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Two mechanisms for the wave-induced pore pressures in a porous seabed, i.e.
oscillatory and residual excess pore pressures, have been observed in laboratory
experiments and field measurements. Most previous investigations have focused
on one of the mechanisms individually. In this paper, an analytical solution for the
wave-induced residual pore pressure, which is not available yet, is derived, and
compared with the existing experimental data. With the new solution, a parametric
analysis is performed to clarify the applicable ranges of two mechanisms. Then, a
simplified approximation for the prediction of wave-induced liquefaction potential
is proposed for engineering practice.
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One of the important marine geotechnical engineering considerations for many engineering in-
stallations in oceanic environments, such as platform, pipeline and anchors, is the liquefaction
potential of seabed due to ocean waves. Numerous examples of liquefaction have been reported in
the literature, such as, floatation of pipeline during storm!"), sinking of several measuring instruc-
tions in Mississippi Delta'®! and subsidence of offshore breakwaters at Niagata Coast, Japan"'.

Two significant mechanisms accounting for wave-induced soil response, including oscillatory
pore pressure and residual pore pressure, have been observed in laboratory experiments and field
measurements'*, as shown in Figure 1. The first mechanism, termed as transient or oscillatory
excess pore pressure, is accompanied by the attenuation of amplitude and the phase lag in pore
pressure changes™ ®. This mechanism is more important for unsaturated marine sediments and
deeper water region. The second mechanism, termed as the residual pore pressure, is the build-up
of excess pore pressure caused by contraction of the soil under the action of cyclic loading!™®.
This mechanism is similar to the earthquake-induced pore pressure accumulation.

Numerous investigations for ocean waves propagating over a porous seabed have been carried
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>~1% Among these, both mechanisms have been considered individually. The

out since the 1970s!
applicable range of each mechanism is unclear, due to no analytical solutions for residual pore
pressure being available. Thus, in this paper, we derive a new analytical approximation for the pore
pressure build-up due to waves through a Laplace’s transformation. A comparison with the existing
experimental data will be presented for the verification of the model. Then we further clarify the
applicable range of two mechanisms. Finally, a simplified approximation for the prediction of

liquefaction potential will be proposed for engineering practice.
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Figure 1 Illustration of wave-induced pore pressure in seabed (not in scale).

1 Theoretical formulation

Considering the problem of wave-seabed interaction, as shown in Figure 2, the wave-induced pore
pressure in a porous seabed (p) can be written as
p(x,z,1) = p(x,2,0) + p(z,1), (1
where p represents the oscillatory pore pressure, while p represents the period-averaged pore
pressure, which is defined by
p=— " . @)

In (1), in order to simplify the problem, we decouple the oscillatory and residual mechanisms as
the first approximation. This is because no model for coupling two mechanisms has been available
yet. To date, there is no model for the determination the oscillating shear stress at the instant during
cyclic loading[”]. Therefore, we decouple two mechanisms in this study.

It is noted that the oscillatory pore pressure ( p(x,z,t)) fluctuates in both spatial and temporal
domains while wave is propagating over the porous seabed. However, the residual pore pressure
(p) is built up from the accumulation of pore pressure at a particular location during the wave
loading. Thus, the residual pore pressure can be treated as one-dimensional problem, i.e.,
p=p(z,t) in(1).
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1.1 Oscillatory pore pressure

To derive the analytical solution, the following assumptions have been made:
® The seabed is porous and horizontal.
® The pore fluid and soil are compressible.
® The soil matrix obeys the Hooke’s law.
e Linear wave loading is the only external loading.
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Figure 2 Sketch of ocean waves propagating over a porous seabed.

In this study, we ignore the viscous effect, i.e., the wave boundary layer and bottom shear
stresses along the seabed surface are ignored. It is valid for most cases. In fact, the inclusion of
wave-induced bottom shear stress does not play a significant role in the evaluation of the
wave-induced pore pressure within marine sediments!®.

Based on Biot’s consolidation equation', the oscillatory pore pressure can be solved with the
following boundary value problem, as presented in Jeng'®:

KV p=nfy, Ly, %, (3a)

ovu+—C %:ﬁ_p, (3b)
1-2u 0x  ox

Gv2w+i§=@, (3¢)
1-2u 0z oz

where u and w are the soil displacements in the x- and z-directions, respectively, K is soil perme-
ability, n, is soil porosity, y,, is the unit weight of pore fluid, G is shear modulus of soil, x is

Poisson’s ratio, and the volumetric strain (&) and compressibility of pore fluid (/) are defined by

ou ow 1 1-S
=—+— and f=—+—1, 4
d ox Oz p K" P @

wo

inwhich K' is the true bulk modulus of elasticity of water, S is the degree of saturation, and P,,

is the absolute static water pressure.
The stress-strain relationship is given by
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o’ =2G(6” +”—‘§j, (5a)

* o 1-2u
ol =2G 6_w+y_§ , (5b)
0z 1-2u
rzG[a—u+@], (5¢)
0z Ox

where o) and o, are the effective normal stresses in the x- and z-directions, respectively, and
7 is the shear stress.

