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Abstract: Interactions between different scales in turbulence were studied starting from the
incompressible Navier-Stokes equations. The integral and differential formulae of the short-
range viscous stresses , which express the short-range interactions between contiguous scales
in turbulence , were given. A concept of the resonant-range interactions between extreme
contiguous scales was introduced and the differential formula of the resonant-range viscous
Stresses was obtained. The short- and resonant-range viscous stresses were applied to
deduce the large-eddy simulation ( LES) equations as well as the multiscale equations,
which are approximately closed and do not contain any empirical constants or relations .
The properties and advantages of using the multiscale equations to compute turbulent flows
were discussed. The short-range character of the interactions between the scales in
turbulence means that the multiscale simulation is a very valuable technique for the
calculation of turbulent flows. A few numerical examples were also given .
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Introduction

Turbulent flow contains a wide range of time- and length-scales. The nonlinear interactions
between different scales play a key role in the evolution of the turbulent flow. In the theoretical
researches and engineering calculations for the turbulent flows, the concept of eddy-viscosity,
which was presented and extended by J. Boussinesq, G.Taylor and L.Prandtl, has been widely
used in the last hundred years“’”. In the eddy-viscosity theory, the virtual turbulent-eddy
motions are analogized to gas molecular motions, therefore, the eddy-viscosity should be
originated from the interactions between widely separated scales in turbulence. However, it is
generally believed that the dominant interactions are between contiguous, rather than widely

separated, scales'® . This subject has been studied in many papers. For example, the “direct
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interaction” theories presented by R. Kraichnan confirm that at sufficiently large Reynolds number
the energy transfer is mainly amongst traids for which three Fourier components satisfy k =~ &' ~
k - k' 1. Some new results for nonlinear interactions between the scales had been acquired
recently through the analysis of direct numerical simulation databases for the incompressible
channel flow by J. Domaradzki et al. (5,6 Their main results are as follows: | ) The nonlinear
dynamics of the resolved modes with wave number & < k, are governed by their interactions with
a limited range of modes with wave number not exceeding 2%, and much smaller scales have a
negligible effect on the resolved ones; i ) The nonlinear dynamics of the modes with wave
number ranging from k, to 2k, are largely determined by their interactions with the resolved scales
with wave numbers £ < %,. Both of the large-small scales equations for turbulence calculation

developed by Gao-Zhuang!”~*!
1.0

and the multiscale method in turbulence presented by T. Hughes
eta are built undoubtedly on the basis of the interactions between the scales ( wave
numbers) are mainly those between contiguous scales ( wave numbers) .

The nonlinear interactions between the scales in turbulence are further analyzed starting from
the incompressible Navier-Stokes equations. The dominant interactions were proved to be short-
range ones between contiguous scales. A concept of resonant-range interactions between extreme
contiguous scales was introduced. Three integral and differential formulae of the short- and
resonant-range viscous stresses were given. With these formulae a new large eddy simulation
(LES) equations and the multiscale equations governing both the motions of large eddies and the

fluctuation motions of contiguous small scales relating to the large ones were presented.
1 Short-Range Interactions Between the Scales in Turbulence

The short-range interactions between contiguous scales in turbulence can be vividly expressed
as: the turbulent viscous stresses of the scale-range with scales Ax < Ax,,Ay < Ay, and Az <
Az, (for short, with scales Ax < Ax_, the same below) acting on the large scale-range with
scales Ax > Ax, are mainly supplied by a limited range of scales lying between Ax; and Ax,,
where Ax; < Ax, (see Fig.1). The procedure of proving the proposition of the short-range
interactions is as follows: taking the space averaged system of the incompressible Navier-Stokes
(NS) equations, deducing the differential formulae of turbulent viscous stresses, and then the
proposition of short-range interactions may be proved and both the integral and differential
formulae of short-range viscous stresses can be deduced; introducing a concept of resonant-range
interactions and giving the differential formula of resonant-range viscous stresses.

