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ABSTRACT: In order to investigate the influence of the vertical vibration loading on the liquefaction

of saturated sand, one dimensional model for the saturated sand with a vertical vibration is presented

based on the two phase continuous media theory. The development of the liquefaction and the lique-

faction region are analyzed. It is shown that the vertical vibration loading could induce liquefaction.

The rate of the liquefaction increases with the increase of the initial limit strain or initial porosity

or amplitude and frequency of loading, and increases with the decrease of the permeability or initial

modulus. It is shown also that there is a phase lag in the sand column. When the sand permeability

distribution is non-uniform, the pore pressure and the strain will rise sharply where the permeability

is the smallest, and fracture might be induced. With the development of liquefaction, the strength of

the soil foundation becomes smaller and smaller. In the limiting case, landslides or debris flows could

occur.
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1 INTRODUCTION

It is practical to study the development of lig-
uefaction either to prevent the liquefaction hazard or
to consolidate sand foundations. For example, when
a vibration loading such as a wave loading is applied
on a saturated soil foundation, liquefaction may oc-
cur under some conditions. The liquefied foundation
has a small strength and so can slide or flow even
with a very small slope. Since it is considered that
the liquefaction is caused by earthquake through the
shear action, much attention and efforts have been
paid on shear responses of the saturated sand and a
1,2l Considering
the coupling of the shear loading and the vertical load-

series of results have been obtained!

ing, much work has been done about the wave prop-
agation and the development of the pore pressure in
the saturated sand®*. Those studies are helpful to
understanding liquefaction, but the sustaining pore
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pressure is thought to be caused by shear only. Re-
cently, some results on liquefaction of seabed under
the vertical vibrating loading and laterally confined
conditions have been obtained!®~7), Nevertheless, the
skeleton of sands is taken often as elastic and the dis-
cussion is rather about the development of the pore
pressure or effective stress than the expansion of the
liquefaction region. Therefore, in order to study the
liquefaction characteristics under a vertical vibration,
the following problem is to be considered in build-
ing an one dimensional strain model: The sand layer
extends infinitely horizontally and finitely vertically
(Fig.1). The sand characteristics only change verti-
cally. The vibration loading is applied on the top
of the sand layer through water while the bottom is
fixed. The saturated sand is at the static state before
the vibration is applied on. By this model the devel-
opment of the liquefaction and some other dynamic
responses under the vertical vibration will be studied.

* The project supported by the National Natural Science Foundation of China (40025103, 10202024)
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Fig.1 The sketch of the problem (z =
0:vs=wvw =02 =Ly :p=
Ay sin(27 ft), oe = 0)

2 THE BASIC EQUATIONS

The basic equations of the saturated sand con-
sist of the constitutive relation, conservation equa-
tions and initial and boundary conditions.

2.1 The Constitutive Relation

The pressure confined constitutive relation is
adopted(®], which is based on the consolidation exper-
iments. This constitutive relation consists of a load-
ing part and an unloading part and is expressed as
follows:
the loading part

Esle—e¢
Oe¢ — Oers — rS(E _ ;S) (1>
1 + s
Erls
the unloading part
Ef £ — Ef;
Oe — Oefs — _%T:) (2)
14+ —=
€fls

in which Gers, Oots, €rs, €15 are the stress and the strain
at the starting point of the loading part and the un-
loading part, respectively, and E;, Ex, €115, €8s are the
tangent modulus and the limit strain of the loading
part and the unloading part, respectively.

The tangent modulus and the limit strain of the
loading part can be expressed as

Ew=E G Ters )
rs = Broll = ) (1 'ﬁ) 3
0< * ay + ae * Oec ( )

Er Ter 0.5
L L= M
c € 10( as + A4 + Teac ( )

in which E,q, &9 are the initial tangent modulus and

limit strain of the loading curve, respectively, a; ~ aq4
are empirical constants, .5, 05 are, respectively, the

Lu XB et al.: Liquefaction and Displacement of Saturated Sand 97

stress and the strain of the starting point of the load-
ing curve of No. s, o, is the pre-consolidation stress
and is equal to 1.0kPa.

Similarly, the tangent modulus and the limit
strain of the unloading part can be expressed as

Efs Tefs \ 05
By = B (1 — ] (1 ) 5
f ¢ + bl + b2€fs + Oec ( )

Efs Tefs 0.5
el )
“fls ¢ 10( b3 + b4€fs + Oec ( )

in which b; ~ by are experimental constants. The

examples of experiments are shown in Fig.2.
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and fitted curves of sample No.1
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(b) Comparison of experimental data
and fitted data of sample No.2

Fig.2 The fitted curves and experimental
data

All empirical constants in Eqs.(1)~(6) are ob-
tained from fitting of the experimental data.

