Applied Mathematics and Mechanics Published by Shanghai University,
(English Edition, Vol. 21, No. 2, Feb 2000) Shanghai, China

Article ID: 0253-4827(2000)02-0173-08

THE VECTOR FIELDS ADMITTING ONE-PARAMETER
SPATIAL SYMMETRY GROUP AND THEIR REDUCTION *

Huang Debin (E##5#%)"?, Zhao Xiaohua (#X B4 )3

(1.1LNM, Institute of Mechanics, Academia Sinica, Beijing 100080,P R China;
2 .Department of Mathematics, Shanghai University, Shanghai 201800,P R China;
3. Department of Mathematics, Yunnan University, Kunming 650091,P R Chipa)

{ Communicated by Li Jibin)

Abstract: For a n-dimensional vector fields preserving some n-form, the following
conclusion is reached by the method of Lie group. That is, if it admits an one-parameter,
n-form preserving symmetry group, a transformation independent of the vector field is
constructed explicitly, which can reduce not only dimesion of the vector field by one, but
also make the reduced vector field preserve the corresponding (n - 1)-form. In partic ular,
while n =3, an important result can be directly got which is given by Mezie and Wiggins in

1994 .
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Introduction

With the development of Lie group theory since the end of last century, the important role
played by this theory in the research of differential equations has been noted by more and more
physicists and mathematicians, and has been getting continuously development both in theoretic
and applied researches. In [1], Olver introduced systematically some elementary concepts,
theorems and important applications about Lie group. Today, Lie methods have gotten into all
research fields of differential equations, such as the integrability of equations. In [2], Sen and
Tabor got first integrals of Lorenz model just by Lie methods. For high dimensional differential
systems, Lie methods are more important due to its role in reducing dimension of systems .

It is well-known that a rn-dimensional first-order ordinary differential equations ( ODEs)
admitting an one-parameter symmetry group can be reduced into a ( #n — 1)-dimensional system of
ODE, and the solutions of the original equations may be obtained by integrating the solutions of
the reduced equations. However, do there exist other connections between the original system and
the reduced system? Especially, if the original n-dimensional system is of some properties, one
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may ask that whether the reduced system still preserve these properties. This is a very significant
problem in theory and applications. To answer this question, the key is to know about what
symmetric group the system should admit, so that the reduction procedure would not destory the
properties of the original system. In past, because of the importance of Hamiltonian systems,
reduction of Hamiltonian systems on symplectic manifolds was one of active research subjects of
differential dynamical systems. Lie method was one of modern reduction methods for symplectic

(3] Further developments due to Meyerw ,

manifolds, which first appeared in the paper of Smale
etc., led to the fully developed Marsden and Weinstein'®! , i.e. any n-dimensional Hamiltonian
system admitting an one-parameter Hamiltonian symmetry group can be reduced into a (n — 2)-
dimensional Hamiltonian system (refer to [1,6]). Recently, Mezic and Wigginsm

result that 3-dimensional volume-preserving vector fields admitting one-parameter, spatial,

got such a

volume-preserving symmetry group could be reduced into a Hamiltonian system with one degree
of freedom. Thus the dynamical study on this kind of 3-dimensional systems was simplified .

There exists a common point in the works mentioned above, that is, they are all focused on
the study of 2-form-preserving Hamiltonian systems. But a kind of more wide-ranging n-
dimensional systems preserving some n-form (here, it means divergence free) largely emerges in
mathematical models of physics, atmospheric dynamics, biology, etc.. Thus the research on
reduction of these systems is very important too. With the aid of Lie method, the main result of
this paper shows that for an n-dimensional vector field preserving n-from, if it admits an one-
parameter, spatial, n-form-preserving symmetric group, then it can be reduced into a (7 - 1)-
dimensional vector field preserving the corresponding ( n — 1)-form. Particularly, when n =3,
we can deduce directly one of the main results obtained in [7]. In addition, by using the main
theorem in this paper, some previous related results can be easily obtained . In the meantime, it is
well-known that the classical Hamiltonian systems are divergence free, so, in a sense, the main
results obtained in this paper are a geometric generalization in the spirit of symplectic reduction for
Hamiltonian systems (to see [5]).

