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Abstract 　　A criterion of spatial chaos occurring in lattice dynamical systems ———heteroclinic cycle ———is discussed.
It is proved that if the system has asymptotically stable heteroclinic cycle , then it has asymptotically stable homoclinic
point which implies spatial chaos.
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Lattice dynamical system is an efficient tool for analyzing space time chaos. So far there are
more papers on numerical simulation ( see ref . [ 1 ] and the references therein) than on rigorous

mathematical analysis[2 ,3 ] . Ref . [ 2 ] proved for the first time the existence of space time chaos in

terms of ergodic theory in lattice dynamical systems. In the point of view of dynamical theory ,

there are not any appropriate definitions for space time chaos. Some authors[4 ,5 ] discussed the lat2
tice dynamical systems from the point of view of spatial complexity. A result obtained in ref . [ 5 ]

indicates that an asymptotically stable homoclinic point implies spatial chaos. This paper is devot2
ed to the relationship between the existence of heteroclinic cycle and spatial chaos in lattice dy2
namical systems. In the last section we discuss spatial chaos of a concrete example by using our re2
sults.

1 　Main results

Let B = { u = { u j} , j ∈Z} , in which Z denotes the set of integers , u j ∈R p ,R p is p2dimen2
sional Euclidean space with the standard inner produce (·,·) and the norm | ·| = (·,·) .

Let l ∞= { u u ∈B , ‖u ‖l
∞ < ∞} ,in which ‖u ‖l

∞ = sup j ∈Z u j . In the sequel the sub2
script l ∞ in ‖·‖l

∞ is omitted. Let us denote by ( u) j the coordinate of u at site j .

Consider in l ∞ the map F: l ∞→l ∞

( Fu) j = F({ u j}
s) , (1 . 1)

in which { u j }
s = u j - s , u j - s + 1 , ⋯, u j , u j + 1 , ⋯, u j + s ∈( R p ) 2 s + 1 , F : is a Ck ( k ≥2) map

from (R p) 2 s + 1 to R p . It is easy to show that F: l ∞→l ∞ is Ck if F is Ck . In this paper it is al2
ways supposed that F is Ck ( k ≥2) .

In space l ∞ , we should consider spatial t ranslations S j
0
( j0 ∈Z) besides the time evolution F
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( S j
0

u) j = u j + j
0

, j ∈Z . (1 . 2)

It is obvious that each element S j0
is a linear bounded operator and commutes with the evolution

operator F for system (1. 1) :
S j . F = F . S j , j ∈Z . (1 . 3)

　　Def inition 1 . 　u is called the steady2state solution of the system {Fn}
+ ∞
n = 1 if it satisfies Fu

= u.

Let A = { u Fu = u} . Obivously , S jA = A Π j ∈Z.

Def inition 2 . 　Suppose u is a steady2state solution of F. If there are constants c > 0 ,0 < q

< 1 andρ> 0 such that
‖F nu′- F nu″‖≤ cqn ‖u′- u″‖, Π n ∈N , (1 . 4)

for any u′, u″∈l ∞, satisfying ‖u′- u ‖≤ρ, ‖u″- u ‖≤ρ, then u is said to be asymptoti2
cally stable.

Def inition 3 . 　 Suppose u = { u j } ∈A . U = v v = { v j} ∈l ∞, v j - u j <ε, j ∈Z is
called the homogeneous neighborhood of u with radiusε.

Def inition 4 . 　Suppose u1 , u2 , ⋯, un ∈A , ui = { u i
j } . If there exist a1 , a2 , ⋯, an ∈R p

such that
lim

j →- ∞
u i

j = ai , i = 1 ,2 , ⋯, n ,

lim
j →+ ∞

u i
j = ai +1 , an +1 = a1 , i = 1 ,2 , ⋯, n ,

(1 . 5)

then we say u1 , u2 , ⋯, un form heteroclinic n2cycle. Heteroclinic 12cycle is called homoclinic
point .

Rem ark 1 . 　Definition 4 is derived from the definition of heteroclinic cycle in low2dimen2
sional systems[6 ] .

Rem ark 2 . 　Let vi = { v i
j} , in which v i

j = ai , j ∈Z . The continuity of F implies that vi ( i

= 1 ,2 , ⋯, n) are also the steady2state solution of F , i . e. vi ∈A ( i = 1 , 2 , ⋯, n) . In the sequel
we always denote by v1 , ⋯, vn the n steady2state solutions corresponding to u1 , ⋯, un .

