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Influence of Coriolis force on bulk flows during horizontal
Bridgman growth on a centrifuge: a numerical study
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Abstract

Three-dimensional and time-dependent numerical simulations are performed for melt convection in horizontal
Bridgman crystal growth under high gravity conditions by means of a centrifuge. The numerical results show that
Coriolis force can cause a stabilizing effect on the fluctuations of the melt flow under a specific rotation direction and
rotation rates of the centrifuge as reported in previous experiments (Ma et al., Materials Processing in High Gravity,
Plenum Press, New York, 1994, p. 61). The present simulation provides details of the flow features associated with the
effect of the Coriolis force. There are also some differences between the present three-dimensional and former two-
dimensional numerical solutions particularly in the prediction of the critical conditions and flow patterns. ( 1998
Elsevier Science B.V. All rights reserved.
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1. Introduction

Crystal growth from the melt is an important
way to produce a variety of materials. In the melt
growth techniques, one of the main problems is
the formation of a spatial type of micro-in-
homogeneities (striations) in the crystals. Unsteady
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buoyancy-driven convection occurring in the melt
has been considered to be the most important rea-
son leading to temperature fluctuation in the melt
and resulting in the formation of the doping stri-
ations [2]. Recent studies have shown the possi-
bility of growing homogeneous crystal by using
a centrifuge. But the mechanism and underlying
physics have not been fully understood.

Rodot et al. [3,4] found that the silver distribu-
tion in PbTe becomes uniform when the material is
solidified in a centrifuge at a particular rotation
rate. Müller et al. [5,6] has shown that the use of
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centrifuge can help to avoid the problems asso-
ciated with the formation of striations and other
types of nonuniformity. They performed Te-doped
InSb crystal growth experiments utilizing either the
inverted vertical Bridgman technique or the hori-
zontal zone melting method.

A GaAs crystal was first grown successfully using
the horizontal Bridgman technique on a large cen-
trifuge [7,8]. Dopant striations were found in the
resulting crystals; these striations, however, become
much less dominant and indistinct as the centri-
fugal acceleration is increased and the rotation
sense of the centrifuge is coincident with the direc-
tion of the bulk convection roll in the liquid phase.

Some numerical simulations of bulk flows have
also been attempted to confirm the above-men-
tioned experimental findings [9—11], with detailed
simulations for the configuration of the vertical
Bridgman growth. On the other hand, only prelimi-
nary two-dimensional simulations were performed
for the configuration of horizontal Bridgman
growth. These numerical studies have shown the
possible importance of Coriolis force. It can be
suggested that the presence of the Coriolis force,
rather than “high gravity”, is the critical stabilizing
influence on the unsteady buoyancy convection,
and eventually leads to the improvement of the
quality of grown crystals.

In this paper, it is our intention to present the
results of three-dimensional numerical modeling of
bulk flows in a horizontal Bridgman growth config-
uration for various Grashof numbers in time-de-
pendent flow regimes. The effect of Coriolis force
on the bulk flow is specially taken into considera-
tion, and its effect on the flow melt is analyzed in
detail.

2. Solution strategy of the numerical simulation

2.1. Description of the physical model and numerical
modeling

Horizontal Bridgman growth on a centrifuge is
schematically depicted in Fig. 1 (From Ref. [11]).
A horizontal cylindrical furnace is positioned at the
end of the arm via a bearing with its axis perpen-
dicular to the centrifuge arm and earth gravity. An

Fig. 1. (a) Sketch of crystal growth by the horizontal Bridgman
technique on a large centrifugal; (b) schematic illustration of the
top view, the crucible is simplified as a rectangular parallel-
epiped with enlarged size to show the inside flow (from Ref.
[11]).

open-boat containing a molten metal is placed in
the furnace; in Fig. 1a, the cross-section of the cru-
cible is drawn, and the “vertical” section can be
seen in Fig. 1b. For simplicity and in view that the
main physics of the flow will not be unduly affected,
the crucible in the present simulation is modeled as
a rectangular parallelepiped with free surface at the
top. The melt is heated by the furnace resulting in
a horizontal linear temperature profile; in essence,
a thermal buoyant convection is generated with the
flow ascending at the hot end and descending at the
cold end.