1 Basic Concepts and Preparatory Theorems

For later consulting, in this section, we introduce some definitions, notations and
fundamental results. Symbols used in this paper are the same as those in Olver'!! .

Definition 1.1 Let M be an n-dimensional manifold with local coordinates (z!,-++,x") .
Consider the n-form 2 on M: Q = dxz' A -+ A dx™. So the divergence of any vector field ¥

on M maybe defined by Ly = (divY) 2, where L is Lie derivative, see [1,2].
Remark 1 From now on, the considered n-form refers to {2 defined above.

With the above definition, we will give an equivalent condition in the form of definition,
under which the flow generated by vector field Y preserves the n-form (2.
Definition 1.2  Let F be a vector field on M, defined by
s’ _
de ~
We say that the vector field F preserves the n-form (2 if and only if

filxl, 2™ ,e), (z',,a")EM, tER, i=1,",n. (1)
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» 3f 1’,,,, n’
divF = > f‘("ai" 2
x

i=1

Definition 1.3 Let G be an one-parameter Lie group acting on M x R. If G satisfies

conditions: ( | ) G is a symmetry group of the system (1); and ( ii ) the infinitesimal generator
d

V of G as follows: V = E E(xl, -, x") 3 Then, we call the G as a spatial symmetry
i=l x

LI U s S
group of the system (1) . Furthermore, if V satisfies condition: E —E‘(ia—’l—’il
: i=1 x

call G as an n-form-preserving, spatial symmetric group of (1) .
In general, for a given vector field (1), how to find its spatial symmetry group is a

nuisance. But in many cases, with the help of acknowledge of the background of systems

= 0, we

considered, one can guess the spatial symmetry group of the system through physical or geometric
methods, herein lies the art of Lie group theory. For the sake of completeness in theory, we
introduce a quite useful theorem below .

n i a
Theorem 1.4 Lie group G generated by V = E gz, ,2") 5 (hereafter denote
1 X

V =(g&',-,£")) is a spatial symmetry group of the system (1) if and only if [F, V] = 0.
Where F = (f,,"**,f,),[ F, V] denotes the Lie bracket of F and V, defined in coordinates by
(98 5k :
[F’V]'::;(f;ﬁ—?é—;)’ l=1,"‘,n.

Proof This is an easy calculation applying Theorems 2.36 and 2.71 in [1].

Theorem 1.5 Let the system (1) admit an one-parameter symmetry group G whose
infinitesimal generator is V. Then there exists a local transformation of variables, defined near
point (x,t) at which V 1, ,; 0, given by

3

x = qi(yl,"',y",s), t = ¢(y1,"',y",s), t=1,,n, (2)
such that in new variables (y,s), the system (1) becomes
% = gyt s), i=1,,n, (3)
where y',-++, "', s are a complete set of functional independent invariants of V, i.e.
V(') =0, i=1,,n-1;V(s) =0,V(y") = 1. (4)
Proof The main idea is to apply the “straightened out” theorem, for the details one can
refer to Theorem 2.66 in [1].

Remark 2 Because the right hand of the system (3) is independent of ¥, the component y* can be
gotten by quadrature. Thus we usually call the first n — 1 equations of the system (3) as a reduced system
of the system (1) under G.

In particular, when G is a spatial symmetry group, we get the following corollary .

Corollary 1.6  Suppose G in Theorem 1.5 is a spatial symmetry group, then for the
transformation (2), we can take s = ¢ and 7:(i = 1,**-,n) independent of s, hence y (i =1,
-+, n) is independent of ¢.

Proof Since G is a spatial symmetry group, the function ¢ is just an invariant of G, and
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we can take s = ¢. Furthermore, since V(y) = Es‘ iy_ where &(i = 1, -, n) are

i=1 Izt
independent of ¢, the solutions to the equation V(y) = 0 or 1 are all independent of ¢. This
completes the proof.

2 The Main Result and Its Proof

With the preparations in section 1, we will introduce and prove our main result in this
paper .

