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An analytical model for size-dependent interface phonon transmission and thermal conductivity of
nanolaminates is derived based on the improved acoustic mismatch theory and the Lindemann
melting theory by considering the size effect of phonon velocity and the interface lattice mismatch
effect. The model suggests that the interface phonon transmission is dominant for the cross-plane
thermal conductivity of nanolaminates and superlattices, and the intrinsic variety of size effect of
thermal conductivity for different systems is proposed based on the competition mechanism of size
effect of phonon transport between two materials constituting the interfaces. The model’s prediction
for thermal conductivity of nanolaminates agrees with the experimental results. © 2008 American
Institute of Physics. �DOI: 10.1063/1.2910828�

I. INTRODUCTION

With a continuous miniaturization of microelectronic de-
vices, heat dissipation and other thermal management prob-
lems become more and more important.1–3 Some devices
such as computer processors and integrated circuits need
high thermal conductivity, which is favorable to get the heat
away. On the other hand, for thermal barriers and thermo-
electric devices, low thermal conductivity is desired. The
composite nanolaminates with high interface intensity have
potential application for improving the performance of these
devices. The interface thermal resistance between different
materials exists since the interface breaks the regular lattice
structure; the interface phonon transport plays more and
more important role in thermal conductivity of nanolami-
nates and superlattices as the interface distance or periodic
thickness reduces.

The interface thermal resistance has been studied since
half century before. The earliest theoretical explanation for
interface resistance is the acoustic mismatch theory,4 in
which the interface phonon transmission efficiency is cap-
tured by the acoustic impedance of materials at the two sides
of the interface. Another classic investigation is the diffuse
mismatch theory,5 assuming that the probability of phonons
being scattered to any side of the interface is simply propor-
tional to the phonon density of states. However, both theories
are based on the consideration of the bulk. For nanoscale
materials and interfaces, the related physical properties such
as phonon velocity and thermal conductivity are different
from the corresponding bulks. Moreover, both theories are
independent of the structure of the interface itself. What is
the actual case for interface phonon transport of nanoscale
systems?

In this work, a theoretical model about size-dependent
interface phonon transmission and thermal conductivity for
nanolaminates is proposed based on the modified acoustic

mismatch theory by introducing the intrinsic size effect of
phonon velocity and the interface structure mismatch effect.
The theory predicts the variety of size dependence of inter-
face phonon transmission for different systems and explains
the variety of size dependence of thermal conductivity of
different superlattices. This variety as the intrinsic character-
istics of interfaces has not been recognized in previous study.
Based on the consideration of the interface transport domi-
nance, the thermal conductivity of W /Al2O3 nanolaminates
is calculated, and the results agree with the experimental
evidence.

II. MODEL AND DISCUSSION

A. Size-dependent interface phonon transmission

According to the acoustic mismatch theory, the transmis-
sion coefficient tAB of phonon propagation through the inter-
face between A and B materials is expressed as2,4

tAB = 4ZAZB/�ZA + ZB�2, �1�

where Z=�� is the acoustic impedance, � the mass density,
and � the phonon velocity. The subscripts A and B represent
the respective materials at two sides of the interface. The
phonon velocity is size dependent for nanomaterials,2 the
size dependence of � for A and B materials should contribute
to their acoustic impedance and hence induce the size effect
of the interface phonon transmission.

According to the expression for determining the charac-
teristic Debye temperature of solids �, �= �2hp / ��kB��
��3NA / �4�V��1/3� with the Planck constant hP, the Boltz-
mann constant kB, the Avogadro constant NA, and the molar
volume V,6 � is proportional to �. Assuming that the above
equation is valid for the corresponding nanosolids, let D be
the size of nanosolids, such as the diameter of nanoparticles
or the thickness of thin films, � corresponds to the bulk limit,
the size dependence of � is equal to that of �, ��D� /����
=��D� /����. According to the Lindemann melting criterion
and the Einstein specific heat theory, the square of the char-a�Electronic mail: lianglh@lnm.imech.ac.cn.
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acteristic temperature is proportional to the melting tempera-
ture Tm of solids, �=const. �Tm / �MV2/3��1/2, with the mo-
lecular weight M.7 Assuming the same relation for the
nanosolids, ��D� /����= �Tm�D� /Tm����1/2. Therefore, the
size dependence of � can be obtained by that of Tm,
��D� /����= �Tm�D� /Tm����1/2. Based on the Lindemann
melting criterion and the size-dependent atomic thermal vi-
bration for nanocrystals, the size-dependent melting tempera-
ture function has been given as8

Tm�D�/Tm��� = exp��1 − ��/�D/D0 − 1�� , �2�

where �=2Sv / �3R�+1 is a material constant with the bulk
vibration entropy of melting Sv and the ideal gas constant R;8

D0=2�3−d�h is a critical size, h the atomic or molecular
diameter, and the dimensions d=0, 1, and 2 for nanopar-
ticles, nanowires, and thin films, respectively.8 Finally,