2.2 The Conservation Equations and the Ini-
tial and Boundary Conditions
The governing equations of the saturated sand
were first established for dynamic phenomena by
Biotl®l and some analytical results were obtained[1%].
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Afterwards, the governing equations based on the
mixture theory were proposed!1:12 but they did not
reprsent any substantial or rational change in com-
parison with Biot’s equations. Owing to the increas-
ing interest in nonlinear applications, some control-
ling equations of incremental form were derived by
Zienkiewicz[*®! and Prevost(1415] et al. However, the
equations taking the displacements as the basic vari-
ables are not convenient for the analysis in this paper
and the assumption that water and grains are both
compressible is not necessary. So assuming water is
compressible because of air in it, a one dimensional
system of equations of the saturated sand under ver-

tical vibration is used as follows/®!
L L S
at Pw ot ow oz Pt oz
op
m}wﬂ%— =0
on v, on
- n) Ty, =0
ot (1=n) oz oz (7
Oy op
MPw " o + 32 ~H +npwg
Ovg dp do.
(L=n)epe- g+ (l=n) 5o+ 5 =
H + (1 -n)pg

in which n is the porosity, vy, vs are, respectively, the
velocities of water and grains, p, is the density of
water, p, is the density of grains, p is the pore pres-
sure, 0, is the effective stress, 4 is the compressibilily
coefficient of water, g is the gravity acceleration, H
represents the interaction between water and grains
and is assumed as

H =n%(vy —v5) /K (8)

in which K = k/u, ¢ and k are the viscosity of water
and the permeability, respectively.

The geometric relations connecting the velocity
of grains v, and the strain ratio €, and the relation be-
tween the interaction coefficient K and the porosity
n are assumed as follows

. Ous
- ©)

K= (2)5(1#%)2}{0 (10)

No 1—n

in which K is the initial interaction coefficient when

the initial porosity of sand is nglt7.
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The initial conditions are

n = fi(z)

oe=(1—no)(ps — pw)g-z (11)

t=0

P=pwg-z

Vw = Vs =0

in which f;(z) is the distribution function of the ini-
tial porosity.
The boundary conditions are

z=Lg4 p = Aj sin(2r ft) 0e =0

(12)

=0 Vg = Uy = 0

in which Ay, f are the amplitude and the frequency
of the loading on the boundary, L is the region of the
sand layer.

Now, a set of first order difference scheme for
mass and momentum conservation is established as
follows

o
nlB(pl —pl ) + pli(n] — i)+

o . At o .
Preiti (Vs — Ugvi—l)'A—a: + ph 0% (0] — ”f-1)7+
At
Az

: AL

T (1 =nD! -, )—
nz ( nz)(vsz Usz—l)Ax+

n]vl, . B(p] — pl_y) 0

AL
vl (n] - ”f—l)ﬂ =nl"t (13)

. o AL
(pw + K] Atn] vl , — KAtnlvl, + —A—mpg—

T 82

At -
Epﬁ_l = Pl + pwg

[1 = nf + K(n])*]vl, — KAt(nd)*o],+

At(l—nl) ; At —n))

Az ¢ Azx

in which ¢, j are, respectively, the space step and the
time step, and

D=KQ-ni)i+7 %4 (1-ni)g

(14)
Pl = Bpl — p?) + pwo

The difference schemes of the geometry relationship
between velocity vs and strain ratio € are

-1 o (Ujfl _ it )/ Az (15)

st si—1

el =l 4 éAt (16)
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The difference scheme of the initial conditions

are
=0 nl = fli(x)
pl=pwg-xi  0e=(1-n0)(ps — puw)g-a; (17)
'Uj - Uj. =
The difference scheme of the boundary condi-
tions are
x=1 pl=Aysin(2rf-j-At) o), =0 (18)
=0 v, =0 v,=0 (19)

3 THE COMPARISON OF OUR COM-
PUTED RESULTS WITH THOSE
OF NOGO

Nogol® has designed a one dimensional laterally
confined experiment to study liquefaction of seabed
under water oscillation. The bottom is fixed. The in-
ner diameter of the column is 8.9 cim while the height
is 2.1 m. The other parameters are as follows: the den-
sity of grains is p, the porosity n, the permeability &,
the thickness of sand D, the mean water pressure over
head kg (hydrostatic pressure head), the amplitude of
the pressure variation in the head ag, the frequency
of the pressure variation f. The values of parameters
in Nogo’s experiments are

g — 0.4
f=1.37Hz

ps = 2.65 x 10° kg/m3
ag = 40cm

ho =100cm k& = 1.5 x 10~ m?