In general, the purpose of employing a centrifuge
for crystal growth is to provide an acceleration field
significantly larger than earth gravity u

%
with the

centrifugal acceleration greater than u
%

by at least
a few times. In experiments, it is not uncommon to
note that the ratio of centrifugal acceleration to
earth gravity is of about an order; for example in
Refs. [1,7,8], this ratio ranges from 6 to 14 and
more. To numerically simulate such a flow in line
with the large centrifuge experiments, the magni-
tude of centrifugal acceleration is kept to be in the
range larger than 6u

%
. Even at the low limit where

the centrifugal acceleration is 6u
%
, the crucible will
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Fig. 2. Geometry of the problem and the mesh employed.

lie on a position near the plane of the centrifuge
with an angle less than 10°, and the angle decreases
with larger centrifugal acceleration. Therefore, in
the present work, the buoyancy can be regarded as
dominated by the centrifugal acceleration; the in-
fluence of gravity can be neglected with the primary
physics of the flow remains largely unaffected. As
a consequence, the centrifugal acceleration is taken
to be perpendicular to the melt surface.

With the neglect of the earth gravity, there is
a plane of symmetry extending from the “hot” to
the “cold” sides of the crucible, as shown in Fig. 2.
Fig. 2 also provides the geometry of the problem
with a typical mesh of (41]13]11) in the x—y—z
coordinate system representing the melt flow in the
half-rectangular shaped crucible which measures
4H]H]H used in the computation. Here
H"0.01 m and the rotating arm of the centrifuge
is taken as 7.0 m reflecting the typical dimensions
found in experiments [1,7,8].

In this study, it is reasonable to assume that the
flow is driven primarily by buoyancy caused by the
combined action of the horizontal temperature
gradient and the centrifugal acceleration u

#
. The

Marangoni convection is ignored. The centrifugal
and Coriolis acceleration effects are separately
treated in terms of nondimensional parameters Gr
(Grashof number) and Ta (Taylor number), respec-
tively.

2.2. Governing equations and boundary conditions

The continuity equation, Navier—Stokes equa-
tion with Bossinesq approximation and the energy
equation describing the melt flow in the crucible are

given as follows [2]:

+u"0, (1)

u
5
#(u+ )u"!

1
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Here u is the velocity vector, p the pressure, l the
kinetic viscosity, b the coefficient of volumetric
expansion, ¹ the temperature, u the rotation rate
and i the thermal conductivity. u

3
is the resultant

gravity, i.e. u
3
"u

%
#u

#
(see Fig. 1a). u

%
is earth

gravity and u
#

is centrifugal acceleration. The last
two terms on the RHS of Eq. (2) represent the
buoyancy force and Coriolis force, respectively.

Next, the following nondimensional variables
(with prime) are introduced:
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The governing equations can then be re-written in
nondimensional form as:
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Fig. 3. The normalized total kinetic energy E (106), the average temperature ¹K (°C), the velocity º (m/s) and temperature ¹ (°C) at the
central point of the melt versus time t (s) for Taylor number Ta"0 and various Grashof numbers: (a) Gr"3.8]106,
(b) Gr"4.0]106, (c) Gr"7.0]106.

where e
'

and e
x

refer to the unit vectors in direc-
tions of the resultant gravity u

3
and the rotation

velocity vector of the centrifuge u, respectively.
Here the prime (@) corresponding to the respective
dimensionless variables has been omitted for sim-
plicity. As discussed in Section 2.1, in line with the
experiments in a large centrifuge [1,7,8], u

#
is taken

to be in a range larger than u
%
by six times or more.

Therefore, the latter is neglected such that e
x

will
then be parallel to the z-axis (see Figs. 1 and 2).

The nondimensional parameters in the govern-
ing equations are the Prandtl number

Pr"l/i, (7)

which is set to be 0.02 in the present study; the
Grashof number

Gr"Du
3
Db(¹

H
!¹

C
)H3/l2 (8)

and the Taylor number Ta, with

DTaD"4u2H4/l2. (9)

The Taylor number reflects the relative strength of
the Coriolis acceleration. Its sign is determined by
the rotation sense of centrifuge. Negative Ta corre-
sponds to the case where e

x
is parallel to the axis

z (i.e. the centrifuge rotation is in the same sense as
the primary convection roll in the melt). Positive Ta
corresponds to the case of e

x
being counter-parallel

to the axis z (i.e. centrifuge rotation and melt con-
vection roll are in the opposite direction).

The no slip condition is applied at the crucible
walls. The “horizontal” free surface is assumed flat
and stress-free, i.e.

u"0 at crucible wall,

­u
­n

"0 at free surface of y"1.0.