‘The incompressible Navier-Stokes(NS) equations are

du,
3% = 0, (1)
du; du, ap 1 32ui
31 " Y ax T 9% T Re dnx;’ (2)
UoL . . .
where Re = Ui Fint and p are made dimensionless with reference to the free-stream

velocity U,, the boundary characteristic length L,L/U, and pU(Z), respectively . - The space
averaged (or call the box-filtered) system of the incompressible NS Egs. (1) and (2) can be
written as
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Fig.1 A sketch of interactions of between the scales in turbulence

(the scales are made dimensionless with reference to the
boundary characteristic length)

axi = 09 (3)
aU.ci aUci apc 1 aZUCl
Te U 3y =~ Gt e am, P U (4)
where
(Ug;spe) = Tll_f (u;yp)do, V, = Ax Ay Az, (5a)
e V¥,
Falun U) = ] (g = Ug) 5 = U, (5b)
ci\Ujs Ugi) = Vc v, uj = cj axj u; - ci/AU.

Here U,;,p, and F,;(u;, U,;) are respectively the i-component of the space averaged Velocity, :
the space averaged pressure and the i- component of viscous stresses of the small-scale-range with
scales Ax < Ax, acting on the large one with scales Ax > Ax,.

Suppose the solutions u; of the NS Egs. (1) and (2) be continuity and differential, the
derivatives of u; exist. Taking the center of the small volume element V, = Ax Ay Az, as the
original point of Cartesian coordinates, owing to Ax, <« 1,Ay, <« 1,Az, « 1 then we have

1 1 Ax /2 [Ay /2 (Az/2 du.: Ju:
0y = Mupte = b [ [ [ (25) 04 (24) 5 s
J Vo v Ax Ay Az, -8zx /24 -Ay /20 -Dz /2 7 dx 1y Iy oy

. 2 2
(a_”z) z+_1_(a_’ii) x2+i(?_"21) e
0 [1] 0

] 2 _
7, 2\ 9.2 2\ 3y ( )oz + ]dxdydz =

1

1
2
Py, Py *u
N (—‘;L) sz+( )Ayz (3—1) AZ] 4 0(axtant ), (60)

E’y
a au

(aiaay) Aye + (aasg ) azt]+ 0(ast). (6b)
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Using the formulae (6a) and (6b) we deduce

Im/z J‘Ay/Z J‘Azlz [ (au) (a_ul)
Foilui, Ug) = Ax AJ’cAzc -8x /2 ~ay 2 Az/Z{ ot \9x 0x+ dy oer

du; 1 3 2y
— ;
(az)oz+ = Ujp — 24( ) - ] [( ) (axax) %+
( P, ) ( ) ( u; ) 2 . (au,.)

axjay axaz 0 axax + -\ 5% .

1{ Pu

2_4(axjax ) ( xay ) Ayc '}dxdydz =

A 2o G2

12[( amax) 2% *\ 3y Gaay ) 27e +
(2) ) 2]+ 0cont,ayt, ) )
dz axa cr&¥es .

Inference The viscous stresses of the small-scale range with scales Ax < Ax acting on
the large-one with the scales Ax > Ax;is (see Fig.1)

1 d
Fi(u;, Uy) = ijv(uj - Ufj) ax.(ui - Upldo =
f J

(9 Pu o Jy Py, dy Puy
12( Ix axjaxAx Iy dxay Y0 T 3; axjazAzf *
O(Axf, AxiAyt, ), (8)

where

{( e = %‘J"r( 4ep)des (8a)
Vi = AxAyAz (Axp < Az, Ays < Ay, Azp < Azy).