��D�/���� = �exp��1 − ��/�D/D0 − 1���1/2. �3�

Substituting Eq. �3� for A and B into Eq. �1�, respec-
tively, the interface phonon transmission with the intrinsic
size effect tAB�D� can be obtained corresponding to the inter-
face or period thickness D. Nevertheless, Eq. �1� merely
joins two materials but omits the properties of the interface
itself, which also affect the transmission efficiency. There-
fore, we further consider the effect of intrinsic interface
structure by introducing the lattice mismatch factor f = �aA

−aB� /aB since the lattice mismatch contributes to the inter-
face resistance,9 where a is the lattice constant and aA�aB.
Adding the interface structure influence to the phonon trans-
mission, as the first order approximation, the effective pho-
non transmission coefficient te can be expressed as

te = �1 − f�tAB�D� . �4�

Figure 1 shows the size-dependent interface phonon
transmission tAB�D� and the variety of size effect in different
cases. Let 	Zi �i=A ,B�= �Zi���−Zi�D�� /Zi��� represents the
change of acoustic impedance of materials due to the drop of
phonon velocity, it can be seen from the figure that when
ZA����ZB��� �see the side of ZA�20� and the decrease of
acoustic impedance of A is larger than that of B �see the
above of the solid curve, 	ZA�	ZB�, the interface transmis-
sion increases �i.e., tAB�D�� tAB���, tAB��� corresponds to

the solid curve�; contrarily, the transmission decreases
�tAB�D�
 tAB���� at 	ZA
	ZB, but tAB increases with the
enhancement of 	ZA or the decrease of 	ZB in both cases.
When ZA���
ZB���, vice versa. The variety of size effects
comes from the competition of the size dependences of pho-
non transport of two materials constituting the interface.

Figure 2�a� shows the effective interface phonon trans-
mission te for some real systems. The variety of size depen-
dence of te for different systems can also be found. For some
interfaces such as GaAs /AlAs, W /Al2O3, etc., te monoto-
nously decreases with reducing interface thickness D. For
others, the case is different. For example, for Si /Ge inter-
face, te increases with reducing D; but when D reduces to
near the critical size, te abruptly decreases, showing a peak
behavior, which may attribute to the resonance tunneling
caused by ballistic phonon transport. Although the obvious
size effect of te appears at the smaller size, the properties of
this size range play an important role in the performance of
nanoscale devices. The increase or decrease of the phonon
transmission and thermal conduction with reducing size can
be designed by using the variety of size effects of different
systems.

As a comparison, the experimental results of cross-plane
thermal conductivity � for Si /Ge, GaAs /AlAs superlattices,
and W /Al2O3 nanolaminates are shown in Figs. 2�b� and
2�c�, respectively. Figure 2�b� shows that � of Si /Ge super-
lattices increases with reducing period D for most measure-
ments, especially, one set of data shows the peak behavior;22

the tendency agrees with that for te. Only exceptive observa-
tion may be due to the break of superlattice structure at the
given size,25 but � increases with reducing D in both ranges
of larger and smaller than the size. It also shows that � of
GaAs /AlAs superlattices �Fig. 2�b�� and W /Al2O3 nano-
laminates �Fig. 2�c�� decrease with reducing period or inter-
face distance D; the tendency also agrees with that for te. The
agreement implies that the interface phonon transmission
dominates the thermal conductivity, especially for the thinner
laminates. To validate further, we discuss the thermal con-
ductivity of W /Al2O3 nanolaminates.

B. Thermal conductivity of nanolaminates

The interface conductance G, related to the interface
phonon transmission, is assumed to dominate � of W /Al2O3

since the laminates are very thin,3 �=Gl= �const �Cte�l
= �const��Cl��te=�0te based on the definition of the interface
conductance 2,27 and the kinetic formula of thermal
conductivity,2 where l denotes the Kapitza length, C is the
specific heat, l� is the mean free path of phonons, and the
imaginary thermal conductivity �0 is introduced by the above
transition,5 which is related to the interface thermal conduc-
tivity without the transmission efficiency consideration cor-
responding to a certain thickness of the available minimum
interface distance Dmin and can be obtained by averaging the
thermal conductivity of two materials constituting the inter-
face. Note that the interface in ideal case is a plane, but the
actual interface has the certain thickness, thus Dmin is taken
as the thickness approximately. In the experiment of
W /Al2O3, Dmin is about 1.6 nm,3 thus the thicknesses of W

FIG. 1. �Color online� tAB�D� vs ZA based on Eqs. �3� and �1�. ZB���
=20 g /cm210−5 s is given as the reference of calculation.
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and Al2O3 are taken as a half of Dmin, respectively, i.e.,
0.8 nm. Let �min=G��Dmin /2� be the average thermal con-
ductivity of W and Al2O3 with the respective intrinsic size
effects at Dmin /2, the corresponding thermal conductance
G�=2�min /Dmin, hence �0=G�Dmin=2�min. �min can be cal-
culated by ��A�D�+�B�D�� /2 at D=0.8 nm. The intrinsically
size-dependent thermal conductivity function �i�D� �i
=A ,B� of nanoscale materials can be given as28

��D�/���� = �Tm�D�/Tm����3/2 = �exp��1 − ��/�D/D0

− 1���3/2, �5�

based on the kinetic formula of thermal conductivity by in-
troducing the size effects of phonon velocity and mean free
path. Because the consideration is based on the acoustic mis-
match model �AMM�, the interface scattering term is not
included in Eq. �5�.

