properties of metal matrix composite

The earlier research indicated
[ 15]

that the

dislocat ion density o f the matrix is between 10
13

- 1014m- 2 in metal matrix composites, 10- 100

t imes that in the or ig inal matrix metal ; mean-

while, the crystal size in the matr ix changes into

a smaller size evidently w ith intr oducing rein-

fo rcers. T he matrix material in the composite

fill s in the gap between the reinfor cers mainly ,

the size of matrix cr ystal matches w ith the gap

betw een reinfor cers. For instance, aimed at

ScWu/ Al w hisker reinforced composite, the gap

betw een reinforcers matched w ith the diameter

of reinfo rcers, is about 1%m, but the size of

cr ystal in the matrix material is above 10%m.

Hence it is obvious that the matrix material in

the composite dif fers f rom the pure matrix mate-

rial. If this dif ference is ignored, the theoret ical

pr edict ion of proper ties w il l be low er
[ 16] .

In addit ion, for the metal material that heat

t reatment can be applied to , the mechanical

pr opert ies can be impr oved by succedent heat

t reatment . For instance, aimed at w hisker rein-

fo rced alum inium matr ix composite, the matr ix

material alw ay s is the forg ing alum inium alloy or

cast ing alum inium alloy. Not only has this allo y

fav orable f luidity and moulding , but also the

mechanical propert ies can be impr oved by heat

t reatment .

The solution t reatment and ageing t reat-

ment are popular methods for heat t reatment .

T he purpose of solut ion t reatment is to obtain

metastable supersaturat ion, and the pur pose of

ageing t reatment is to let new phase precipitate.

Because the precipitat ive phase somet imes is not

a balance phase in the phase picture, but a

metastable phase or congeries of solute atoms,

the intensity and rigidity can be improved re-

markably by this w ay.

The analysis above indicates that the dif fer-

ence betw een the matr ix material in the compos-

ite and pure matrix allo y should be considered

for pr edicat ing reasonably mechanical propert ies

of composites.

3　Optimal Design for Whisker/ Short

F iber Reinf orced Metal

Matrix Composite

According to the quant itative relat ionship

derived above between the phy sical and geomet-

ric parameters of micro st ructure in the compos-

ite and macro mechanical proper ties, the micro

st ructure parameters in the composite can be

chosen when the st iffness tensor is known.

3. 1　The estimation of micro structure

parameters

In o rder to do opt imal design for the micro

st ructure of the matrix and r einfor cers, the up-

per lim it and lower limit of the st if fness in the

composite should be calculated out f irst using

limits of these parameters, and it should be
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made sure that the st if fness value is in betw een

the upper lim it and low er limit .

Fo r unidirectionally whisker reinforced

composites, w hen �f =
S ( m) 1111

S ( m) 1111V f + E fVm
, �m =

E f

S ( m) 1111V f + E fVm
, the st if fness modulus in Eq.

( 9) takes a m inimum . When �f = �m = 1( 0 < �f
≤ 1) , the st iffness modulus takes a max imum ,

expressed as
[ 11 ]

S ( c) 1111 = VmS ( m) 1111 + V fE f ( 11)

　　There must exist a specif ied �f and �m corre-
sponding to a st iffness value w hich is betw een

the upper limit and low er limit . T hat means

there must be a g roup of o r some sets of physical

and geometric parameters of micro structure that

can satisfy the st iffness need of the composite.

3. 2　The typical examples for optimal design of

composite

Example 1. T he st if fness modulus o f the

composite is no t allow ed to be below 300GPa.

The matr ix and r einfo rcers are chosen f irst ,

so that the st iffness moduli of the matr ix and re-

inforcers are confirmed. In this ex ample the re-

inforcers ar e chosen as SiC whisker and the ma-

tr ix material is chosen as Al or T i alloy . T heir

st if fness moduli are 480GPa, 70GPa and 120GPa

respect iv ely . As the required st iffness of the

composite is far greater than the one of the ma-

tr ix , the vo lume fract ion of reinforcers takes the

upper limit , i. e . 40% . From Eq. ( 12) , the up-

per lim it values o f the st if fness modulus in the

composite are 238GPa and 264GPa respect iv ely ,

w hich can not reach the required value, 300GPa,

so a matrix and r einfor cers having higher modu-

lus w ere selected.

The car bon f iber whose st iffness modulus is

800GPa is chosen as the reinfor cer and the Al al-

loy as matrix . T he vo lume fraction takes the up-

per lim it , 40%. Fr om Eq. ( 11) , the upper limit

value of the stif fness is obtained, 362GPa, and

gr eater than the required value 300GPa. Accor d-

ing to the above analy sis, the st iffness modulus

in some dir ect ion o f this kind of composite may

reach 300GPa. The aspect rat io of reinforcer s

takes 15; according to Eqs. ( 3) and ( 8) �f and �m

are 0. 574 and 1. 284 respect iv ely ; according to

Eq. ( 9 ) the st iffness of the composite is

181. 6GPa.

In the above example, though the required

st if fness of the composite is lo cated betw een the

upper limit and low er limit , the shor t fiber rein-

fo rced composite w ith st iffness modulus g reater

than 300GPa, can no t be obtained in engineering

pr act ice because of the lim it o f manufacture

technique. For obtaining the composite that po s-

sesses higher st if fness modulus, bet ter property

reinforcer s and new manufacture technique must

be developed to increase the volume fract ion of

reinforcer s and the aspect rat io of r einfo rcers.