W.J. Ma et al. / Journal of Crystal Growth 193 (1998) 430–442 433



Fig. 4. The normalized total kinetic energy E (106), the average temperature ¹K (°C), the velocity º (m/s) and temperature ¹ (°C) at the
central point of the melt versus time t (s) for Grashof number Gr"4.0]106 and different Taylor numbers: (a) Ta"!3.6]105,
(b) Ta"0, (c) Ta"3.6]105.

The temperatures at the two end-walls are fixed at
¹

C
and ¹

H
, respectively. Both the sidewall and the

free surface are imposed with a fixed linear temper-
ature profile.

2.3. Numerical method

The differential equations governing the conser-
vation of mass, momentum, energy are discretized
by the finite volume method. They are integrated
over the individual computational cell, and then
approximated in terms of the cell-centered nodal
values of the dependent variables. This method has
the advantage of ensuring that the discretized forms
preserve the conservation of the original differential
equations.

Implicit methods are employed to solve the alge-
braic finite-volume equations resulting from the
discretization. The self-filter central differential
scheme is applied for variables of velocity and tem-
perature. For the time-dependent problems, the
PISO algorithm (pressure implicit solution by split
operator method) [12] is used to ensure reasonable
transient results.

In the preliminary runs, different grid sizes are
used to establish grid independence of the final
results (not shown). It is found that a mesh measur-
ing 41]13]11 representing half a crucible with
local refinement near the walls and free surface is
deemed sufficient for the present computations.
Further refinement of grids with the meshing in-
creasing 10% in each dimension only produce
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Fig. 5. The velocity vectors and the contours of temperature on the plane of symmetry at time"100 s for three cases of Fig. 4. From
top to bottom: Ta"!3.6]105, Ta"0, Ta"3.6]105.

marginal difference in the results but with huge
increase in computing effort. (See below the dis-
cussion on the issue of much smaller time stepping
with decrease in local mesh dimension in order to
maintain the prescribed Courant number.)

Since the entire geometry is symmetrical with
respect to the central vertical plane, most of the
calculations were undertaken utilizing half the flow
domain. Runs were made occasionally with the full
flow domain with almost identical results as that
obtained from half the flow domain. This certainly
established the validity of the assumption of flow
symmetry and effectively ruled out the presence of
any asymmetric three-dimensional flow features
within the crucible. The time step size is taken in

such a way that the Courant number,

C"

DºD )*t

¸

(10)

does not exceed certain value to meet the require-
ments of (a) stability of the numerical solution algo-
rithm by minimizing the cumulative error in the
numerical solution and, (b) resolution of the transi-
ent details of the flow. Here º and ¸ are the
characteristic velocity and dimension, respectively.
(In our case: º is the local velocity and ¸ is the
corresponding local mesh dimension).

The calculation started from the initial condition
of a stationary flow field with the temperature
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Fig. 6. The velocity vectors and the contours of temperature on the ‘‘vertical’’ plane of z"0.5 at time"100 s for three cases of Fig. 4.
From top to botom: Ta"!3.6]105, Ta"0, Ta"3.6]105.

¹"0 everywhere. The calculations were repeated
for various values of Gr and Ta to seek the critical
state of an oscillatory motion and optimal stabiliz-
ing conditions.

3. Numerical results and discussion

The time-dependent behavior of the melt flow in
three dimensions can be described by the non-
dimensional total kinetic energy

E"1
2PX

(u2#v2#w2)dX, (11)

where X is the nondimensional flow domain, and
(u, v and w) denote the nondimensional velocity
components in the (x, y, z) coordinate system. E re-
flects the strength of the melt convection. We define
the average temperature over the entire domain of

the melt as

¹K "
1

XPX

¹ dX. (12)

First, we computed the cases without centrifuge
rotation (i.e. with Ta"0) but taken into account
the effect of the gravity. Fig. 3 shows that the flow is
steady at low Grashof number (i.e. Gr"3.8]106).
With the increase of Gr, the flow indicates a tend-
ency to oscillate periodically. Both the magnitude
and amplitude of fluctuation of the total kinetic
energy E also increase progressively. At even higher
Gr, it exhibits irregular oscillations. In this simula-
tion the critical value of Gr where the regular
oscillation persists is located between 7]105 and
8]105. This is discernibly larger than the result
based on two-dimensional simulation [11], where
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Fig. 7. The velocity vectors and the contours of temperature on the free surface at time"100 s for three cases of Fig. 4. From top to
bottom: Ta"!3.6]105, Ta"0, Ta"3.6]105.

the critical value of Gr is determined to be less than
5.5]105.

