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Abstract

A theoretical description of shear instability is presented in a system of equations. It is shown that two types of
instability may exist. One of them is dominated by pore pressure softening while the other by strain softening. A criterion
combining pore pressure softening, strain hardening, and volume strain coefficient is obtained and practical implications
are discussed. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Instability often leads to the failure of soil foun-
dation. Although lot of work has been done trying
to seek for the criterion of soil instability so as to
evaluate the safety of foundations under vibration
and to avoid instability and liquefaction, the mech-
anism of this problem has not been uncovered
because of the complexity. The instability criterion
of saturated soils has often adopted the Coulomb
criterion [1]. On the viewpoint of instability, the
criterion and factors of soil instability is discussed
in this paper.

2. The mathematical model

2.1. Some assumptions

In order to clarify the problem, some assump-
tions are presented here.
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. The density of water and gains is constant,

which means p, = const., p,, = const.

. The moving acceleration can be neglected be-

cause it is smaller than the local acceleration.

. The Darcy law is adopted.
. The deformation can only occur in one direction

but may have a gradient in the other direction.
The geometrical configuration and the defor-

mation can be expressed as follows:

Xy =Xy,

X, = u(Xq, X,) + X,,

X3 = X 1)

. The constitutive equations can be expressed as

follows under shear load:
Oex :fl(ya ’}.}5 p)’
Ocy :fZ(yaija p),

Txy :fS(% j)> p) (2)
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The shear volume strain and the increment of
pore pressure are adopted as follows:

Agyy = Cq1y,
Ap = ErASUb (3)

where C, is a parameter and C; = C,(p), Ap is the
increment in pore pressure, E, is resilience module,
Ag,5, Ag,, are the volume strain caused by shear
and recovered by water, respectively. The soil tries
to shrink by shear but the pore water prevents the
deformation, which leads to the increase in pore
pressure.

2.2. The control equations

Since water cannot be compressed, &, = 0. At
the same time, it is obvious that the volume caused
by shear is the sum of that caused by drainage and
resilience, which is

A
CitAy =P 4 Ay, )
E,
and
Oepy 1 0%p
__or 5
ot  Kox? )

in which p is the pore pressure and n is the pore
ratio. K is the obstraction coefficient and K = u/K,
where k is the penetration ratio and u is the visco-
coefficient [2,3].

Institute Eq. (5) of Eq. (4), we will get the first
control equation

op Erd*p oy ©
—— a3 = T—.
aa Kox> o

The equations of motion implies

0%y 0* 0 X oY

S k= 7
P o <8x2 T ) T Ty @

where p = p, — p,. Consider the assumption (4),
Eq. (7) becomes

0%y 0%t

P a0 ®)

Now, the control equations can be rewritten as

o _Erdp_ .0

ot Kox? Yo

0%y 0%t

o _ot 9
P = ox2 ©)

where C;, E, are both functions of p. The solutions
of these equations are difficult to seek for because of
their non-linearity. It has been shown by experi-
ments and computation that the soil deformation
develops from slowly to fast [4,5], that means, from
stable state to instability.

Now, three points should be emphasized: firstly,
examining all the assumptions, Eq. (9) can deal with
large shear deformation, because no limitation of
the shear deformation has been introduced; second-
ly, the first part of Eq. (9) is a wave equation but the
right-hand side of the second is a typical diffusion
equation. In these two types different phenomena
are coupled through the term C,E,t}. This is the
distinctive feature of the phenomenon under con-
sideration. Finally, Eq. (9) is obviously non-linear.

Since the aim of this paper is to seek for the
condition under which a smooth deformation pro-
cess changes into catastrophe. The perturbation
method, which is widely used in the analysis of fluid
dynamics, is adopted here. Hence, a smooth devel-
oping deformation state y,, 7o, po is taken as the
base stae, which is a solution of Eq. (9). When
perturbation has been acted on the control equa-
tions, we will be able to analyse the factors and
condition of instability.