Theorem 1. 　S uppose that u1 , ⋯, un ∈A f orm heteroclinic n2cycle , and that u1 , ⋯, un

and v1 , ⋯, vn are asym ptotically stable. Then the lattice system { F n} has asym ptotically stable

homoclinic point .

Theorem 2. 　S uppose u1 ∈A is a homoclinic point , and u1 and the corresponding v1 are

asym ptotically stable. Then there ex ists a constant r > 0 such that f or any f inite index set { i}

< Z , w ith j′- j″ ≥r f or any j′, j″∈{ i} , the f ollow ing hol ds :

(i) there ex ists a homoclinic point u 3 = u 3 ({ i} ) of F such that

∏j
u 3 ∈ ∏j

U ( u1 ∪ ∪j′∈{ i} S - j′u
1 ) , j ∈Z ,

and

∏j′u 3 | ∏j′U u1 ∪ ∪j″∈{ i} \ j′S - j″u
1

, j′∈{ i} ,

w here ∏j
denotes the projection at site j , U(·) is some neighborhood of the corresponding ele2

ment .

(ii) u 3 is asym ptotically stable.

Rem ark . 　Given an index set { i} = { j1 , j2 , ⋯, j n} satisfying the conditions of Theorem 2 ,

without loss of generality , we assume that the homoclinic point u1 has only one“hump”, and the
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“hump”appears at site j = 0. According to Theorem 2 , we may construct a new steady2state so2
lution u 3 with“n2hump”. Furthermore , the shape of u 3 at site jk ( k = 1 ,2 , ⋯, n) is similar to

that of u1 at site j = 0. To be precise , the coordinate of u 3 at site jk is contained in a small neigh2
borhood of the coordinate of S - j

k
u1 at site jk .

If the conditions of Theorem 1 are satisfied , then the lattice system has an asymptotically
stable homoclinic point , hence the complicated spatial st ructure appears. If the homoclinic point is

viewed as a“one2hump”steady2state solution , then we may construct a steady2state solution with
arbit rary finite“humps”as long as the distance between one“hump”and another“hump”is
greater than some constant r > 0. Then the lattice system is said to have spatial chaos. In fact ,
the action of the translational group { S j} on the constructed steady2state solution set can be relat2
ed to symbolic dynamical system. Denote by Λr the steady2state solution set constructed according
to Theorem 2. Let w = { w j} , w j ∈{ 0 , 1} . w ∈Σr if and only if the equalities w j′= 1 and w j″

= 1 imply the condition j′- j″ ≥r. The set Σr is endowed with the metrices ‖w′- w″‖

= ∑j ∈Z

1
2

j w′j - w″j . The shift map σj
0

acting on Σr is defined as follows :

(σj
0

w ) j = w j + j
0
.

Then the symbolic dynamical system {σj} on the set Σr describes exactly the action of the transla2
tional system { S j} on the set Λr of the steady2state solution set .

2 　Proofs of theorems

Proof of Theorem 1 . 　We only prove the case n = 2 , because when n > 2 , we can construct
in a similar way the heteroclinic ( n - 1) 2cycle ⋯, up to heteroclinic 22cycle. The proof is divided
into three steps. 1. By making use of contraction principle construct a new steady2state solution

u 3 . 2. Prove u 3 is a homoclinic point . 3. Prove u 3 is asymptotically stable.
S tep 1 . 　 Since u1 is asymptotically stable , f rom definition 2 , it follows that there exist

constants c1 > 0 , 0 < q1 < 1 , ρ1 > 0 such that for any two points u and v in the homogeneous

neighborhoods of u1 with radiusρ1 , the following holds :

‖F nu - F nv ‖≤ c1 qn
1 ‖u - v ‖, n ∈N .

Take m 1 > 0 such that c1 qm
11 = a < 1/ 6. Then ‖F m u - F mv ‖≤a ‖u - v ‖for m ≥m 1 , i . e.

F m is contraction in the homogeneous neighborhood of u1 with radius ρ1 . This homogeneous

neighborhood is positively invariant with respect to F m . In fact , F m is contraction in the homoge2
neous neighborhood of u1 with radius less thanρ1 , and these neighborhoods are positively invari2
ant for F m . Since u1 , u2 , v1 and u2 are all asymptotically stable , we may take common m > 0 ,ρ
> 0 such that Fm , Fm - 1 are contractions in the homogeneous neighborhoods of u1 (or u2 or v1 or
v2) with radiusρ, the contraction factor a < 1/ 6 .