It is obvious from Fig. 3 that the evolution of the
average temperature ¹K , the velocity º and temper-
ature ¹ at the central point of the melt are similar
to the behavior of total kinetic energy E.

When the centrifuge is in rotation (TaO0), the
Coriolis effect becomes apparent. The obtained re-
sults have dramatically changed from the case of
Ta"0. Fig. 4a—Fig. 4c show the evolutions of the
total kinetic energy E, the average temperature ¹K ,
the velocity º and temperature ¹ at the central
point of the melt for a given Grashof number
(Gr"4]106) and different Taylor numbers of
Ta"0, Ta"!3.6]105 and Ta"3.6]105, re-
spectively. It is obvious that the oscillations of
the kinetic energy are largely suppressed for
Ta"!3.6]105. On the other hand, for
Ta"3.6]105, there is an even larger oscillation

observed compared to Ta"0. In addition, the
intensity of the oscillations for the convective velo-
city is lower for the case of Ta"!3.6]105 com-
pared to the cases Ta"0 and Ta"3.6]105.
Again, the temperature ¹K and ¹ indicate a very
similar behavior.

This suggests that the Coriolis force has
a profound influence on the bulk flow in the melt.
The most important and critical factor is the sign of
Ta (e.g. the rotation sense of the centrifuge), which
determines the different actions of Coriolis acceler-
ations acting on the convective flows in the melt in
the presence of Coriolis accelerations which are of
identical magnitude. This result clearly indicates
the stabilizing influence of negative Ta on the bulk
flow, which is in full agreement with the experi-
ments by Ma et al. [1] and Müller [13].

Figs. 5—8 present the velocity vectors and the
contours of temperature in the various cross
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Fig. 8. The velocity vectors and the contours of temperature on the “horizontal” plane of y"0.5 at time"100 s for three cases of
Fig. 4. From top to bottom: Ta"!3.6]105, Ta"0, Ta"3.6]105.

sections of the melt at time"100 s for the three
cases Ta"!3.6]105, Ta"0 and Ta"3.6]105
corresponding to Fig. 4. Convective flow structures
can be observed. These figures clearly show that the
flow pattern for the case of negative Ta is quite
different from those for the other two cases either in
the plane of symmetry (Fig. 5) or on the “vertical”
plane of z"0.5 (Fig. 6). The three-dimensional ef-
fect is further seen by comparing the flow features
on the free surface (y"1.0, i.e. Fig. 7) and on the
“horizontal” plane of y"0.5 (Fig. 8). Eddies can be
seen on the horizontal plane view. On the other
hand, in two-dimensional simulation [11,14], the
multicellular pattern of flow structure is only detec-
ted in the vertical section plane and at Gr number
greater than the critical value of 5.5]105.

The spectra of total kinetic energy E obtained by
Fourier transformation are given in Fig. 9. It can

be seen that the maximum peak of the energy
spectra which is evident at the low frequency of
about 0.38 Hz for Ta"0 is suppressed for the case
Ta"!3.6]105. For Ta"3.6]105, the max-
imum peak has shifted marginally to a higher fre-
quency at about 0.41 Hz. This is already obvious
from Fig. 4. The second spectra peak observed at
f"0.77 Hz for Ta"0 behaves in a fairly similar
fashion as for the first peak when Ta is changed
accordingly.

Taking the square root of the variance of E as
a measure of the strength of the flow oscillations
(denoted by EM @), we plot EM @, as well as EM (the mean
value of total kinetic energy) and ¹KM (the mean value
of average temperature) against JDTaD in Fig. 10.
(The over-bar denotes the mean values calculated
over the period of the evolution time. JDTaD is
proportional to the rotation rate of the centrifuge
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Fig. 9. The spectra of total kinetic energy E (Gr"4.0]106).

according to the definition of Taylor number.)
From Fig. 10, the following features are noted:

(1) For different rotation directions of the centri-
fuge (i.e. for different signs of Ta) the profiles of EM @
are obviously different. EM @ is significantly larger for
the cases of positive Ta in comparison to negative
Ta. This indicates that, generally, the condition of
negative Ta is favorable for the reduction or damp-
ing of possible flow oscillations. Nevertheless,

there are certain rotation rates near JDTaD"200

and JDTaD"700 in Fig. 10a, where EM @ indicates
a smaller quantity than for the nonrotation case.
Furthermore, for the cases of negative Ta, there are
also some data points in Fig. 10b for which EM @
exhibits a magnitude larger than that for nonrota-

tion case; when JDTaD exceeds about 1000, EM @ be-
comes considerably larger.