Theorem 2.1 Let n-dimensional vector field (1) preserve the n-form (2 and admit an
one-parameter spatial symmetry group G preserving (2. Then there exists a transformation of
variables such that the reduced vector field of (1) under G preserves the corresponding (n-1)-
form.

Before giving the proof of the theorem, we first prove the following lemma.

Lemma 2.2 Suppose there exists a differentiable invertible transformation ¢

xi - %(yl’...,yn), i =1,",n, (5)
under which the system (1) takes the following form:
dy* _ U om .
dr gi(}' "L Y ,t); 1t =1,,n. ' (6)
Then for system (1) and (6), the following relation is valid:
= 9f; 1 Ha(lJ1g)
—_— = - , 7
g,) dx* | J 1 ; dy' (7)

where J is the Jacobian matrix of the transformation ¢, | J | is its determinant.

Proof According to properties of partial derivative and matrix calculation, after a straight
and lengthy calculation, one can prove the result.

Proof of Theorem 2.1 Let the infinitesimal generator of G be V = (&',:--,6").
Applying Theorem 1.5 and Corollary 1.6, there exists a transformation of coordinates as (5)
under which the system (1) takes the following form:

dy’

- L. 1 .. n-1 s
i = ki Cylyny™ ), i=1,",n. (8)
According to the assumption of the theorem and the relation (7), we can deduce
n a k
IALALI Y (9)
i=l a,’}’

Furthermore, applying (4) in Theorem 1.5, we find that under the transformation ¢ the
vector field V takes form (0,---,0,1). Using Lemma 2.2 once more, we get

2y JEf 1 ( i J I) 3l JI
= - = ——— [0+ - +0 =0.
0= 2 5a =T i0+ " +0+ 55 5, -0
Therefore | J | is independent of 5" , then (9) becomes
=Nl J k)
5 - w

Now, consider the reduced system of the system (1), i.e. the first n — 1 equations of the
system (8)
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dy

T E (ot te), i=1,-,n-1. (11)
Introduce a transformation I":
- J LT 1dyt 22 = 92,0, 27t =yl (12)
under which, suppose (11) takes the form
% = g (', , 2% e), i=1,",n-1. (13)

Apparently, the inverse I'""! of I" exists. Namely, under I'"!, (13) becomes (11).
Now calculating the Jacobian matrix DZ/DY(Z = (z',,2* 1), ¥ = (5!, , 5" 1)) of
I'', we can get

J oL 9 1
N 1T ayZJIJldy ayn_lJ.|Jldy
_— = 0 1 b 0
DY = | | . . : (14)
0 0 1
Thus applying Lemma 2.2 and (10), we have
DZ
98 ""3( DY")_ “Z“)a(ljlk)
= J |

‘—J az ’ 1 ay

To sum up, for the vector field (1) satisfying the conditions in Theorem 2.1, there exists a
transformation of coordinates; x — z, under which (1) takes the form

i s-l 9
d_d‘zt—: gi(z19" s Z t) af‘ =0, i=1,-,n-1,
(15)
dz"

_d—l_gn<z9“9zn—l9t), z =y -
Thus the theorem is proved.

Remark 3 From the above proof, we know that the transformation under which (1) becomes (15)
does not depend on the vector field (1), but only depends on the symmetry group G. And the whole
transformation preserves an n- form corresponding to (2 .

3 Corollaries and Applications

When n = 3, for the reduced system in Theorem 2.1, we can get directly one of the main
results in [7]:
Theorem 3.1 Let the following 3-dimensional system be a volume-preserving system

dz;
d’t = ﬁ(x1’x2’x3’t)’ I = 192,3’ (16)
divf(x) ax =

Suppose further that it admits an one-parameter spatial, volume-preserving symmery group G.
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Then there exists a local transformation of coordinates
x; = ¢,;(Z1,7.2,Z3), l = 1,2,3,

such that in new variables the system (16) becomes

(dz, FH(zy,25,t)

dt - aZZ ’

dZZ aH(Zl,Zz,t)

ez __cdlz,n,t) 17
1dr 3z’ amn
dz

\d_; = k3(21,22,t),

where H(z, ,z,,t) is a certain function.