D =100cm

Here we adopt the same data in our computation.
The computed results are compared with the
data of Nogol%! in Fig.3. A generally good agreement

comp. data exp. data
1 y/D=0.0 « y/D=0.0
2 y/D=0.1 s y/D=0.1
40 1 3 y/D=0.3  ~y/D=03
>
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=
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e
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ft
Fig.3 Comparison of our computed
results with the data of Nogo
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between them can be seen when the skeleton is taken
as elastic.

4 THE CHANGES OF THE EFFECTIVE
STRESS

The changes of the effective stress are summa-
rized in this section. The parameters adopted are as
follows:

The initial tangent modulus E,y = (0.51 ~
5.1) MPa, the initial limit strain .0 = 0.1 ~ 0.7,the
initial permeability (5 x 10711 ~ 5 x 10712) m? the
initial porosity ny = 0.35 ~ 0.55, the amplitude of
the loading 4; = (0.26 ~ 1.02) MPa, the frequency of
the loading f = (1 ~ 40) Hz.

It is shown that the change rate of the effec-
tive stress increases with the increase of the initial
limit strain or the porosity or with the decrease of the
modulus or the permeability, and increases with the
increase of the amplitude or the frequency of the load-
ing (Figs.4~9). As we know, if the modulus is small or
the initial limit strain or the porosity is large or the
amplitude of the loading is large and the frequency
is high, the compressible tendency of the skeleton is
large, and the permeability is small, it will be difficult
for the pore water to drain and the pore pressure will
rise and the effective stress will drop.

Figures 10 and 11 describe the pore pressure
changes influenced by the permeability and the load-
ing amplitude. It is shown that the pore pressures in-
crease slowly at the beginning and then increase fast
up to the maximum which is equal to the sum of the
initial pore pressure and the initial effective stress( af-
ter liquefaction, the fluctuating pore pressure caused
by the loading is not considered.). The increase rates
of the pore pressure become faster and faster with the
decrease of the permeability and with the increase of
the loading amplitude.
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Ay
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‘L 0.04 A .
= 0.03] 1 k=1x10"1%m?, ng=10.38
X 2 k=2 x10712m2, ny=0.42
2 0.02 - 3 k=5x10"12m?2 no=0.48
= 0.0l
®  0.004
—0.01 T T — T T
0 200 400 600 800
t/ms

Fig.4 The influence of the permeability
on the change of the effective stress
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Fig.5 The influence of the initial tangent
modulus on the change of the effec-
tive stress
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Fig.6 The influence of the initial limit
strain on the change of the effective
stress
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Fig.7 The influence of the initial porosity
on the change of the effective stress
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Fig.8 The influence of the amplitude of
the loading on the change of the ef-
fective stress
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Fig.9 The influence of the frequency of
the loading on the change of the ef-
fective stress
0.14 4
3 2
0.12 A1=0.52MPa
f=10Hz
0.10
1 k=1x10"12m?2 ny=0.38
0.08 2 k=2 x10712m? ng=0.42
3 k=5x10"12m2 no=0.48

0 200 400 600 800
t/ms

Fig.10 The influence of the permeability
on the pore pressure
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Fig.11 The influence of the amplitude on
the pore pressure

5 THE RESPONSES OF STRESSES WITH
DEPTH

When the permeability at z = 1.0m is 10% or
even 5% smaller than that at other points, the supper
pore pressure and the strain will rise sharply and con-
centrate near the point with the smallest permeability
(Figs.12 and 13). Since the supper pore pressure and
the strain rise the fastest, this point will reach the
failure state the earliest and the fracture of the sand
column may ensue. It agrees with the main charac-
teristics of the experiments{lst] and the theoretical
analysis[?2.

Figure 14 gives the difference between the total
stress increment at any point in the sand layer and
that at the end of the loading(the total stress at time
t minus that at time ¢ = 0: 0., +p|, —0e]o —plo) with
time. It is shown that the amplitude increment of the
total stress changes significantly, at the same time,
the phase lag is obvious. Figure 15 gives the relation
between the increment of the total stress with time
and the amplitude of the loading. It is shown that
the larger the amplitude of the loading, the larger
the amplitude changes of the total stress in the sat-
urated sand. Therefore, only when the loading is so
small that the inertial of the sand may be neglected,
the changes of the total stress with depth may be ne-
glected.