Suppose, not losing generality, the side-length of the small volume elements V, and V;
satisfy Ax/Ax, = Ay/Dy, = Azi/Az, (see Fig.1), then we deduce from the formulae (7) and
(8)

2
22 cil\Uis Ug; :,"')- (9)

From the formula (9) we deduce that the viscous stress of the scale-range with scales Ax <

Ffi(ui’ Ufi) =

Ax; acting on the scale-range with scales Ax > Axis only Ax? / Ax? that of the scale range with
scales Ax < Ax, acting on the scale range with scales of Ax > Ax, (see Table 1) . Imagine that
even if the viscous stress Fy; (u;, Uy;) exerts totally on the scale-range with scales Ax > Ax,, the
viscous stress F;(u;, Uy;) is by (1 — Ax2/Ax2)F ;(u;, U,;) larger than Fy;(u;, Uy). From
physical consideration we know that the short-range stress (1 — Ax7/Ax?) F,;(u;, U,;) can be
supplied only by the scales ranging from Ax;to Ax,, which prove that the viscous stresses of the
small scale range with scales Ax < Ax, acting on the large one with scales Ax > Ax, is supplied
mainly by the scale range near Ax, precisely speaking, by the scale range lying between Ax;and
Ax,. The state above is physical connotation of the short-range viscous stresses.
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2 Integral and Differential Formulae of the Short-Range Viscous Stresses

From the integral formulae (5b) and (8) for F;(u;, U,;) and F;(u;, U;;) we may infer
that the integral formula of the viscous stresses of the scales ranging from Ax and Ax, acting on
the scale-range with scales Ax > Ax,, i.e., the integral formula of the short-range viscous
stresses should be as follows:

1 a
Fui(Ug, Uy) = T/‘JV(UU - U,) 5;(Ufi - Ug)do, (10)
[ ¢ ]

where U, ; and Uy; are given in the formulae (5a) and (8a), respectively.
Proof of Eq.(10) F_(u;, U,;) is resolved into the following relation:

1 a
Fci(ui’Uci) = Vjv(uj - Ufj + Ufj - ch) a_-_(ui - Uy + Uy - Uci)d” =
1 d a
V. Vﬂ( u; - Uy) axj( - Uy)dv + - (u Ug) a_x]( Ui - Ug)do +

1 a
T/:JV(UfJ -— ch) a_xl(ul - Uﬁ)d’l) + Fcfi( Ufi’ Uci)' (11)

Not losing generality, we suppose that there are m? identical V; within V_ and that both V, and Ve
are similar cubes. The surface of V, is covered with surfaces of numerous V;. For any arrangement
2 identical V; within V,, the equality of ¥, = m?V;holds. S indicates the center of any V;
with V,. Then the first term on the right hand side of the formula (11) can be transferred to

of m

1 ml a .
VZJV(UJ' - Ufi) E(u, - Ufi)dv = Fﬁ(uiy Ufi) + O(Ax%Axg). (123)
c i J

Next, we prove that the order-of-magnitude of the second term on the right hand side of the
formula (11) is equal to O(Ax?Ax2)

1 d
v, - ) 7y (i = U)d =

LS Lo+ 32) -0+ (2000

du, 1 a2 1({?%u;
o] _ = _ oo gy T 2 _
(a ) (z-2)+ 2( ) (e = 20"+ His .24( axz) Bt

1(‘92 U Pu, Ax? 1{ Pu Ay
24 ) Byt - ]x [(axj)s +24 axax?) ~U0 Tt 24\agay?) VT T

(au,.) 1( a3u,.)A2 ]}ddd

EY -y Xe — "°° X zZ =

axj 0 24 axjaxz 0 Y

Vf m L azui) ( a3ui ) ) ) L(aZu) ( a3 ) ]
VCZ[_ 192( 952 \ 922 OAfoxc - 1928 3.2) \ 9%, ay AxiAys - | =
O(AxiAx2, ). (12b)

Through similar operation, one can prove that the third term on the right-hand side of the formula
(11) is the same order of magnitude as the second term

VJ (Uf, - Uy 3 (u - Uy)dv = 0(AxiAx2, ). (12c)
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Using the formulae (9) and (12a) ~ (12¢), we obtain the following relation:

Fo(u;, Uy) = Fe(u, Uy) + Foi(Uy, Uy) + 0(AxfAxl), (13)
A 2
FuilUgy,Uy) = (1 - Az;) Foi(u;, Uy) + 0(Axd, ). (14)

The physical inference for the short-range interactions between scales given in Section 1 is
confirmed by the formula (14), in which the F ;(u;, U,;) expresses the viscous stress of whole
small scale-range with scales Ax < Ax, acting on the large one with scales Ax > Ax,, see Fig.
1. This is usually called the interactions between widely separated scales, i.e., the long-range
viscous stresses’®>*); F (U, U,;) expresses the viscous stress of the contiguous scales Ax
ranging from Ax;to Ax . (Ax; < Ax < Ax,), acting on the scale-range with scales Ax > Ax,,
i.e., the short range viscous stresses. The variation of the viscous stress ratio | Fo; | /| F; |

with the scale-ratio Ax;/Ax, is given in Table 1.

