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Metric representation of DNA sequences

A metric representation of DNA sequences is borrowed from symbolic dynamics. In
view of this method, the pattern seen in the chaos game representation of DNA
sequences is explained as the suppression of certain nucleotide strings in the DNA
sequences. Frequencies of short nucleotide strings and suppression of the shortest
ones in the DNA sequences can be determined by using the metric representation.
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The DNA sequence of an organism determines heredity
and variation. Understanding the one-dimensional sym-
bolic sequence composed of the four letters “A”, “C”, “G”
and “T” (or “U”) has been a main theme in bioinformatics.
Chaos game representation (CGR) [1, 2], which gener-
ates a two-dimensional square from one-dimensional
sequence, provides a technique to visualize the composi-
tion of the DNA sequences. The pattern formation in CGR
has been explained in terms of the mononucleotide,
dinucleotide, and trinucleotide frequencies [3]. Shortse-
quence representation partially quantifies nonuniform dis-
tribution of data points [4—6]. A generalization of CGR to
analyze amino acid sequences has been given previously
[7]. Recently, a visualization scheme of the string compo-
sition of long DNA sequences and complete genomes
has been proposed [8]. Although the algorithm of string
counting is much simpler, the resulting figures look much
like what seen in CGR.

In this paper, we propose a metric representation (MR) of
DNA sequences inspired by symbolic dynamics [9] and
apply it to explore the suppression of short nucleotide
strings in the DNA sequences. In what follows we de-
scribe the MR without reference to symbolic dynamics.
The proposed MR provides a mathematical framework to
explain the patterns seen both in CGR and [8].

For our purpose, a DNA molecule may be understood
as a one-dimensional symbolic sequence, Sy, S>---Sj-*-Sn
(si € {A, C, G, T}). Consider a subsequence X =
$1S2-+:Si**Sm (1 £ m < N). In order to have a two-dimen-
sional representation, we first generate two sequences
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from X. The first sequence is obtained from X by replacing
C by A, and G by T. Let us call it the X, sequence. The
second, the Xg sequence, is obtained from X by replacing
T by A, and G by C. Note that one can always recover the
original sequence X from X, and X by looking at the cor-
responding letters and using the rules embodied in the fol-
lowing table:

s, ATAT
s CAAC
* CTAG

Next, we introduce an ordering for the two sets of sequen-
ces. Suppose two X, sequences have the same string
Si.1---Sm but differ at s;, we define that the sequence with
s; = T is larger than that with s; = A. Similarly, if two
X3 sequences share a common string Sj.1---Sm but differ
at sj, we define that the one with s=C is lager than that
with s; = A.

In short, in order to establish an MR for a one-dimensional
DNA sequence in a two-dimensional plane (o, B), we
define ordering rules

A=C<G=T (1)
in the a-direction and

A=T<C=G (2)resolution

in the B-direction. According to the ordering rules, we put
¥ into correspondence with a point in the 2-D (a, ) plane,
where the two real numbers 0 <a<1and0<B<1 are
calculated from the X, and X sequences as follows. For
Y,=S1S2"--Sj---Sm, We define

m m
0=2) Un 13743 M=2) "p3 M L3 (3)
j=1 i=1

where ;= 0if s;=Aorpu;=1if s;=T. Similarly, the num-
ber B is defined from X as
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m m
B=2) Vm 137 4+3 M =23 w3 M43 (4
=1 i=1

where vi =0 if 5= A orv;=1if s;=C. As essentially we
deal with three letters in Egs. (1) and (2), the MR of Egs.
(3) or (4) resemble the number system in base 3. In
this MR, for example, the four sequences A”, C~, G and
T correspond to the four vertices {(0,0), (0,1), (1,1),
(1,0)} of a unit square in the (o, B) plane. A conceptual
sketch of the MR is shown in Fig. 1.

