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ABSTRACT A new strain gradient theory which is based on energy nonlocal model is proposed

in this paper，and the theory is applied to investigate the size effects in thin metallic wire torsion，
ultra-thin beam bendingand micro-indentation ofp01ycryst8lline copper．First，an energy nonlocal

model is suggested．Second，based on the model，a new strain gradient theory is derived．Third，

the new theory is applied to analyze three representative experiments．

KEY WORDS non-local model，micro-indentation，strain gradient theory，size effect

I．INTRODUCTION

Recent years，many experiments have shown that mater[als display strong size effects when the

characteristic length scale associated with non—uniform plastic deformation is on the order of microns．

For an aluminum-silicon matrix reinforced by silicon carbide particles。Lloyd[1 J observed a substantial

strength increase when the particle diameter WaS reduced from 16 to 7．5 microns with the particle
volume台action fixed at 15％．In the experiments of measuring micro-indentation hardness of metallic

materials，the square of hardness increases linearly as the depth of indentation decreases(Ma and

Clarke[2】i McElhaney et al。吼Two direct experimental evidences that strong size effects exist have
been provided by Fleck et a1．14J and Stolken and Evanst5J。The former i8 to measure torsion stress-strain

performed on copper wires．the scaled shear strength lncreases by a factor 3 as the thin copper wires

diameter decreases from 170 to 12 microns。The latter is to bend ultra thin beams and measure the

bend moments．a significant increase in the normalized bending hardening iS observed as the beam

thickness deere删es from 50 to 12．5 microns．

The classical plasticity theories can not predict this size dependence of material behavior at the

micron scale because their constitutive models possess no internal length scale．

In order t0 explain the size effeCtS．developing strain gradient theory for micron leveliS needed．

Fleck and Hutchinson[o]proposed a phenomenological theory of strain gradient plasticity in which

rotationsl gradient is engaged．In order to explain experimental findings of indentation(Ma and Clarke[引；

McElhaney et a1．【3】，fracture fWet and Hutchinson[7】；Chen and Wang[8|，Fleck and Hutchinson[9J

developed strain gradient(SG)plasticity theory i11 which rotational gradient and stretch gradient
are considered．In 1998，Nix and Gadl0】started from the Taylor relation and gave out one kind of

hardening law for gradient plasticity．Motivated by the indentation hardening law．GaD et a1．【11，1刈

proposed a mechanism-based tiJ80fy df Strain gradient plasticity(MSG)．
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In present paper，an energy nonlocal model is introduced in§II．Based on the model，a new strain

gradient theory is proposed in§III．The theory is applied to simulate three typical experiments in§IV，
§V and§VI．

II．ENERGY NONLOCAL MODEL
2．1．Classic Nonlocal Model ：

The classical elasticity and plasticity theories follow the local assumption that the stress at a given
material point is determined only by the strain，the history of deformation and temperature at that

point．However，in practice，both the nature materials and man-made materials have complicated
internal structures．When the macroscopic characteristic length of the material iS much larger than the

internal characteristic length，the classical theories are accurate enough．Otherwise，the model needs

to be enriched SO as to capture the real processes more adequately．

According to the classification in Ba艺ant L13J．the non-local theories can be categorized into strongly

non—local theories and weakly non-local theories．In the weakly non-local theories．the strain gradient

and intrinsic length are introduced in the constitutive relations．In the strongly nonlocal theories，the

local assumption is abandoned，and the stress at a given material point iS determined by the strain of

that point and its neighborhood．For an example，the constitutive equation of the nonlocal elasticity

can be written in the form，

盯(∞)=／D。(z，毒)言(毒)d∈=D。／Q(z，毒)专(毒)d专
Jv Jv

(1)

where V iS the interaction domain，Q a weight function，De elastic stiffness，and量the local strain

tensor．

For homogeneous material，we can take the weight function a(2，专)=1 and assume邑j=￡订+￡iJ，七＆，
then we can find that the first order gradient of strain tensor岛f．k，has no contributions to the stress

tensor，as a result，the strain gradient theory can not be derived from the nonlocal model of this type．

On the other hand，the nonlocal model of this type(as shown in the Eq．(1)for the nonlocal elasticity)
provides only the stress tensor and does not provide any formula for the high order stress tensor．

2．2．Energy Nonlocal Model

In the present paper，we proposed a new non—local model．In the model，the strain energy density

面at a typical point in representative volume element as shown in Fig．1．is assumed as the function of

the local strain勃and the local rotation gradient Xij(=evklgij，知)．

Fig．1．The representative volume element

The global strain energy density of the representative volume element is taken as a non-local variable

as shown in Fig．1，i．e．
1 ，

"=孛／面(x，毒)dK (2)
⋯c JK

where K is the volume of a representative cubic element with each boundary length Zc，￡is the local

coordinate as shown in Fig．1．with the original point at the center of cubic volume．X is the global
coordinate，叫is the global strain energy density and西(x，￡)is the local one．
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6叫=恚厶6西(x，￡)dK=恚厶[彘J(x，￡)6白(x，毒)+佩玎(x，e)6戈巧(x，毒)]dK
where子印is the local stress tensor，m。ji is the local couple stress．
If lc is small enough，we have