All these results correspond fairly well with the
results of Ma et al. [1] and Müller et al. [13].
According to them, for the condition of positive Ta
the Coriolis force should act inwards with respect
to the convection roll, hence pushing the fluid to-
wards the center of the convection roll and causing
the flow to become more unstable. For the condi-
tion of negative Ta, the Coriolis force acts outwards
with respect to the convection roll, thereby forcing
the fluid to stream along elongated paths. As a re-
sult, convective heat transfer is increased and the
flow oscillations are damped. Fig. 11 illustrates the
two patterns of Coriolis effects based on the postu-
lation (from Ref. [1]).

It may be mentioned that in the experiments of
Ma et al. [1], no marked variation of the ampli-
tudes of the temperature fluctuations was found for
the negative Ta conditions as the centrifugal accel-
eration varies. This discrepancy with our simula-
tions (see Fig. 10b) can be probably attributed to
the different thermal boundary conditions between
the numerical model and the experiments. In the
former, the thermal boundary condition is assumed
as a linear temperature profile with a fixed longitu-
dinal temperature gradient. In the experiments, the
longitudinal temperature gradient cannot be fixed;
it may decrease as the thermal convection is en-
hanced due to the increasing rotation rate. Accord-
ingly, the thermal boundary conditions on the
crucible surface between the simulations and ex-
periments are different.

It would be interesting to verify experimentally
the aspect of the computed results which predict
that under certain parametric cases of positive Ta
there is a suppression of flow oscillations, and for
very large negative Ta the flow becomes more un-
stable.

(2) The mean value of total kinetic energy (EM ),
increases linearly with increasing JDTaD, while the
mean value of average temperature (¹KM ), decreases
linearly for the case of positive Ta (see Fig. 10a).
This suggests that the presence of the Coriolis force
has the overall resultant effect of “converting” the
internal energy into kinetic energy in the melt flow.
For the cases of negative Ta, one finds the reverse
trends of EM and ¹KM versus JDTaD. The latter
indicates that the Coriolis effect manifests as
the “conversion” of kinetic energy into internal
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Fig. 10. (a) Plot of the strength of flow oscillation EM @, the mean value of total kinetic energy EM and the mean value of the average

temperature ¹KM against JDTaD, (Ta'0). (b) Plot of the strength of flow oscillation EM @, the mean value of total kinetic energy EM and the

mean value of the average temperature ¹KM against JDTaD, (Ta'0).

energy in the melt. Such co-relation exists between
E and ¹K as well. One can find this behavior in
Fig. 4.

Finally, it may be observed that there is a slight
“kink” in the distribution of EM and ¹KM versus
JDTaD for negative Ta in the vicinity of
JDTaD"450. Preliminary examinations of the
computed flow and temperature fields do not yield
any apparent reason for the occurrence. Perhaps
some experimental works could be done to confirm
the trend and behavior.

4. Conclusion

Three-dimensional and time-dependent numer-
ical simulations for the bulk flows during horizon-
tal Bridgman crystal growth on a centrifuge were
carried out using the finite volume method. As
observed in previous experiments the results of the
numerical simulations show the importance of Co-
riolis force, which is generated due to the rotation
of centrifuge. The Coriolis force stabilizes the oscil-
latory motion in the melt under some particular
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Fig. 11. Illustration of the two patterns of Coriolis effects (from Ref. [13]).

operating conditions of the centrifuge, which can be
summarized as follows:

(a) Counter-rotation flow (i.e. Ta'0) is not
conducive for damping of flow oscillations. When
rotation rate exceeds a certain value, the flow be-
comes more unstable.

(b) Iso-rotation flow (i.e. Ta(0) is favorable for
the reduction or damping of possible flow oscilla-
tions. Although the general condition of similar
rotation direction of both the centrifuge and the
melt convection roll is more favorable for damping
of the flow oscillation, the precise nature of influ-
ence of Coriolis force depends on the actual combi-
nation of rotating rate and rotation direction of the
centrifuge.

Further analysis of the computed results show
that with Ta'0, the Coriolis effect acts to increase
the kinetic energy of the melt flow while its internal
energy decreases. On the other hand, with increas-
ing magnitude of Ta ((0), the Coriolis effect mani-
fests as the “conversion” of kinetic energy into
internal energy thereby resulting in the raising of
the overall melt temperature.
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