Moreover, we introduce a left shift operator S on the
sequence S;Sy---Si-+-Sm, defined as S(s1S>-:-Si+-Sm) =
51S2-+-Si**SmSm+1, Where S denotes any of the letters, A,
C, GorT, and s, is the same as S. Under the action of
the left shift operators, we have

{A(A*,C>, G, T™)} = {A®,C*A,G*A, TA}
- {(00).(04). (54).(+9)}
{C(A>®,C>,G>,T*)} = {A¥C,C>*,G*C,T*C}
+{(08).(01).(31). (5:3)}
{G(A*,C*,G™,T*)} = {A*G,C*G,G*, T*G}
={(88)-(5:1)-(11).(+3)}
and
{T(A>,C>,G*, T*)} = {A*T,C™T,G*T, T}

= {(5:0).(3)-(13)-(10))

Each left shift operator shrinks the area of the square to
1/32 and forms a fundamental zone. The four fundamental
zones can be named after the letters, A, C, G, T, respec-
tively. In each of the fundamental zones, e.g., in zone A,
we reapply the left shift operators and get

{A(A*,C*A,G*A, TA)} = {A™, C*A?, G*A? T*A%}
=1(00)-(04)-(3:4).(+:9)}
{C(A*,C*A,G™AT*A)} = {A*C,C¥AC,G*AC,T*AC}
- {(02).(04).(59).(33))
{G(A* C*AG*AT*A)} = {A*G,C*AG, G AG T*AG}
~{(39)(33)(69) ()
{T(A*,C*A.G¥AT*A)} ={AXT,C*AT G*AT T*AT}

= {(5:9)-(3:3)-(5:3).(5.0);
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Figure 1. Conceptual sketch of metric representation.
The left shift operators, A, C, G, T shrink the area of every
square to 1/32. Each action of a right shift operator divides
the orginal square into four smaller ones.

The left shift operators transfer zone A to the four different
fundamental zones, as well as shrink their area again by
a factor of 1/32. For the left shift operator A, the shrunk
zone is still kept in the fundamental zone A and may be
encoded by A2. For the left shift operator S e {C, G, T},
the shrunk zones are transferred to others, which bear
the same name as S itself. The shrunk zone is encoded
by AS. Thus, under the action of the four left shift opera-
tors, the four fundamental zones in Fig. 1 shrink to 16
zones, which are redistributed in the four fundamental
zones and encoded by all the dinucleotides. Furthermore,
we can continue the contracting process and obtain 64
zones encoded by all the trinucleotides, 256 zones
encoded by all the tetranucleotides, and so on. According
to Egs. (3) and (4), the one-dimensional symbolic
sequence $;S---Si---Sy IS subdivided into four kinds of
subsequences, corresponding to points located in four
fundamental zones. All subsequences with the same end-
ing k-nucleotide string correspond to points in the zone
encoded by that k-nucleotide string. Their distribution in
the zone conforms to ordering rules (1) and (2).

In order to keep the shrunk zones within the same funda-
mental zone, we define a right shift operator M e {A, C, G,
T} for a k-nucleotide string sy---S>51 as M (Sg---S251) =
Sk+1Sk*-S2S1, where M and s,,1 are the same letter. The
contracting process of Ithe four fundamental zones shown
in Fig. 1 can be described by the right shift operators as
follows. Under the action of a right shift operator, M, each
one of the four fundamental zones shrinks to four smaller
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Figure 2. Metric representation of HUMHBB. The circles
display walks of the first 20 bases in the representation.
The points corresponding to the subsequences ---TCTA
and ---A®TC are marked by 8 and 11, respectively.

zones, which are still kept in the same fundamental zone.
For example, the fundamental zone G shrinks to four
zones encoded by AG, CG, G2 and TG. When the action
of a right shift operator is repeated, the zone CG shrinks
to four zones encoded by ACG, CG, GCG and TCG. Fur-
thermore, we obtain 64 zones encoded by all the tetranu-
cleotides in the fundamental zone G and so on. In the
process, we obtain tandemly reiterated sequences
(regardless of shifts), e.g., 6 (C3) repeated dinucleotide
sequences (CA)”, (GA)”, (TA)™, (GC)~, (TC)~, (TG)™.
Their MRs {(0,"4), ('fa, 'a), (114,0), (/a1), (s, a),
(1,%/4)} distribute inside the corresponding zones {CA,
GA, TA, GC, TC, TG}. In the same way, we also obtain
20 (CiCl + C%/3) repeated trinucleotide sequences and
48 (CICL + C3 + CIP3 + Pi/4) repeated tetranucleotide
sequences. Their MRs also distribute inside the corre-
sponding zones.