∈蟠=￡晒+￡tjIk毛k，‰j=Xpj=epkiEij．k

where￡硒and￡醢k are the global strain and the global strain gradient respectively．

Substituting Eq．(4)into Eq．(3)yields

Then we have

6"2瓦1厶％(x，专)6％(x)dK+丧．厶％(x，∈)6锄，*(x)氨dK

+丧厶佩力(x，专)epki&O,k(x)dK=吼，6％+％席6％，七

Ow

o'ij。砑
1，，a加 a叫、

珊2互L丽+丽夕
III．NEW STRAIN GRADIENT THEORY

3．1．Equilibrium Equations and Boundary Conditions

The first variation of total potential energy n can be written as

6n：fv 6wdV-fv fi6uidV--fJssP,Su,dS-b娥心s
=fg(aifie巧+嘞kS％j,k)dy—fv fiSuidV-SuidS-Z死讹舢

·47·

(5)

(7)

where V is the volume，S the boundary of V，五the force per unit volume，and仳{the di8placement．
D=竹’V，他is the unit outward normal to S，and V is the spatial gradient operator．A and蟊are
generalized surface tractions．

According minimum total potential energy principle，we can obtain equilibrium equations

(％一％知，％)，J+^=0

and boundary conditions

(吼J一％知，知+(茹np)Tijknk)nj一占0％％仡k=痧i

Ui 2 Ui

njnk死J知2 ri

DUi=D砚

in V

on S口

on瓯

on S，

on SDu

(9)

(10a)

(10b)

(11a)

(1lb)

薰篇篇咖盟．i茫一盛拦蠹姒鐾．i裟韶m珧m∈墨i
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3．2．Constitutive Equation for Power Law Hardening Materials

According to Fleck and Hutchinson．[引，the local strain energy—density is assumed to be the function

of a local generalized effective strain既and written as

西=序m扣=^(驴或+扣=篱(∥”+却㈣，
where∑e is local generalized effective stress．

The local strain energy density面can be approximately expressed as

where

面：叫。仙0，一k+譬油 on K

儿(岫=篇(舅)1+“+扣2

(13)

(14)

咄柏映=o=赫[坠竖辱盘醴地)n--1￡锄屯t卜钆‰“15)
Substituting Eq．(13)into Eq．(2)yields

伽=恚厶(叫。川缸+錾龟)dV。=w。+Akw％+Bktw％
where

At=恚厶铆K，风=互1 L联以
＆is an anti—symmetric function in K about center of cubic region，then

Ak=O,巩=蛾=壶厶随)2d‰=弘
W=Wo+BkZw,okl

(16)

(17)

(18)

(19)

According work conjugate relation，the global stress o-0 and high order stress，'ijk can be written

very easily as

O订2
2ay

一3(cy)“
(最)一1￡易+KE。％

．4ay(n一1)B l 2(礼一3)(最)n--5￡篇。￡名。，七《qE；q，奄
9(Ey)“ I 3

+璺j静(E。)n--3 g幺。￡篇。，知￡o，七
． 1／，Ow．a叫、40"yB(段)”1蛳。互L万丽+瓦石／2—可矿

+cEe，、n-3 E幺n，知E篇。，t] ￡0

吃一塑坠絮乎拉血+籍p-1+竺业盟学堂
+
2B(礼一1)(E)”3￡‰，z￡幺州

3 (ep地x力+epkjXpi)+2BKeu，知民J

(20)

(21)

万方数据



V01．22，No．1 Dake Yi et a1．：New Strain Gradient Theory and Analysis ·49．

IV．THIN WIRE TORSION
The size effects emerging in the experiment of thin-wire torsion[4J is analyzed using the present strain

gradient theory．A Cartesian coordinate system(Xl，X2，z3)and a cylindrical polar coordinate system
(r，口，z3)are introduced．The radius of the wire denotes as a，and K is the twist per unit length of the
wire．

The displacement fields

Ul 2--K,X2X3， u2=KXlX3， U3 2 0 (22)

lead to the non-vanishing strain components，strain gradient and rotation gradient components as

E=E=一互1尤z2，E=E=互113
31 23 32 Kzl (23)E 2 E
2一互尤z2，

E 2 E
2互Kzl 心3J

1 1

E13，2=￡31，2=一互K， ￡23，1=E32，1=互K

1
x11
2 x22
2一互咒，X33

2仡

The total strain energy for a unit length of the bar is given by

Ⅳ=wdV=v(W+Bktw戋z)dy=Z‘Q(托)dK

=矸蒜(1)(1+n)／2 1-1-n(a+3l。2。)(n+3)／2--(3z毛)‘⋯2]
4，rBay gn+l

。3(卅1)／2(er)”
f(02+
【一
3黝‘计1’72
2

Let p=312．／a2，the torque Q can be written as

一警∽删科州舱]

(24)

(25)

(26)

Q=警=意赫{[(1埘"3m叫椰脾]+坐警型(·删”1)／2>
(27)

When lc／D<<1，lc,a<<1，Eq．(27)can be simplified as

旦a3=蔫㈣，”(圹哪胆一5万啊两∽叫L百／J (28)