3. Perturbation analysis [6,7]

To seek for the point deformation from smooth-
ness to catastrophe, we study the solutions in next
form:

y=70+7, [V <lvol,

p=po+0, |Pl<lpol, (10)
where 79, po is a solution of Eq. (9), and
,Vr — ,V>g<eazt+iﬂx7

p/ — p*ezxt+iﬂx, (11)
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o, f are the frequency and the wave number, respec-
tively.

Differentiating the constitutive relations (2), we
get

dt = Rody — Qody + Hodj, (12)

in which
ot ot

R, == - =

0 <ay>09 QO <ap>oa

0

Ho = <l> . (13)
07 /o

Therefore,

T = Roy* — Qo p* + aHoy* (14)

Institute Egs. (10), (11), (14) of (9), the homogeneous
system of equations is obtained as follows then:

[po® + BA(Ro + aHo)ly* — f*Qop* =0
(ClErTOa + ClErI_IOOC + ClEri)O RO)V*
. E: ,
—(CiEido Qo +a+ B pr =0. (13
As we all know, the determinant of the coeffi-

cients should be equal to zero if the system has
solutions, which leads to

E, .
po’ + <<H0 + P >ﬂ2 + pCiEpo Qo)“z

K
E.R
+Aloc+—'KOﬁ4=O, (16)

HyE,
Whel‘e Al = (RQ — QO ClErT())ﬁz + OTﬁ4
It is a spectral equation. If o has a positive real
root, instability is possible.
Now, we can give the dimensionless form of Eq.
(16), using the next dimensionless variables

1 _ N 1 1
OC—EOC, B _pRok%ﬁ’ 1—§,
E Hy K
A=—" B=——,
Ro PRo
C = p CiEDo Qo’ D= Qo C1ErTo. (17)
K R,

Then, the spectral Eq. (16) can be reduced to the
following form:

%’ + [(A + B)B* + C]a* + [(1 — D)p?
+ ABp*la + Ap* = 0. (18)

It is obvious that this equation has two extreme
situations.

(i) For long wavelength (f — 0), Eq. (18) has two
solutions

Ry

=0, a=0ora=—C (19)

It shows that the deformation is always stable.
(i) For short wavelength (f — o0), Eq. (18) has
only one solution, which is

_ 1

It is again always stable.

But there is a negative term 1 — D which may
lead to instability. It must occur at spectral wave
numbers. Therefore, it is of interest to seek the wave
number f,, for which the corresponding «,, > 0 is
a maximum. In addition to the spectral equation
(18), &,, and B,, must satisfy the next equation

da

T 0 (1)
which is

P (A + Ba2 + (1 — D)&m. )

2(ABa,, + A)

Keeping B2 > 0 in mind, we arrive at an impor-
tant inequality to determine the limit of the
&, value

D—1
0<a = k. 23
<ocm<B+A ok (23)

Combining both the spectral equation (18) and
the extreme condition (23), the equation to deter-
mine &, can then be obtained

fl :fz, (24)
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Fig. 1. Plots of the functions f}, f>, defined in Egs. (25) and (26).

where
f1 = 4@, + C)YABa, + A), (25)
f>=[A + By, + (1 — D)]*. (26)

From Fig. 1 for the region &, > 0, it may be seen
that the left branch of function f, and the right
branch of f; must have an intersection between
0 and o as long as

D—1>2/AC. 27)

This is the criterion for the existence of a solution
o, and therefore what we desired. At most condi-
tions AC = 0, then the criterion can be simplified
to:

_ QoC1E7g

D
R,

> 1. (28)

This means that the condition of instability refers
to pore pressure softening overcoming the strain
hardening. It is very interesting that occurrence of
instability is not related to the penetration ratio
K and the strain rate hardening H,. However, these
factors influence instability markedly in some other
aspects which will be discussed later.

The intersection &, in Fig. 1 and the correspond-
ing value of j, represent the most probable
unstable solution. The solution &, has the same
order as ak.