The MR of the entire 73308 bases of HUMHBB (human
B-globin region, chromosome 11) is shown in Fig. 2,
where the points corresponding to the first 20 bases
GAATTCTAATCTCCCTCTCA are drawn. We can check
the ordering rules in terms of the distribution of the 20
points with their subsequences. For example, for the sub-
sequences---TCTA and ---A®TC, the former ordering is
larger than the latter in the a-direction, and in the B-direc-
tion the ordering is reverse. Moreover, we have (o, B)
[---TCTA] = (0.255601, 0.074531) and (v, B) [---A®TC]
=(0.231689, 0.669427). The ordering for the two subse-
quences is therefore identical with the relative position of
corresponding two points (8 and 11) in Fig. 2.
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Figure 3. (a) An enlarged zone CG in Fig 2; (b) an
enlarged zone CGCG in (a).

An outstanding characteristic in Fig. 2 is that the fre-
quency of points in zone CG is less than others. It points
out that the number of subsequences with the ending
dinucleotide CG is less than those with the other 15 dinu-
cleotides. When the left shift operator S ¢ {A, C, G, T}
handles the subsequences, similar result can be ob-
tained. In Fig. 2, the frequencies of points in zones CGA,
CGC, CG? and CGT are less than others. Under the
action of the left shift operator, such phenomenon can go
on, i.e., the pattern information in zone CG is transmitted
to smaller zones. Thus, the global similarity feature in MR
is produced by the left shift operators.
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Figure 4. Chaos game representation of HUMHBB
excluding the subsequences with the ending strings CG
and CGZ.

In the similarity of MR, the original zone is CG, where the
existence of k-nucleotide strings in the DNA sequence will
be discussed. In Fig. 2, since all 256 zones encoded by
the tetranucleotides have some points, we may conclude
that all tetranucleotides cannot be suppressed in the DNA
sequence. In order to explore the existence of 5-nucleo-
tide strings in zone CG, we first take the action of the four
right shift operators on zone CG to arrive zones ACG,
C2%G, GCG, TCG and enlarge it in Fig. 3a; then, we con-
tinue the action of the right shift operators on zone CGCG
to zones ACGCG, C2GCG, GCGCG, TCGCG and further
enlarge it in Fig. 3b. Only five subsequences with the end-
ing tetranucleotide string CGCG in Fig. 3b, i.e., one sub-
sequence---ACGCG, three subsequences---GCGCG
and one subsequence---TCGCG, exist in the DNA
sequence. No subsequence---C2GCG exists in the DNA
sequence, i.e., the 5-nucleotide string C2GCG is sup-
pressed. Eliminating the enlarging process, we can
directly obtain the above result in Fig. 3a and other
results, such as the 5-nucleotide strings CGC?GH and
CGTCG, are suppressed. The subsequences containing
any suppressed k-nucleotide strings are still forbidden in
the DNA sequence. For example, the subsequences
...C3GCG:- -, ---CGC?G:-- and ---CGTCG:-- are also sup-
pressed in the DNA sequence. MR can thus be used to
determine the existence of a given k-nucleotide string in a
DNA sequence.

According to ordering rules (1) and (2), we can also pres-
ent another MR of the subsequences ¥=s,S,---S;---S, as
follows:
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Figure 5. Metric representation of the DNA sequence of
yeast's chromosome 1 with 230209 bases.

m m

o= Mm—j+127 I 2-(m+1) Z
=1 i=1

—(m—i+1) +2 (m+1)