Table 1 Variation of the stress-ratio| Fy; | /| F; 1 and | Fy; | / | Fy; 1 with the scale-ratio

Axi/Ax,
Axy/ Az, 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
| Fg 171 F 0.36 0.51 0.64 0.75 0.84 0.91 0.96 0.99
| Fg; 1 /| Fg | / / / 0.33 0.19 0.10 0.04 0.0k

From the data in Table 1 we know that the contiguous small scales, i.e., the short-range
1

scales should range from Ax to lAxc or

) Ax,, in both cases the contiguous scales offer 75% or

91% of the viscous stresses of the whole scale range with scales Ax, < %Axc or %Axc acting on

the large ones with scales Ax > Ax, and much smaller ones with scales Ax, < %Axc or %Axc

have a negligible effects on the large ones with scales Ax > Ax,. The above conclusions are
consistent with chief conclusions acquired through treating the direct numerical simulation (DNS)
databases for the incompressible channel flow!®-¢!
dynamics of the resolved scales with wave numbers k¥ < k, are governed almost exclusively by
their interactions with a limited range of scales with wave numbers not exceeding 2%, and much
smaller scales have a negligible effect on the resolved ones. However, the formula (14) is not
only suitable to the turbulent flow in the channels but also suitable to all turbulent flows.

. This chief conclusion is that the nonlinear

As we know that the space average velocity-components Uy and U,; are continuity and
differential, the derivatives of Uy and U,; exist. Therefore, starting from the integral formula
(10) of the short range viscous stresses and through similar operation used in deducing the
differential formula (7) of F,;(u;, U,;), it is not difficult to obtain the following differential
formula of the short range stresses:

1(9Uy #Uy, , Uy Uy, ,
Foi(Ug, Ug) = 12( dx dxdx et Ay axay" et
AUy Uy
fj f’Az§)+ 0(Axt, ). (15)
3z Ix9z

From the formula (15) we see that short-range viscous stress of the scale range lying
between Ax;and Ax,(Ax; < Ax < Ax,) acting on the large scales Ax > Ax, are nonlinear
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functions of the first- and second-order derivatives of the space average velocities on the fine grid
(i.e. the scale Ax; ) and are proportional to the area of the course grid, i.e., the square of the
scale Ax,.

3 A Concept of Resonant Interactions and Resonant-Range Viscous
Stresses

Consider the interactions between the scales being smaller than but near extremely Ax, and
the scales Ax > Ax,, which are different from the short-range interactions. In order to distinguish
them, we should introduce a concept of resonant range interactions, which express the
interactions between the small scales being smaller than but near extremely Ax, and the scales
Ax > Ax,. According to the definitions of the space averaged velocities we know that the Uy,
tends to U,; if the Ax; tends to Ax,, i.e., the V; tends to V,, see Fig. 1. Therefore, the
differential formula of the resonant-range viscous stresses can be deduced directly from the
formula (15) of the short-range ones.
l(aUc,' U, , 9U, U, 2

F.(U;,U,) = 12\ 9% axjax Yo ¥ dy axjay Ye *
aU azUct 4
az EPEP —=Az )+ 0(Ax%,-+). (16)

Similarly, the differential formula of the resonant range viscous stresses for the scale Ax, should
be as follows:

L an 32 Uﬁ 2 an[‘ 82 Ufi 2
Fgi(Uy, Uy) = 12( Ix Ixdx Tt gy Ixdy ye+
aU U
azf a af AZ[)+ O(Axf, ) (17)

From the formulae (16) and (17) , we see that the resonant-range viscous stresses of the
scales Ax < Ax¢(or Ax,) acting on the scales Ax > Ax; (or Ax,) are nonlinear functions of the
firt- and second-order derivatives of the averaged velocities on the scale Ax; (or Ax,) and are
proportional to the area of the grid, i.e., the square of the scale Ax; (or Ax,).