The above governing equations (3a)—(3c) can be solved with appropriate boundary conditions.
First, the pore pressure is identical to the dynamic wave pressure on the seabed surface, while
vertical effective normal stress vanishes. Also, the shear stress will become zero on the seabed
surface, because of neglecting the wave boundary layer near the seabed surface.

H
B(x,0,0) = 2C{;;mcos.(lcx +ot)=PB,cos(kx + @ 1), (62)
o (%,0,6) = 7(x,0,6) =0, (6b)

where H is wave height, d is water depth, k£ is wave number, @ (=27/T, T is wave period) is wave
frequency, and £, is the amplitude of dynamic wave pressure upon seabed surface. Second, the soil
displacements and pore pressure will vanish at the impermeable seabed bottom (z — «), i.e.
u(x,0,t) = w(x,00,t) = p(x,0,t)=0. (6¢)
The analytical solution to the wave-induced oscillatory soil response in a saturated seabed was
derived by Jeng and Hsu!'"”. For a saturated seabed of infinite thickness, the pore pressure ( p ) and
shear stress (7 ) can be expressed as
P =P, exp(—kz)cos(kx + wt), (72)
7 = B kzexp(—kz)cos(kx + wt). (7b)
1.2 Residual pore pressure

The residual pore pressure ( p ) in homogenous, isotropic soil can be derived from the

one-dimensional Biot’s consolidation equation as

p_ p
—=c,—+ f(2), 8
o © 5 f(2) (®)
in which ¢, is the coefficient of consolidation, given by
. :2GK(1—,u), ©)
7 (=20
and the source term f{z) is defined by[] .
f(z)=Azexp(-Az), (10)
, 1/n
A:7(l+2Ka) 3Pk (112)
3T a(l+2K,)y’
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A=X and y=y -y, (11b)
n

in which y, is the unit weight of soil, K, is the lateral earth pressure coefficient in rest state, and
o and 7 are two empirical constants, which are functions of the relative density of soil (D, )2,
Boundary and initial conditions for the above governing equations are
p(0,0)=p(z,0)=0,and p(w,7)=0. (12)
The above boundary value problem can be solved by Laplace’s transformation. The solution to
the wave-induced residual pore pressure can be written as

_ 24 Az 1 Sexp(-re,A%t) .
= 1-| 2241 |exp(-Az) —— [ 2222 sin(raz)dr | . 13
p M{ (2 j p(-42) ”£ o S (13)

Note that the integral term in (13) will vanish for large time (¢). The detailed derivation of (13)
can be found in Appendix A.

A comparison of the present model with the existing experimental data!'*! is illustrated in Figure
) is defined by (14b). And the present analytical
solution overall agrees with the experimental data. The difference between the analytical solution
and experimental data may come from the seabed thickness, as the experiments were conducted for
the case of finite thickness.

3. The equilibrium residual pore pressure ( P,
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Figure 3 Comparison of the analytical solution with experimental data!'! (Input data are tabulated in Table 1).

2 Parametric analyses

The first objective of this study is to clarify the applicable range of two mechanisms. Now, we
compare the amplitude of the oscillatory pore pressure (| f)| ) and equilibrium residual pore pressure

(p(z,%)), which are

Pye =|B| = B exp(-kz) , (14a)
P =p(z,0)= 2A3 1- [E + 1) exp(—1z) |. (14b)
c,A 2
To examine the role of each mechanism, we define the amplitude ratio (&)
P
e=—"= 15
» (15)

[N
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Figure 4 illustrates the results of (15) for various values of ¢ with 7=10 s. The lines represent the
critical relationship between H/L and d/L. The region below the curve which denotes transient
(oscillating) mechanism dominates the magnitude of pore pressure; while the region above the
curve which denotes residual mechanism dominates the pore pressure. The critical curve will move
up as the amplitude ratio ( &) increases. The choice of ¢ depends on the requirement of the design.

Table 1 Input data for the comparisons in Figure 3

Wave characteristics

(a) (b)
Wave period (7) 1.76 s 2.02s
Water depth (d) 0.5m 0.5m
Wave length (L) 3473 m 4.103 m
Wave height (H) 0.22 m 021 m
Soil characteristics
Seabed thickness () 0.84 m
Poisson’s ratio (u) 0.49
Soil porosity (7.) 0.46
Shear modulus (G) 5.5x10° N/m®
Soil permeability (K) 4.0x107* m/s
Unit weight of soil (3 ) 18.2x10° N/m’
Unit weight of pore fluid (%, ) 9.806x10° N/m®
Degree of saturation (S) 1.0
Coefficient of earth pressure (K,) 0.4
Consolidation coefficient (c,) 1.165x107
a 0.246
n 0.165
0.16 v . T r r T r r
0.14 JRp—
Wave breaking lnle' o
0.12
0.1
S 008
0.06
0.04
0.02
0
0.05 0.1 015 02 025 03 035 04 045

d/IL
Figure 4 Distribution of critical wave steepness (H/L) versus relative water depth (d/L) for various value of amplitude ratios ().