()

and

m m
B= vaﬂ.ﬂz—i 4+o-(mt1) _ Zviz—(m—m) L o-(mt1)
= i=1

(6)

where the meanings of w;, v;, o, B are the same as those
given in Egs. (3) and (4). Carefully, we find that the MR is
equivalent to the CGR of DNA sequences. Similar results
in MR can thus be obtained in the CGR. In [1, 2], the main
results or open questions are the pattern recognition and
the similarity in CGR, i.e., the repetition of the double-
scoop pattern in Fig. 3 of [1]. Using Egs. (5) and (6),
we have {A”, C~, G~, T} = {(0,0),(0,1),(1,1),(1,0)}
and {C(A~,C~,G™,T™)})) = {A~C,C~,G™C,T"C} = {(0,",),
(0,1),(1/2,1),(1/»,"/5)}. For the sequences of {GC(A~,
c~,G=T7)} = {A”CG,C”G,G"CG,T"CG}, the MRs
{(2,34), (V2,1), (la,1), (3s,%4)} constitute the four verti-
ces of the zone CG. In the same way, for the sequen-
ces of {G2C (A~,C~,G™,T7)} = {A”CG2C~G%G~CG?,
T°CG?}, the MRs {(®/4,"/5), (3/4,1), ("/,1), ("/5,"1s)} consti-
tute the four vertices of zone CG?2, which is taken as an
example of S(CG), S e {A,C,G,T}. According to ordering
rules (1) and (2), the ordering of any subsequences with
the ending doublet CG is no less than that of A”CG
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Figure 6. (a) An enlarged zone CG in Fig. 5; (b) an
enlarged zone CGCG in (a).

(A”™CG) and no larger than that of T°CG (C™G) in the o
(B) direction. In Fig. 4, we draw the CGR of HUMHBB,
excluding the subsequences with the ending nucleotide
strings CG and CGZ. The numerical experiment confirms
the above analytic result. Thus, we point out that the dou-
ble-scoop pattern consists of the zone CG and its left shift
mappings G(CG), G2(CG), ---; the repetition of the dou-
ble-scoop pattern is the result of A, C, G, T and other, lon-
ger string, left shift mapping of the zones CG, CG?2,
CG3,

In general, the global similarity structure in CGR corre-
sponds to the appearance of the lower frequencies of
strings than others in the DNA sequence [3]. However,
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Figure 7. The bound lines for trinucleotides surrounding
metric representation of HUMHBB. Each bound line
exists in the center between nearby zones.

when the finite distinction of points in the plane is taken
into account, the suppression of k-nucleotide strings in
the DNA sequence, which is more exact than the target
for frequencies of strings, will be considered. In order to
compare with the MR of HUMHBB, we take the DNA
sequence of yeast's chromosome 1 as an example. Its
MR, with its entire 230 209 bases is drawn in Fig. 5. No
apparent pattern feature exists in the figure. The frequen-
cies of CG and TA are extracted as fcg = 0.030794 and
fta = 0.070297, respectively. We thus still take zone CG
holding the lower frequency and repeat the above proc-
ess. In Fig. 6a, all 64 zones in zone CG contain some
points; therefore all 5-nucleotide strings with the ending
CG in the sequence are allowed. In Fig. 6b, some of the
64 zones in zone CGCG do not contain any points, thus,
the suppression of nucleotide strings exists in the 7-letter
length, such as AC®GCG,GC*GCG,G?C?GCG,G3*CGCG,
C2?ACGCG,CTACGCG and TGTCGCG. Thus, the sup-
pression of some nucleotide strings in a DNA sequence
leads to the pattern feature. The shorter the length of the
suppressed nucleotide strings, the more apparent the pat-
tern feature is.