The resonant-range viscous stress Fg;( Uy, Up;) is formally similar to the subgrid scale
(SGS) model based on the Smagaorinsky _hypothesis[l'zl
different. The SGS model corresponding to Fy;( Uy;, Uy;) is as follows

IUu(dUy; 9y ]1/2 IUy 9y
VAV HE e e

, but the concept causing them is
(1.3],

(18a)

x ax,-
where a_x.(fif) is corresponding to Fy;( Uy, Uy),c is dimensionless empirical constant, A
7

indicates the filtered scale or grid scale and is chosen as
A = (AxAyAz)'? or (Ax? + Ay? + AzE)2. (18b)
Comparing the resonant-range viscous stress with SGS model, the former does not include
any empirical constant and relation and stems from the resonant-range interactions between
extremely contiguous scales in turbulence; the SGS model includes empirical constant and relation
and is based on classic eddy viscosity concept, i.e. the interactions between the scales are the
long-range ones between widely separated scales in turbulence!! “#!. The SGS model is used to
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close approximately the large eddy simulation (LES) equations. Of course, the differential
formula (17) of the resonant-range viscous stress can be used to induce new LES equations.

4 A New Large Eddy Simulation (LES) Equations

Using the resonant-range viscous stress tensor given in the formula (17), it is not difficult to
construct the following space averaged (or box filtered) Navier-Stokes equations, i.e., a new
large eddy simulation (LES) equations:

aU,.

3—‘—' =0 (i =1,2,3), (19a)
X

IUy IUy dp; 1 aszi .

7 tUs 9%, - " 3x; T Re dxdx; FulUn, U (i = 1,2,3), (190)

where Uy; and Fy; (Uy;, Uy;) are given in the formulae (8a) and (17), respectively. According
to the short-range character of interactions between the scales, the molecular viscous terms in Eq.
(19b) ought to be neglected, reserving them is to match the boundary conditions at the solid
surfaces . For the viscous fluid the condition of no slip on solid surfaces must be satisfied and the
molecular viscous terms play an important role in the laminar sub-layer next to the wall.
Similarly, the short-range character of interactions between the scales means that the resonant-
range viscous stresses in LES Eq. (19b) act only on a local range with the scales Ax > Ax; but
extremely near to Ax;and do not act on the whole scale range with scales Ax > Axy, see Fig.1.
Therefore, it would be best to adopt multiscale equations to compute turbulent flows, i.e., to
divide prior the resolved scales into two or more than two scale-ranges and to solve simultancously
the multiscale equations governing the motions of these scale ranges. Only so the physical
mechanism of the short range interactions between the scales can be detected perfectly .

5 Multiscale Equations in Turbulence

Dividing the resolved scales into two or more than two scale ranges and utilizing the
formulae of both short- and resonant-ranges viscous stresses, we can obtain multiscale equations
governing turbulent flows. For example, if the resolved scales are divided into the small scales
ranging from Ax;to Ax, and the large scale range lying between 1 and Ax_, see Fig.1 the large
scale (space averaged) equations governing the motion of large scale range is as follows:

au,;
..a.___xc' =0 (20a)
aUc by , v (i =1,2,3).
ci, ci _ Pe 1 ci
ET + Uc; ax] = - axi + Re axjaxj - Fcfi( Uﬁ, Uci) (20b)

Substracting the large scale Eqs. (20a) ~ (20b) from the LES Egs. (19a) ~ (19b), we
obtain small scale equations governing the fluctuation motions of the small scale (fine-grid)
averaged quantities relating to the large scale (coarse grid) averaged ones

d
a_( Uﬁ - Uci) = 0’ (213)
X N

5;(Ufi - Uci) + (Ufj - ch) a_x]( Ug - Uci) =
d ad aUci
- 5}:(11( - Pc) - cha_xj(Ufi - Uci) - (Ufj - ch) Ix +