Figures 16 and 17 give the changes of the veloc-
ities of water and soil vy, vs with the depth. It is
shown that the two velocities change greatly near the
boundary where the load is applied on. The waves of
the two velocities degrade gradually with the depth.
It may be seen that the two velocities are not always
in the same directions at the same time, the reverse
movements of two phases may play a role on the dam-
age of the soil structure.
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Fig.12 The changes of the strain along the
depth
g 60 A — t=0.03s
a
24 — t=0.06s
L 30
3
w
)
a 0
o2
5
a —30
0 10 20 30
h/m
Fig.13 The changes of the supper pore
pressure along the depth
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Fig.14 The difference between the total
stress increment at any point and
that at the boundary under differ-
ent loads

Figure 18 gives the results of the pore pressure
distribution along the depth at different times. It is
shown that the biggest increment of the pore pressure
is near the end of the loading and reduces gradually
along the depth. Figure 19 gives the results of the ef-
fective stress distribution along the depth. It is shown
that the effective stress decreases with time and deve-
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Fig.20 The porosity versus the depth
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of the porosity distribution at different times. It is
shown that the porosity changes significantly near the
end of the loading. The porosities increase first and
then decrease. It is because there is not enough time
for the water to drain first and then it may drain with
the time elapse.

6 THE INFLUENCES OF FACTORS ON
EXPANSION OF LIQUEFACTION RE-
GION

The influences of the controlling parameters on
the development of the liquefaction region are dis-
cussed. These parameters include the permeability,
initial tangent modulus, initial limit strain, initial
porosity, amplitude and frequency of the loading. The
variation of the liquefaction region L with the time ¢
for different parameters are shown in Figs.21 through
26. The expansion of the liquefaction region increases
with the decrease of the permeability or initial tan-
gent modulus, and with the increase of the initial limit
strain or the amplitude or frequency of loading.
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Fig.21 The influence of the permeability
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Fig.22 The influence of the initial tangent
modulus
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Fig.23 The influence of the initial limit
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Fig.24 The influence of the initial porosity
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Fig.25 The influence of the amplitude of
the loading

It is shown from the L-t curves in these figures
that the liquefaction appears first near the end of the
loading and forms the first liquefaction region, then
it develops along the depth of the sand. Nevertheless,
the damping in the saturated sand makes the influ-
ence weaker and weaker along the depth of the sand
so that the developing rate of the liquefaction region
decreases gradually to zero. At this time, the height
of the liquefaction region reaches the maximum.
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Fig.26 The influence of the frequency of
the loading

As we know, the interaction between water and
grains is strong and it is difficult for the pore water to
drain if the permeability is small, so the development
of the liquefaction region is fast. If the initial tangent
modulus is small or the initial limit strain and the
initial porosity are big, the structure is loose and the
strength of the skeleton is small, the liquefaction will
be easy to occur. If the amplitude of the loading is
big and the frequency is high, the force that the satu-
rated sand has to bear is big, the development of the
liquefaction region will be fast.

The liquefactions caused by a pure shear loading
and under laterally confined conditions are both the
results of the strength loss and structure damage of
the skeleton. But the liquefaction under laterally con-
fined conditions cannot occur if the water and grains
are both incompressible and the other end is fixed.
The deformation of the sand skeleton is controlled by
the laterally confined constitutive relation. On the
other hand, it is controlled by the shear stress-strain
relation under pure shear.

7 CONCLUSIONS
The main conclusions are as follows:

(1) Based on the two phase continuum media theory,
the basic equations are obtained for the saturated
sand under the one dimensional vertical vibration
loading,.

(2) The numerical analysis shows that the saturated
sand may liquefy under the vibration loading. The
dropping rate of the effective stress increases with
the decrease of the permeability or the initial tan-
gent modulus or with the increase of the amplitude
or frequency of the loading or the initial porosity.
The expansion of the liquefaction region will stop
gradually.
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(3) The total stress and the pore pressure will de-
crease and have a phase lag along the depth of
the sand layer because of the damping of the sat-
urated sand.

(4) If the permeability is non-uniform, the pore pres-
sure and the strain will rise sharply and concen-
trate near the place where the permeability is the
smallest. This might be the reason why the frac-
ture occurs in the sand column.
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