Proof From Theorem 2.1, the 2-dimensional reduced system of (16) must be a 2-form-
preserving vector field, hence it can be expressed as a Hamiltonian form. So the system (16) can
be tumed into the form of (17).

In fluid mechanics, there are many flows in the form as (17) and are called regular duct
flows (see Ottino'®! ) . Just because (16) can be transformed into (17), in Ref.[7], J.Mezie
and S.Wiggins rewrote the system (17) in action-angle-angle variables and generalized the KAM
theorem, and Melnikov method to the 3-dimensional system, which made they study the
integrability and perturbation of the 3-dimensional fluid flows successfully .

If the system (16) is autonomous, then the function H is its first integral. Thus it is easy to
get the following corollary .

Corollary 3.2 Let the system (16) be a volume-preserving autonomous vector field and
admit an one-parameter, spatial, volume-preserving symmetry group G. Then the system (16)
must exist a first integral .

Combining Coroliary 3.2 with the result obtained in [9], that is, for any system described
by three autonomous ordinary differential equations, if it admits an autonomous invariant, then
this system can be written as a generalized Hamiltonian system (see [6] for the definition) and its
Hamiltonian just is the invariant, we can easily get the following conclusion.

Corollary 3.3 The system satisfying the condition in Corollary 3.2 can be transformed
into a generalized Hamiltonian system.

In [10], Zhang Jinyan investigated the global periodicity of 3-dimensional gradient
conjugate systems (the gradient conjugate system is an autonomous system which is divergence-
free and admits a first integral) and obtained the following result:

Proposition 3.4  Suppose the 3-dimensional gradient conjugate system # = F(x) are
analytic and admit a normal analytic first integral G(x). Then the fixed points of the 2-
dimensional restricted system on level manifold G(x) = ¢(c¢ > 0) must be centers or
(generalized) saddles. Further, if the number of fixed points on G(x) = c is finite, then orbits
of the system lain on the integral surface G(x) = c all are closed orbits except centers and finite
number of joint orbits between saddles. The above properties refer to global periodicity .

From Proposition 3.4, it follows that the 3-dimensional system satisfying condition in
Theorem 3.2 must be a gradient conjugate system. On the other hand, from the proof of Theorem
3.2, under some transformations if necessary, the system restricted on its integral surface is a 2-
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dimensional Hamiltonian system. Thus the global periodicity of the system follows from the
intrinsic property of 2-dimensional Hamiltonian system.

Finally, to illustrate the application of the main theorem in this paper, we consider the Euler
flow generated by the velocity field V';

(d=;

dt = ax; + ax,,

dx, '
*'a—t— = ax; + ax,, (18)
dx ,
d_: = bx? - bx) - 2ax,.

From fluid mechanics we know that the corresponding verticity field is W = (- 2bx,,
- 2bx;, 0). It is not difficult to check that the Lie bracket of V and W is zero, i.e. [V, W] =
0. Thus from Theorem 1.4, the group generated by W is a divergence-free, spatial, symmetry
group of (18). A

After some calculation, we can derive that under the following changes of variables (let b
0,%, = 0)

L) 2 X1
Y1 = X - %3, ¥y = %y, ¥3 = - ﬂ—arctan(;;),

the system (18) takes the form

(dy, gy = OH

de ~ N = ayz’

d:)"_) JH b B

Vdr = bri-2an =- 3y, H(y1,52) = 2ey172 - 5715 (19)
dys __a

Ude T2

Substituting y with x in H(y;,y,) = 2ay,y, - %y% , we get a first integral of the system (18)

G(x) = 2a(s® - 52) s - —’Z’-(xi _a2)?.

In this paper, we only study one-parameter symmetry group. For the case of multi-
parameter group, we also can study the corresponding problem similarly, but it will be more
difficult and complex. The related issues will be the topic of our following publications. For some
reduction results related with multi-parameter symmetry group, the readers can refer to Olvert!) .
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