The map F m in space l ∞ may be written as
( F m u) j = F

( m) { u j}
ms

, (2 . 1)

where F
( m) is a map from (R P) 2 ms + 1 to R p . From definition 4 , it follows that

lim
j →+ ∞

u1
j = a2 , 　 lim

j →- ∞
u2

j = a2 .

Thus forρ> 0 , there exists j 3 > 0 such that u1
j - a2 <

ρ
3

for j > j 3 , and u2
j - a2 <

ρ
3

for

j < - j 3 . Take j0 ≥j 3 + 2 ms . Denote respectively by U1 and U2 the homogeneous neighborhood
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of u1 and u2 with radius
ρ
3

. From (1. 3) it follows that S j0
U1 and S - j0

U2 are invariant for Fm ,

i . e. (Fm ( S j0
U1) < S j0

U1 , Fm ( S - j0
U2) < S - j0

U2) and Fm is a contraction in these neighborhoods

with contraction factor a < 1/ 6. Take

V i =

∏i
( S j0

U1) , 　　　　　　　　i < - ms ,

∏i
( S j0

U1) ∩ ∏i
( S - j0

U2) , 　 i ≤ ms ,

∏i
( S - j

0
U2) , 　　　　　　　 i > ms ,

where ∏i
is the natural projection on site i . Evidently V i ≠ª , for i ≤ ms . Let U

= ∏i ∈ZV
i

be an open set in space l ∞. We prove that F m U< U , and F m is contraction in U. For

any u ∈U, u = { u j} , we have u j ∈V j . For j > ms , since (Fm u) j is determined only by 2 ms

+ 1 neighbors of u j , by making use of the invariance of S j
0
U1 and S - j

0
U2 with respect to Fm we

have (Fm u) j ∈V j due to the construction of V j . For j ≤ms (without loss of generality , we

assume - ms ≤j ≤0) we have ( F m u) j ∈Πj ( S j
0
U1 ) . We now prove ( F m u) j ∈Πj ( S - j

0
U2 ) .

Note that (F m u) j is dependent on { u j}
ms . Take an element u′= { u′j} in S - j

0
U2 such that u′i =

u i ( - ms ≤i ≤j + ms) . Then the following holds : F
( m) ({ u′j}

ms) - ( S - j
0

u2) j = ( Fm u′) j

- ( Fm ( S - j0
u) 2) j ≤‖F m u′- F m ( S - j

0
u2 ) ‖≤a ‖u′- S - j

0
u2 ‖≤a

ρ
3

. Similarly , take

two points u′and u″in the homogeneous neighborhood of v2 with radiusρsuch that their coordi2

nates at site i ( j - ms ≤i ≤j + ms) are u′i and u″i , respectively. Therefore , F
( m) ({ u′j}

ms) -

F
( m) ({ u j}

ms) ≤ ‖Fm u′ - Fm u″‖ ≤ aρ. ( Fm u) j - ( S - j
0

u2) j = F
( m) ({ u j}

ms)

- ( S - j
0

u2) j ≤ F
( m) ({ u j}

ms) - F
( m) ({ u′j}

ms) + F
( m) ({ u′j}

ms) - ( S - j
0

u 2) j

≤ a
ρ

3
+ρ ≤ 1

6

ρ

3
+ρ ≤

ρ

3
, i . e. ( Fm

u ) j ∈ ∏j
( S - j0 U2) .

So far we have proved F m U < U. In a similar way we have F m - 1 U < U. In the following we
will prove Fm is contraction in U.

Suppose u′= { u′j } , u″= { u″j } ∈U. For any i ∈Z ( assume i ≤0) , take two points v′

= { v′j} , v″= { v″j} in the homogeneous neighborhood of S j
0

u1 with radiusρ such that

v′j = u′j , 　　　i - ms ≤ j ≤ i + ms ,

v′j = ( S j
0

u 1) j , 　ot e.

v″j = u″j , 　　　i - ms ≤ j ≤ i + msrwisot he″

j = ( S j
0

u 1) j , otherwise.

Then ( F m u′) i - ( F m u″) i = F
( m) ({ u′i}

ms) - F
( m) ({ u″i}

ms) ≤‖F mv′- F mv″‖≤a ‖v′

- v″‖, Π i ∈Z , and hence ‖Fm u′- Fm u″‖≤a ‖u′- u″‖. Consequently Fmis a contraction
in U.
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By contraction principle , there is a unique point u 3 ∈U , such that F m u 3 = u 3 . Due to the

fact that Fm - 1 u 3 ∈U and Fm ( Fm - 1 u 3 ) = Fm - 1 ( Fm u 3 ) = Fm - 1 u 3 , i . e. Fm - 1 u 3 is also a

fixed point of F m in U , we have F m - 1 u 3 = u 3 f rom the uniqueness. Consequently , F u 3 = F
( F m - 1 u 3 ) = F m u 3 = u 3 . Then u 3 is a steady2state solution of F.