)
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1 &
Re dx;d %
where U,; and Uy; are given in the formulae (5a) and (8a), respectively. Both the integral and
differential formulae of the short range viscous stresses F;( Uy, U,;) can be used and are given

(U = Uy) + Fu( Uy, Uyy) = Fi(Ug, Uy, (21b)

in the formulae (10) and (15), respectively. The resonant-range viscous F; ( Uy;, Uy;) is given
in the formula (17). The Ax,Ay; and Az, (for short, the Ax;) are consistent with the filtered
scale in LES, and Ax, =~ (2 ~ 3)Ax;.

Obviously, the large-small scale (LSS) equations are closed approximately and do not
contain any empirical constants or relations. The cause of retaining the molecular viscous stresses
in the multiscale Eqs. (20) ~ (21) is the same as that in the LES Eqs. (19a) ~ (19b) . The short-
range viscous stresses in the large scale Eq.(20b) are supplied by the resolved small scale-range
with scales Ax lying between Ax;and Ax (Ax; < Ax < Ax,). Fg; in the small scale Eq. (21b)
indicates the resonant-range viscous stress of the unresolved much smaller scales Ax (Ax < Axy)
acting on the resolved small scales Ax(Ax; < Ax < Ax,). In the conditions of the coarse and
fine grids are geometrically similar and satisfy Ax/(Ax,) = Ay/(Ay,) = Az/(Az,), we

()2
Ax? Ax?

[+ C
Therefore, the viscous stresses acting on the resolved small scales Ax(Ax; < Ax < Ax,) are

-1
deduce from the formulae (9) and (14) that Fy,/F; =~ ) , see Table 1.

mainly supplied by the resolved large scales Ax(Ax > Ax,) and much smaller unresolved scales
Ax(Ax < Ax;) have secondary influences. The above states for the large small scales (LSS)
Egs.(20) ~ (21) are consistent with the conclusions given by treating DNS databases for channel
turbulent flow!*>'®) . A main conclusion of Refs.[5,6] is drawn in the illustration of Table 1,
other main conclusion is that the dynamics of the subgrid scales with wave numbers ranging from
ki to 2k, are largely determined by their interactions with the resolved large scales with wave
numbers £ < k; and much higher wave numbers k& > 2k, have secondary effects.

Some comparisons of the multiscale Eqs. (20) ~ (21) with the traditional LES Eq. (19) are
as follows. In the former the unresolved scales act only on the small scale range of the resolved
scales, and in the latter the unresolved scales act on whole range of the resolved scales; therefor,
as to detecting the nonlinear interactions between the contiguous scales and their effects, the
former gains dominance over the latter. On the other hand, the unresolved scales contain still a
wide range of time- and length-scales, any method using a few parameters and formulae to
describe the perfect effects of the unresolved scales certainly include undetermined and unknow
factors. The effects of the above unknow factors are confined to the small scale range of the
resolved scales in the multiscale method, however, these unknown factors do affect the whole
range of the resolved scales in the traditional LES methods. The multiscale method can supply
simultaneously data about the space average and fluctuation motions. There are obvious
advantages of the multiscale method compared with the traditional LES method.

The momentum and energy transfer between the resolved scales are introduced in the
multiscale method, which is, of course, able to describe well experimental phenomena and
observation results, such as the large eddies breaking into small ones and the energy cascade etc.
The data about the space averaged and fluctuation motions and the characters of transfer between
the resolved scales given by the multiscale ‘method can be obtained by the direct numerical
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simulation (DNS) for turbulent flow. For this end, it is necessary to divide afterwards the
resolved scales into several scale-ranges and treating the DNS database. It is worthy of studying
further consistency and difference between the results given by the multiscale method and treating
the DNS databases. Such analysis for an incompressible planar shear flow is given in the next
section.