By the way , the st iffness modulus of the

matrix in the composite is 1. 1 t imes g reater than

the one in the pure matrix al loy as the differ ence

being considered betw een them.

Example 2. The st if fness modulus in a cer-

tain dir ect ion is required to be 90, 95, 100, 105,

110, 115 and 120GPa above.

The st iffness modulus of the composite

above is as 1. 5- 2 t imes as that one of Al alloy .

So A l alloy is chosen as the matrix and SiCw / Al

w hisker as the r einfor cer; their stif fness moduli

are 70GPa and 450Gpa respect iv ely . Only the

st if fness modulus in one direct ion is required, so

the t ropism distr ibuting of reinforcers is unidi-

rect ionally. The volume fraction takes the low er

limit 5%. �f =
S ( m) 1111

S ( m) 1111V f + E fV m
, �m =

E f

S ( m) 1111V f + E fVm
, according to Eq. ( 9) the low-

er limit of the stif fness modulus is 80GPa. If the

volume fract ion takes the upper limit 40% and �f

= �m= 1, acco rding to Eq. ( 11) the upper limit

of the stif fness modulus is 226GPa. Because the

requir ed modulus is betw een the upper limit and

low er limit , the specif ic �f and �m are correspond-

ing to the required modulus value.

In the follow ing , for instance, w ith the

st if fness modulus o f the composite being
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100GPa, the opt imal designing process for geo-

metr ic parameters is shown.

The st if fness moduli of the matrix and rein-

fo rcer ar e 70GPa and 450GPa respect ively. Sub-

st itut ing Eq. ( 5) and the material st if fness mod-

ulus into Eq. ( 9) yields

( 1 - �fV f)
2 70× 1. 1
( 1 - V f)

+ 450V f�2f = 100( 12)

　　T he unknown variable in Eq. ( 12) is the

volume fract ion of r einfo rcers V f and �f. If V f is

fix ed, �f is fix ed on exclusively. T his means if V f

takes any value betw een 5%- 40% , there w ill

be a specif ic �f corr esponding to this V f . F ix ing

the vo lume fraction o f r einfor cers, the equation

about �f can be obtained

( V fE f + V
2
fE m/ ( 1 - V f) ) �2f - 2V fE m/

( 1 - V f) �f + Em / ( 1 - V f ) - Ec = 0 ( 13)

　　T he variat ional range of the volume fraction

of r einfor cers is 5%～40% . If V f= 20%, �f is
0. 49.

According to Eq. ( 8) ,

L / d = 28 - ( ln�f - ln1. 4 - ln( 0. 94 -

0. 3V f) ) / ( 0. 03ln( Em/ E f) ) ( 14)

　　Substituting V f , �f, Em, E f into Eq. ( 14) ,

the aspect ratio is obtained as 8. 2, w hich is in

betw een the range 3- 15 being in the variational

range of the aspect r at io.

When the vo lume fract ion of reinforcer s

changes, the analysis fo r Eqs. ( 13) and ( 14) w ill

be repeated, so that the cor responding �f and L /

d can be obtained. M aybe many combinat ions

could reach the same property requir ed; all fea-

sible combinat ions sat isfy ing the stif fness re-

quir ement and design process are show n in

Fig . 4.

( 1) If the volume fract ion of reinfor cers is

known, the process calculat ing the aspect rat io

is show n as ar row head 1 in Fig. 4. �f can be ob-

tained fr om Eq. ( 13) , and L / d can be obtained

fr om Eq. ( 14) .

( 2) T he aspect ratio o f reinforcer s can be

fix ed f irst , then the volume fract ion can be cal-

culated. T he pro cess is show n as arrow head 2 in

Fig . 4. According to Eqs. ( 13) and ( 14) , V f and

�f can be obtained.

( 3) Af ter the aspect ratio and volume frac-

t ion of reinforcer s ar e fix ed, the st iffness modu-

lus o f the composite could be fix ed on exclusive-

ly; this pr ocess is show n as ar row head 3 in

Fig . 4.

In engineering pract ice, acco rding to the re-

quir ement for the st iffness modulus of the com-

posite, the corresponding variat ional curve of

micro st ructure parameters can be draw n simi-

larly w ith Fig. 4, so as to built a quant itative re-

lation betw een the micro st ructure par ameter

and material macr o property, and then the opti-

mal design to( for) micro st ructure parameter s of

the composite can be realized.

F ig . 4　The effectiv eness of micro-str uctur e

par ameter to pr opert ies of composite

4　Conclusions

( 1) For predicting mechanical propert ies of

the composite reasonably, the dif ference be-

tween the matrix in the composite and pure ma-

trix al loy should be consider ed.

( 2) When whiskers ar e o riented randomly ,

the r einfo rcement ef fect is only 1/ 5 as that w hen

reinforcer s are unidirect ionally oriented. T he

st if fness modulus of the composite does no t in-

crease remarkably follow ing the increase in the

volume fract ion of reinforcer s.

( 3) Based on the prediction theory built in

this paper, the opt imal design of micro st ructure

phy sical and geometr ical parameter s of the com-

posite can be realized.
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