S tep 2 . 　Let u 3 = { u 3
j } . From definition 4 it follows that lim

j →+ ∞
u2

j = a1 . For sufficiently

large j we have u2
j - a1 <

2
3
ρ and u 3

j - u2
j <

ρ
3

due to the construction of U. Then

u 3
j - a1 <ρfor sufficiently large j . We now prove lim

j →+ ∞
u 3

j = a1 .

(By contradiction) if this is not t rue , then ϖε0 > 0 and ϖ a sequence j n →+ ∞ such that

u 3
j

n
- a1 >ε0 , n = 1 ,2 , ⋯. Take an integer k such that akρ<ε0 . Let j n be sufficiently large.

Then we have u 3
i - a1 <ρ, for j n - kms ≤i ≤j n + kms . Take an element u′in l ∞ such that

the coordinate of u′at site i is u 3
i ( j n - kms ≤i ≤j n + kms) , and the other coordinates are a1 .

Then u 3
j
n

- a1 = ( Fmk u 3 ) j
n

- a1 = F
( mk) ({ u j

n
} mks) - a1 ≤‖Fm k u′- v1 ‖≤ak ‖u′

- v1 ‖≤ akρ < ε0 . A contradiction ! Consequently lim
j →+ ∞

u 3
j = a1 lim

j →- ∞
u 3

j = a1 is proved in a

similar way. The above discussion leads to the conclusion that u 3 is a homoclinic point .

S tep 3 . 　So far we have proved that there exists a neighborhood Uof u 3 such that for any

u′, u″∈U , we have ‖Fm u′- Fm u″‖< a ‖u′- u″‖. For any n , ϖ t ∈N such that n = t m

+ r ,0 ≤r ≤m . Hence ‖F nu′- F nu″‖ = ‖F m t ( F ru′) - F mt ( F ru″) ‖≤ at ‖F ru′- F ru″‖

≤ cat ‖u′- u″‖. We conclude that ϖρ′> 0 , c1 =
c
a

> 0 , q =
m

a < 1 , for any u′, u″∈l ∞and

‖u′- u 3 ‖ zρ’, ‖ u″- u 3 ‖<ρ′. The following inequality holds : ‖Fnu′- Fnu″‖
≤ c1 qn ‖u′- u″‖. Consequently u 3 is asymptotically stable.

Theorem 1 is proved by combining steps 1 —3.

Proof of Theorem 2 . 　The proof of Theorem 2 is exactly similar to that of Theorem 1.

Taking { i} = { i1 , i2} for an example , we sketch the proof . Suppose the“hump”of u1 appears at

sites j = 0. Fm is contraction in some neighborhood U1 of u1 . Shifting the“hump”of u1 to site i1

and i2 , we get two new steady2state solutions S - i1
u1 and S - i2

u1 . Then by combining S - i1
U1

and S - i
2

U1 we obtain a new neighborhood U. By proving F m is a contraction in U , we get a

steady2state solution u 3 whose shapes at sites i1 and i2 are roughly the same as u1 at site j = 0.

The asymptotical stability of u 3 is proved in the same way as in Theorem 1.

3 　Application

Let u = { u j} . Consider in l ∞ sine2lattice :

u j ( n + 1) = u j ( n) +αsin u j ( n) +β( u j - 1 ( n) - 2 u j ( n) + u j +1 ( n) ) , (3 . 1)

in which α> 0 andβ> 0 . Suppose F is the corresponding map of (3. 1) .

To get the steady2state solution , let αsin u j +β( u j - 1 - 2 u j + u j + 1) = 0. Denote u j = v j - 1 .

Then

v j = u j +1 = -
α
βsin u j + 2 u j - u j - 1 = -

α
βsin v j - 1 + 2 v j - 1 - u j - 1 .

We get a map on R2 by changing the symbols :
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T :
x

y
→

y

-
α
βsin y + 2 y - x

.

Given a point ( x 0 , y0) , by iterating T we get the trajectory

⋯, ( x - n , y - n) , ⋯, ( x - 1 , y - 1) , ( x 0 , y0) , ⋯, ( x n , yn) , ⋯.