(Input data: 1,~0.33, £2=0.33, K=10"° m/s, G=5 X 10° N/m’, &=0.246, 1=0.25, ¢,=0.0022 and 7=10 s).

As shown in Figure 4, the residual mechanism is more important for large wave conditions,
while oscillatory mechanism dominates the pore pressure under small wave conditions, if we use

&=1 as a critical condition. However, all previous investigations” ® concerned with residual
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mechanism have been based on linear wave theory. It is well known that linear wave theory is
insufficient from the aspect of ocean engineering, but it can provide some fundamental knowledge
for engineers, since it is the leading order solution.

3 Simplified approximations for engineering practice

For engineers, the most important task is to examine where liquefaction will occur and how deep it
is. The criterion of residual liquefaction is

P
oy (16)
Oy
which leads to
24 Az (1+2K)) ,
1—| —+1 |exp(=Az) |=—2 ¥z 17
CM{ (2 j p( )} " (17)

In (16), oy is the effective stress of soil.
Assuming “ Az is small, we further expend “exp(—Az) ” with Taylor’s expansion, and then use

the first three terms, we have the solution of (17) as
z=0, (18a)
or

' 2
2Jl_yﬂ+2KQgi | (1sb)

AR 64

1 y'(1+2K,)c,A?

Note that (18b) is only valid under the condition of 5 o > 0. It is noted that

1 7'(1+2K,)c,A°
2 64
the solution (i.e., no liquefaction occurs).

Based on (18a) and (18b), a numerical example for the prediction of maximum liquefaction

13

< 0” will provide an unrealistic solution. Under such condition, (18a) will be

depth (z;,) is presented in Figure 5. In the example, the relative water depth (d/L) varies from

shallow water (d/L=0.05) to intermediate water (d/L=0.3). As the water depth increases, the
maximum wave steepness for inducing soil liquefaction will increase, which will enhance the
liquefaction potential. The figure also indicates that the maximum residual liquefaction depth will
increase as the wave steepness increases. This finding is also consistent with the result presented in
Figure 4 that the residual mechanism is important for the large wave conditions.

4 Conclusion

In this study, a new analytical solution for wave-induced residual pore pressure in a porous seabed,
which has not been available in the literature, is presented. A comparison of the present model with
the existing experimental data'* indicates that, the present analytical solution overall agrees with
the experimental data. Together with previous solution to oscillatory mechanism"'®, an amplitude
ratio (&) is introduced to examine the role of both mechanisms. Numerical results indicate that the
residual mechanism is particularly important for large wave loading, while oscillatory mechanism
dominates the pore pressure under small wave loading.
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Figure 5 Distribution of maximum liquefaction depth (z;4) versus wave steepness (#/L) for various relative water depth (d/L).
(Input data: 1,~0.33, 1= 0.33, K=10"° m/s, G=5 X 10° N/m?, & =0.246, 1=0.25, ¢,=0.0022 and T=10 s).

Based on the new solution, a simplified approximation for the prediction of the maximum lig-
uefaction depth is also proposed for engineering practice. The approximation provides coastal
geotechnical engineers a first-hand effective method in the evaluation of the liquefaction potential.

Appendix A: Mathematical derivation of analytical solution

The boundary value problem for residual pore pressure can be summarized as

2—
@:cva—];—i-Aze_h, (A1)
ot

p(0,6)=p(z,0)=0,and p(x,r)=0. (A2)

Now, we scale the problem as follows:

cvﬂ31_9

¢ = cvlzt , P= and y=A1z. (A3)
Then, (A1) and (A2) become
P.=P +ye”’ and P(0,)=P(y,0)=0. (A4)
Take Laplace transformation in ¢:
L(P(s,y)) = 0(s,) = [ " e P(c, y)ds . (AS)
Then
S0=0, +2ye? and QO(s.)=0. Q(s.)=0. (A6)
s
The solution of (A6) is
0(s,y) = (s =y _22) e+ 2 5 ey (A7)
s(s—1) s(s—1)
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We need to invert (A7). Let’s split (A7) into two parts:

R(s,y)= %ey and V(s,y)= ﬁeﬁy . (A8)

For R(s,y) the inversion is straight forward: it has a simple pole at s=0 and a double pole at s=1.
V(s,y) has a branch point at s=0 and a double pole at s=1. This inversion entails a careful integration

in the complex s-plane around a “keyhole” contour. The combined inversion gives

o —-r¢
P(y,¢)= 2{1—(Z+lﬂey 1 e—zsin(x/;y)dr. (A9)
2 7wy r(r+1)
Now back in dimensional variables,
% g2
5= 2A3 - (E + 1) exp(—Az) -+ [ Msin(ﬁzz)dr : (A10)
c, A 2 Ty r(r+l)

which is identical to (13).
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