Since the intrinsic lengths Zcs and fc are much smaller than 170 pm，we choose the torque experimentresultsofthethin-wirewithdiameter2a=170#masacalibrationcarveandobtain撩(§)u抑“2=
232．7 MPa，佗=0．21，which is close to the tensile experimental results given by Fleck et a1．[4J．

According to Gao et a1．【11】and Fleck et a1．【4I，we take lc=0．1肛m and fcs=3．7 pm．The theoretical

results compared with the experiment ones are shown in Fig．2．One can see both are consistent very

well with each other．

V．ULTRA．THIN BEAM BEND

Now，we study the problem of Ultra-thin beam bending with different micro-meters thickness using
the present strain gradient theory．A Cartesian coordinate system(Xl，X2，X3)is introduced．h is the

thickness of beams．b the width and K the curvature．

The displacement fields

u。：尤z。z。，让：：K玉兰至掣，u3=0 (29)

lead to the non-vanishing strain components，strain gradient and rotation gradient components as
follows：

Ell 2--E22 2，cz2， E11，2 2--E22，2 2圪， X31 2一K (30)
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Fig·2·Plots of torque against the surface strain for copper wires with diff．erent diameters．The 80Iid lines denote the
present theoretical results and the dotted lines denote the experiment ones[4J．

Following St61ken and Evans[51，neglecting the elastic deformation，the relation between the local

一，generalized
effective stress and the local generalized effective strain can be expressed as

磊=雩蜀+3Epke(31)
where So is the yield strength，耳is the hardening coefficient．
The total strain energy per unit length is given by

彬=v(W+Bklw％z)dV=2bn,U0[h
+26(去耳尤2^3+孑器+口岛仡2竿易仡2譬^)

Substituting Eq．(32)into

yields the non—dimensional bending moment

4M

6^2岛

M：掣
d仡

+警-n(志+ v h2+1，)、／

(32)

(33)

+瓦厅8丽B+三易岛+面16BEpeb+酉4Epl2csgb3So (34)’^2析了研1 唧劬’瓦z磊一1。1雹r L以，

where￡b=hK}2 is surface plastic strain．
The yield strength So and the hardening coefficient易with different thicknesses were measured by
St61ken and Evans[引．We take Zc=0．1肛m and fit the experiment results given by St6Iken and EvaIls向
with Eq．(34)．The comparison among the present results，SG theory results(Fleck and Hutchinsou[91 1
and the experiment ones is shown in Fig．3．From Fig．3，one can find the two theoretical results are
close and agree with the experiment results．In the present theory,intrinsic length for rotation gradient
zcs(=5．8 p m)，which lies in a micro-meter range，agrees with the result in St61ken and Evans[5](intrinsic
length for rotation gradient In=5#m)and the result in Chen and Wang[141(intrinsic length for rotation
gradient lR=7 Urn)．

VI．ANAIjySIS OF MICRO．INDENT-ATION
6．1．Indentation Model

The indenter is assumed to be axisymmetric and conical．The half-angle of the indenter，p：72。．The
indenter is assumed to be frictionless．The depth of indentation is 6，the contact radius of indentation
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Cb

Fig．3．Plots of bending moment against the surface strain

for three beams with difierent thickness．

‘X
毒

麓

·51·

116(pm)

Fig．4．Comparison of(H／Ho)2 with the inverse of inden-
tation depth，1／6．

is a，and the contact depth h=a／tan．The total force，P，exerted on the indenter is the sum of
nodal forces in the名一direction for those nodes in contact with the indenter．The indentation hardne88
is defined as

H：IP／。
7rn‘

The displacement boundary conditions can be written as

and

(u，)，：o=0

(U：)：：o=0

0≤r≤a on the contacted surface

written as

Pz=0

西=0

(r>a)

(r>0)

rz=露=0 p≥0)

w．h．ere p is the su—rface traction，and f is the higher order surface traction．
6．2．Calculation Restilts

(35)

(36)

(37)

(38)

(39)

(40)

(41)

Referring to Qiu[1引，the elastic modulus，Poisson’s ratio，reference stress and the plastic hardening
exponent of the polycrystalline copper are E=109．2 GPa，∥=0．3，听ef=688 MPa，and N：0．3，
respectively．

The stress-strain law of copper in uniaxial tension is shown as

f EE。 (E<av／E)
仃2≮

【O'refgN G>o'y／E)
(42)

From Fig．4，one can clearly see that the linear relation between the square of indentation hardness．

日2，and the inverse of indentation depth，1／6，exists when the indentation depth 6 is less than 1“m．

VII．SUMMARY
A new framework of non-localmodel is proposed，in which the strain energy density of a representative
volume element is taken as a non-local variable．Based on the non-local model．a new strain gradient
theory is derived．Compared with existing gradient theories，the present one has a cleaver phyrsical
background．

Size effects in three typical experiments，i．e．，the thin wire torsion，the micro-beam bending and
the micro indentation of polycrystalline copper，have been analyzed using the present strain gradient
theory．It is found that the results predicted by the present theoretical model are consistent well with

the experimental ones．
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