If sup i ∈Z x i < + ∞, then u = ( ⋯, x - n , ⋯, x - 1 , x 0 , x 1 , ⋯, x n , ⋯) is a steady2state solution
of (3. 1) . In the following we discuss the properties of the steady2state solutions of (4. 1) by in2
vestigating the map T on R2 .

Evidently , ( x , x ) is a fixed point of T if x satisfies sin x = 0 , and u = { u j} ( u j = x , j ∈Z)

is a steady2state solution of (3. 1) . Consider a fixed point of T ( - π, - π) , where the Jacobian
matrix is

0 　　　1

- 1 　　2 +
α
β

= A .

The characteristic equation isλ2 - 2 +
α
β λ+ 1 = 0 which has two positive rootsλ1λ2 , λ1 < 1 ,

λ2 > 1 . Then point P = ( -π, -π) has a saddle type. Similarly the other fixed point Q = (π,π)

has also a saddle type. Both of them have stable manifold W s and unstable manifold W u .
Denote by R the symmetric map with respect to line y = - x on R2 . The symmetric map

with respect to line y = x is denoted by R′. Then R ( x , y) = ( - y , - x ) , R′( x , y) = ( y , x ) .

It is easy to verify

T . R . T = R , T . R′. T = R′.

Then R ( W u ( P) ) = W s ( Q ) and R′( W u ( P) ) = W s ( P) . To show W u ( P) ∩W s ( Q ) ≠ª,

W s ( P) ∩W u ( Q) ≠ª , it is sufficient to prove the intersection of W u ( P) and line y = x is not
empty. Then T has heteroclinic cycle , which implies that (3. 1) has heteroclinic cycle in the

sense of definition 4.
Denote by (ξ0 ,η0) the eigenvector corresponding to eigenvalue λ2 > 1 at P. Then

A
ξ0

η0
= λ2

ξ0

η0
, 　

η0

ξ0
= λ2 > 1 .

Let E = ( -π, -π/ 2) , G = ( -π/ 2 , -π/ 2) . In the following we prove that W u ( P) must inter2
sect line segment EG when W u ( P) leaves triangle PEG. Suppose that a vector (ξ,η) satisfies 1
<η/ξ< + ∞. For -π< y0 < -π/ 2 , we have

0 1

- 1 2 -
α
βcos y0

ξ
η =

η

- ξ+ 2 -
α
βcos y0 η ,

and

2 -
α
βcos y0 η - ξ

η ≥2 -
ξ
η > 1 .

Then W u ( P) intersects line segment EG. Note that T ( EG) = E′G′, where E′= ( - π/ 2 ,
α/β) , G′= -π/ 2 ,α/β-π/ 2 . The line segment E′G′is above the line y = - x if α/β>π.
Then the intersection of W u ( P) and the line y = - x is not empty , which leads to the conclusion
that system (3. 1) has heteroclinic cycle.

Suppose that W u ( P) intersects line y = - x at H ( x 0 , y0) , and the symmetric point H
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with respect to y = x is H′= ( y0 , x 0) . By iterating H we get a trajectory

⋯, ( x - n , y - n) , ⋯, ( x 0 , y0) , ⋯, ( x n , y n) , ⋯,

with the property that x n →-π, y n →-π as n →- ∞and x n →π, yn →π as n →+ ∞. Let u1

= { u1
j} u1

j = y j , j ∈Z. Then u1 is a steady2state solution of (3. 1) satisfying u1
j →-π( j →- ∞) ,

u1
j →π( j →+ ∞) . Similarly , by iterating H′we get another steady2state solution of (4. 1) u2

= { u2
j} , satisfying u2

j →π( j →- ∞) , u2
j →-π( j →+ ∞) . According to definition 4 , u1 and u2

form heteroclinic 22cycle. Let v1 = { v1
j} , v1

j = -π, j ∈Z , v2 = { v2
j } , v2

j =π, j ∈Z. It is easy to

prove that when 4β+α< 1 andα/β>π, the radius of the spectrum of the differential D F ( u1)

(or D F ( u2) or D F ( v1) or D F ( v2) is less than 1 , then u1 , u2 , v1 , v2 are all asymptotically

stable.

The above discussion leads to the conclusion.

Theorem 3. 　For system (3 . 1) , w henα/β>π andα+ 4β< 1 , there ex ists a heteroclinic

22cycle u1 and u2 . u1 , u2 and the corresponding steady2state sol utions v1 and v2 are asym ptoti2
cally stable , hence the system has an asym ptotically stable homoclinic point .

According to Theorem 2 , we may construct a steady2state solution set of system (3. 1) , de2
noted by A′such that the action of the translational group { S j} on A′is chaotic.
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