One main difference of the MR from the CGR is the ap-
parent division of point sets. The MR method can be used
to exactly determine the frequencies of given k-nucleotide
strings and the occurrence of the shortest suppressed
ones. First, for a given nucleotide string in length k, the
left and right bound lines along the «-axis, which surround
the zones encoded by all k-nucleotide strings in the
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length, are obtained. Then, using Egs. (3) and (4), the
number o for the given k-nucleotide string as well as its
left and right bound lines in the above set are determined.
Following the same steps, we also obtain the number 3
for the given k-nucleotide string and determine its bottom
and top bound lines. Furthermore, the number of points n
falling in the square composed of the four bound lines and
the frequency f = n/(N-k + 1), where N is the total number
of all bases in the sequence, are extracted. For the mono-
nucleotides, we have o(A) = /53 and a(T) = 1. All points in
zones A and T are included in [(A™), o(T~A)] = [0, /5] and
[0(A=T), a(T™)] = [?/s,1], respectively. The bound lines can
thus be taken as 0, '/», and 1 along the o axis. For the
dinucleotides, we have a(A%) = /g, a(TA) = /5, a(AT) = /g
and o(T?)] = 1. All points in the zones A2, TA, AT and T?
are included in [o(A™), a(T~A%)] = [0,'s], [(A~TA),
WT7A)] = [*o,'/s], [w(A™T), a(T7AT)] = [*/5,"/s] and
[(A~T?), a(T™)] = [®/s,1], respectively. The bound lines
can thus be taken as 0, '/g,"/5,%/5 and 1 along the « axis.
For the trinucleotides, we have o(A%) = /oy, a(TAZ) = /s,
WATA) = oz, a(T?A) = V3, a(A%T) = %/p, o(TAT) = “/g,
a(AT?) = 25/,7 and o(T®) = 1. All points in zones A3, TA2,
ATA, T2A, AT, TAT, AT? and T° are included in [a(A™),
uT7A%)] = [0,'7], [(A“TA?), (T A%)] = [*5,'/s],
[(A~TA), (T ATA)] = [¥o, lo7], [0(A”T2A), a(T7A)] =
(2%7,'s], [(A7T), (T AT)] = [%/,' /0], [(A"TAT),
T AT)] = [*%27,"la], [(A"T?), o T"AT)] = [/5,%°/7] and
[(A=T?), a(T™)] = [*®/»7,1], respectively. The bound lines
can thus be taken as 0, /1g,"6,%18, /2, %%/18,%/6,1"/15 and 1
along the a-axis. In terms of the bound lines along the a-
and -axes given in Fig. 7, the frequencies of all trinucleo-
tides can be extracted by counting the number of points
falling in the squares composed of the bound lines. Con-
tinuing the process, we can obtain the bound lines O,
1/54: 1/1& 5/54! 1/6: 13/5415/18!17/54!1/2!37/54v13/18!41/5475/6749/54!
7,6,%%/s54 and 1 along the o-axis for the tetranucleotides
and frequencies of all tetranucleotides, efc.. Repeating
the above process for a given short nucleotide string, we
can obtain its frequency in DNA sequences. Moreover,
for suppression of the shortest nucleotide strings, we
can determine its occurrence, i.e., the length, number and
corresponding bound lines of the shortest nucleotide
strings. According to the compositional feature of MR in
Fig. 1, the shortest suppressed nucleotide strings in DNA
sequences can also be obtained. For example, in
HUMHBB, the length and number of the shortest sup-
pressed nucleotide strings are extracted as 5 and 4, re-
spectively. Their corresponding bound lines in the MR are
also obtained. By using the compositional feature in MR,
the shortest suppressed nucleotide strings CGCGA,
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CGC?G, C?GCG and CGTCG are determined. All tetra-
nucleotide strings are thus allowed in HUMHBB. In the
DNA sequence of yeast's chromosome 1, the length and
number of the shortest suppressed nucleotide strings are
extracted as 7 and 110, respectively. All 6-nucleotide
strings are thus allowed in the DNA sequence.

On the principle of the compositional feature in MR, the
suppressed nucleotide strings of any length (including the
shortest ones) in DNA sequences can be determined.
But, in general, a real number in computers has signifi-
cant digits with limited space, e.g., 16's space. Since 37"
= 1.6 X 107'%, the longest valid length of suppressed
nucleotide strings in DNA sequences determined by using
the MR is 31. Thus, using the MR, we can determine fre-
quencies of short nucleotide strings and the occurrence
of the shortest suppressed ones in DNA sequences.

In summary, we have proposed an MR of DNA sequen-
ces in view of symbolic dynamics. Using this method, the
patterns seen in CGR and [8] are explained as the sup-
pression of certain nucleotide strings in the sequences.
Moreover, the MR divides the point sets in CGR, so that
each zone in the plane has a clear boundary. By using
the MR, frequencies of short nucleotide strings and sup-
pression of the shortest ones in the DNA sequences can
be determined.
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