Hence, for qualitative discussion, the value of
o can be used to represent the point of intersection

o, The characteristic time can be expressed as

fo~— = :
Om Olm D—1 QOCIErTO - RO

It is obvious that the characteristic time is
affected by resilence module, strain rate hardening,
penetration, strain hardening and pore pressure
softening.

The characteristic length [, is related to t, by

lz/[c ~ OCm/ﬁrzn ~ ROkl(Brzn/&m)

Next, three interesting special cases: no penetra-
tion, no strain hardening and no pore pressure will
be discussed.

4. Some other conditions
4.1. No penetration, K — o0

In this case, the spectral Eq. (16) becomes
po® + (Hof + pCE.j0Qo)x

+ (Ro — QoE.Cy10)p* = 0. (29)

We can see, if Ry — QoE,Cyty <0, namely
D > 1, o will have a positive real root and instabil-
ity will occur. It is important to appreciate that the

same formal criterion (28) can be used whether the
instability is penetrational or not.

4.2. No strain hardening, Ro = 0

Now, the spectral equation (16) becomes

pE, )
po® + |:<H0 + ?>ﬂ2 + PclEr“/oQo:|fx

E.H
+ [T%“ - CIE,Qoroﬁz] =0. (30)

The condition o has positive real root as given
below:

H,

K ﬁZ — C1QOT0 < 0. (31)

In this criterion, penetration ratio K, strain rate
hardening H, and pore pressure softening play the
role.
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4.3. No pore pressure softening, Qo =0

Now, we turn to discuss the second mode of
instability which there is no pore pressure soften-
ing. In this case, we can formulate the spectral
equation

pE, EH

po + <HO + ?>ﬂ2a2 + (Roﬁz + Toﬁ4>oc
ErRO 4

—p*=0. 32

. (32

Though H,, K must be positive, R, may be

negative. Therefore, Ry < 0 may be another pos-

sible cause of instability. Eq. (32) can be rewritten as

E E.H
po® + <Ho + pKr>[32a2 + rTOﬁ“oc
ERq|
=~ B + IRl (33)

It is easy to see that there must be a solution
o > 0; therefore, deformation must be unstable. It is
very simple to show that no maximum exists in
o and o is a monotonically increasing function of 3,
with

. ) R
Iim o« >0 and Ilim a—»ﬂ,
p—0 B— o0 0
. H

llm t= tmin = —O

B~ |R0|

This implies the shorter the wavelength, the
earlier the occurrence of instability. Nevertheless, it
is a totally different instability mode. There is no
further criterion except Ry < 0, with which, as we
have seen, no characteristic length and time are
associated but there exists a minimum time ¢,,;,.

4.4. Practical criterion

Now we concentrate on the instability mode
dominated by pore pressure softening, by turning
towards practical considerations.

It is especially wuseful that criterion (28)
implies a pore pressure criterion. Recalling
[Qo] = stress/(pore pressure), we can easily
deduce that the inequality (28) is equivalent
to a pore pressure criterion. It is desirable to
establish a criterion connecting state parameters
and material constants on each side of the
inequality.

If the constitutive relation of the soil concerned is
formulated explicitly, the critical pore pressure is
easy to obtain. Suppose, for instance,

_N\Db
= GO<UE° ”) 7 (34)

Oc0

where G, is the initial shear module, and b is
a constant, g, is initial effective stress and p is pore
pressure. Then, the criterion pore pressure is ob-
tained as follows by the inequality (28):

C,Eb
I

(%) Oc0

(35)

5. Conclusions

It has been shown that two types of possible
instability of saturated soil under vibration
shear load may exist. One is dominated by
pore pressure softening while the other by strain
softening.

The criterion for the first mode of instability
combines pore pressure softening, strain hardening
and resilience module, which can be expressed
simply as Eq. (28). This mode of instability may
lead to failure of soils. The other one requests
Ry <O.

The above criterion implies a practical critical
pore pressure. The critical pore pressure can be
obtained simply when the constitutive relation has
an explicit expression.
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