In addition, the molecular viscous terms are linear ones, while the short- and resonant-range
viscous terms are nonlinear ones. The energy ought not to.accumulate at the smallest scale Ax; of
the resolved scales, hence the dissipation must be dominant at Ax;, i.e. the sum of the last three
terms on the right-hand side of Eq. (21b) must be larger than zero. If this requirement is not
satisfied, we may use the multiscale equations with the scale-ranges being more than two, or
increase properly the resonant-range viscous stresses, or use empirical subgrid scale (SGS) model
instead of the resonant-range stresses.

6 Time Evolution of the Incompressible Planar Mixing Layer Flow

For the three-dimensional time evolution of an incompressible planar mixing layer flow we
use the quasi-spectrum method to solve the multiscale Eqs. (20) ~ (21) and the unsteady Navier-
Stokes equations[8'9] .

The initial conditions of the incompressible planar mixing layer flow are as follows:

(U, V,,W,) = (Uytanh(27),0,0),

Ui -~ U, = A,sinkcosy + AszsinZcosycosz,

Vi - V, = — A,cosksiny — Ajcoszsinycosz, (22)
1
Wf‘f Wc = Ov (295’,2) = —O(x’yaz)’
. 3w
where A,,A; = 107* are the amplitudes of two- and three-dimensional initial disturbances,

respectively. U, is the averaged velocity of two coming flows. The velocity, the time, the
coordinate variables and the pressure are made dimensionless with reference to the Uy, Ty =
8%/ U,, 8° and pU(z, , respectively. 8% is the initial thickness of vorticity. Re = Uy8%/v,v is the
kinematic viscosity. In order to examine well the solutions of the large-small scale (LSS)
equations and compare them with the solutions of the Navier-Stokes (NS) equations, the same
grid system is used in solving of LSS and NS-equations. For instance for Re = 10282/, the grid
numbers are 32, 64 and 128 in the x- , y- and z- coordinate directions, respectively. Some typical
results are as follows. The mean quantities of the velocity, the fluctuations and the shear viscous
stress given -by the LSS-solutions are consistent with those by treating database of the NS-
solutions, see Fig.2 and Fig.3. Some new results are also given by the 1.SS-solutions, for
examples, the time evolutions of both maximum fluctuation velocity and maximum shear viscous
stress are obviously different from those of respective mean quantities, especially, both evolutions
appear nearly in the meantime twice sudden-increases. The time of appearing sudden-increase is
consistent with that of appearing inverse transfer of energy from the resolved small scales to the
resolved large ones and also with that of rolling up spanwise- and rib-vortices. These facts mean
that the momentum and energy exchanges between the resolved large and small scales are principal
cause of evolutions of large scale motion. The sudden-increases of both maximum stress and
maximum fluctuation are undoubtedly corresponding to the burst phenomena in the transition



Short- and Resonant-Range Interactions in Turbulence 927

process. It should be mentioned that the maximum stress and maximum fluctuation are not
acquired through the analysis of the database of the NS-solutions, see Fig.2 and Fig.3.

1.5 1.5
Maximum fluctuation .
velocity (results of i Maximum shear viscous
[ LSS Eqgs.) i stress (results of LSS Egs.)
1.0} ; 1.0

Average shear viscous

Average fluctuation stress (results of LSS

velocity (results of

. e and NS Eqgs.)
LS S Egs. !
0.5} N “S)\ 0.5
0 i 0 .
0 50 100 150 200 0 50 100 150 200
Dimensionless time 7 Dimensionless time 7

Fig.2 Maximum and average fluctuation Fig.3 Maximum and average shear
velocities in an incompressible viscous stress in an incompressible
planar mixing flow planar mixing flow

7 Conclusion

Turbulent flow contains a wide range of time- and space-scales. The principal mechanism

governing nonlinear dynamics of turbulence is the interactions between the scales, which is mainly

short-range ones between the contiguous scales. Therefore, the calculations of turbulent flows

ought to adopt the multiscale method. The short range interactions between the contiguous scales
are studied, the formulae for the short- and resonant-range viscous stresses are obtained. These

formulae are applied to deduce both the multiscale and LES equations, which are closed

approximately and do not have any empirical constants and relations .
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