According to Eq. �5�, the calculation result shows �min

=1.5 W /m K, and �0=3 W /m K, which agrees with the ex-
perimental results that the thermal conductivity of Al2O3 lay-
ers is 1.65 W /m K, 6.1 W /m K for W layers,3 and the aver-
age value of the both is close to �0. Applying �=�0te, the
thermal conductivity of W /Al2O3 nanolaminates can be ob-
tained as shown in Fig. 2�c�. It can be seen that the theoret-
ical prediction is in agreement with the experimental results.
If the effective thermal conductance of W /Al2O3 can be ob-
tained by � divided by D, the calculated effective conduc-
tance is about 240 MW /m2 K at maximum; it keeps the

TABLE I. The bulk parameters in the model. In Eq. �3�, D0=2h, �
=2Sv / �3R�+1, and Sv=Sm for metals �Ref. 8�, where the melting entropy
Sm=Hm /Tm with the melting enthalpy Hm; for semiconductors and dielec-
trics, Sv=Sm−R �Ref. 10�.

�
�g /cm3�a � �m/s�b a �nm�c

Hm

�KJ/mol�a Tm �K�a h �nm�d

W 19.3 5174 0.3165 35.4 3680 0.3116
Pb 11.4 1260 0.495 4.799 600.6 0.387
Ti 4.5 4140 0.295 15.45 1943 0.323
Al 2.7 5100 0.405 10.79 933.25 0.3164
Au 19.3 1740 0.408 12.55 1337.58 0.3198
Si 2.33 2200 0.543 50.55 1685 0.3368
Ge 5.32 5400 0.5657 36.94 1210.4 0.351
Al2O3 4b 6000e 0.395e 111.4c 2326c 0.324f

GaAs 5.32c 3859g 0.5653 120h 1511h 0.2448i

AlAs 3.81c 6440j 0.5662 119.78k 2013k 0.245i

aReference 11.
bReference 12.
cReference 13.
dReference 14.
eReference 15.
fReference 16.
gReference 17.
hReference 18.
iReference 19.
jReference 20.
kReference 21.

FIG. 2. �Color online� �a� te vs D based on Eq. �4�. The related parameters see Table I. �b� Measured � of Si /Ge and GaAs /AlAs supperlattices at room
temperature. The triangles, squares, forks, and circles represent the data of Si /Ge cited from Refs. 22–25; the crosses for GaAs /AlAs �Ref. 26� �c� � of
W /Al2O3 nanolaminates. The rhombuses are experimental data �Ref. 3�. The solid curve is our model’s prediction, in Eq. �5�, ����=174 and 35 W /m K for
W �Ref. 11� and Al2O3 �Ref. 13�. The dashed and dotted curves are DMM predictions, the dotted curve for the constant G=320 MW /m2 K and �=GD �Refs.
3 and 5�, the dashed one for the modified transmission and conductivity, C=132 and 419 J /kg K for W �Ref. 11� and Al2O3 �Ref. 30�.
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same order at the size range of the samples. The result agrees
with the experimental result of 260 MW /m2 K for the inter-
face conductance of W /Al2O3

3 and other measurement:29 200
and 105 MW /m2 K for Ti /Al2O3 and Al /Al2O3 interfaces,
respectively, which proves that the assumption of the inter-
face conduction dominance is reasonable.

As a comparison, the predictions based on the diffusive
mismatch model5 �DMM� are also shown in Fig. 2�c�, which
are larger than the experimental data. The results from the
constant interface conductance show the larger error. The
modification of DMM, similar to AMM, obviously improves
the results. The only difference between two models is the
interface phonon transmission �tAB=CB�B / �CA�A+CB�B�
based on DMM�.5,31 The better prediction based on our
modified AMM may imply that the temperature effect of the
thermal conductivity is weak for nanoscale structures, which
is reasonable since the melting temperature decreases for na-
nomaterials. The temperature dependence is estimated by fit-
ting the experimental data,3 and the result shows the smaller
temperature exponent ��� f�Tb� ,b
3�. Note that the inter-
face transmission factors are both T independent in two
models;5 the T dependence of the interface conduction is
similarly determined by the phonon distribution.

III. CONCLUSION

In summary, a theoretical model for size-dependent in-
terface phonon transmission and thermal conductivity for
nanolaminates is developed. The model reveals that the va-
riety of size effect of the interface phonon transmission for
different systems results from the competition of the size
dependencies of phonon transport of two materials constitut-
ing the interface, interprets the variety of size dependence of
thermal conductivity of different superlattices based on the
interface conduction dominance proposition, and provides
general guide for the application of nanoscale devices.
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