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ABSTRACT

In the present study , analyzed are the variation of added mass for a circular cylinder in the lock2in (synchroniza2
tion) range of vortex2induced vibration (VIV) and the relationship between added mass and natural frequency. A theoret2
ical minimum value of the added mass coefficient for a circular cylinder at lock2in is given. Developed are semi2empirical

formulas for the added mass of a circular cylinder at lock2in as a function of flow speed and mass ratio. A comparison be2
tween experiments and numerical simulations shows that the semi2empirical formulas describing the variation of the added

mass for a circular cylinder at lock2in are better than the ideal added mass. In addition , computation models such as the

wake oscillator model using the present formulas can predict the amplitude response of a circular cylinder at lock2in more

accurately than those using the ideal added mass.
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1. Introduction

More and more deepwater platforms such as TLP , SPAR and FPSO are used in offshore gas and

oil exploitation and production. When the depth of sea and the length of structure increase , the flexi2
bility of the structure also increases. On the other hand , because ocean current and wave action are

getting greater , interaction between fluid and structure becomes stronger. In particular , vortex2induced

vibration (VIV) of risers and tension legs , especially in the lock2in (synchronization) range , has be2
come a very challenging problem.

Up to now , some important results on VIV of a circular cylinder at lock2in have been obtained.

Based on experimental results , Govardhan and Williamson (2000) gave the relationship between fre2
quency ratio f 3 ( f 3 = fosc/ f n0) and reduced velocity U 3 ( U/ f n0 D) for a circular cylinder at lock2in ,

where fosc represents the oscillatory frequency of the circular cylinder , f n0 =
1

2π K/ ( m + mD) is the

natural frequency of the circular cylinder in still water , U is the flow velocity , D is the diameter of the

cylinder , K is the linear spring constant , m is the mass of the circular cylinder , and mD is the dis2
placed mass of fluid by the immersed body. Their results are shown in Fig. 1 and Fig. 2.

From Fig. 1 the following conclusions can be drawn : 1) The lock2in range can be divided into
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two parts : in the first part , frequency ratio f 3 changes linearly with the reduced velocity U 3 ; in the

second part , i . e. the lower branch , f 3 does not change with U 3 and keeps constant . 2) The reduced

velocity range of the lock2in stage depends on mass ratio m 3 , where m 3 = m/ mD . 3) When m 3 Ε
10. 0 , a cylinder almost directly turns into the second part as soon as it enters the lock2in range and

f 3≈1. 0.

Fig. 1. The relationship among f 3 , u 3 , and m 3 in

the lock2in range when ( m 3ζ) is very low.

m 3 is mass ratio. ζis damping ratio. St is the

Strouhal number. Horizontal lines represent the

lower branch. ( Govardhan and Williamson ,

2000) .

Fig. 2. Frequency versus mass ratio of a circular cylin2
der undergoing VIV at the lower branch. ●Go2
vardhan ( 2000) △ Khalak ( 1999) □ Hover

(1998) ⊙ Anand ( 1985) ( Govardhan and

Williamson ,2000) .

　　Govardhan and Williamson (2000) also gave an empirical formula on the relationship between

frequency ratio f 3 and mass ratio m 3 for a circular cylinder at the lower branch as shown in Fig. 2 :

f 3
lower =

m 3 + 1. 0
m 3 - 0. 54

(1)

where f 3
lower = f lower/ f n0 , f lower denoting the frequency of a circular cylinder at the lower branch of the

lock2in range.

On the other hand , many computation models for cylinder’s vortex2induced vibration such as the

wake oscillator model , correlation model , statistic model and polynomial Galerkin model have also been

developed to calculate the amplitude response of VIV.

In these semi2empirical models , added mass is an important quantity and the ideal added mass ,

i . e. the added mass for an accelerating body moving in an infinite , inviscid and incompressible fluid ,

is often adopted. For example , the ideal added mass coefficient is 0. 5 for a sphere and 1. 0 for a cir2
cular cylinder.
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However , added mass in general is variable and not equal to the ideal added mass due to viscous

effect . It is constant and equal to the ideal added mass only at the instant that the body started from

rest in a fluid. Sarpkaya (2004a) pointed this out and did experiments (Sarpkaya , 1978 , 2004b) to

observe the fluid dynamic force (inertia component and drag component) on the body undergoing VIV.

By definition , inertia component relates to added mass in the whole lock2in range of VIV. Vikestad’s

experiment (Vikestad et al . , 2000) showed that the added mass coefficient Ca ( Ca = ma/ mD , ma

being the added mass) for a circular cylinder varies from 4. 5 to nearly - 0. 8 when the reduced veloci2
ty changes from 3. 0 to 13. 0. Thus experiments demonstrate very clearly that the added mass of a cir2
cular cylinder undergoing VIV can not be simply equal to the ideal added mass. The same conclusion

is also drawn from numerical simulation (Willden and Graham , 2001) . So the outstanding problem is

how to show the variation of added mass for a circular cylinder at lock2in.

In this paper semi2empirical formulas for the added mass coefficient of a circular cylinder at lock2
in will be given and applied to the calculation of the amplitude response of VIV with the wake oscillator

model .

2. Theoretical Analysis

A spring2mass2damping model shown in Fig. 3 is adopted to study the added mass of a circular

cylinder at lock2in. Two assumptions are given : 1. Stiffness of spring is constant ; 2. Damping is very

small .

　　　Fig. 3. spring2mass2damping model.

The governing equation of a circular cylinder subjected to VIV is :

m
d2 y
d t2 + 2ζm (2πf 0)

d y
d t

+ m (2πf 0) 2 y = Fv ( t) , (2)

where , m is the mass of the circular cylinder with unit length ; f 0 is the natural frequency of the circu2

lar cylinder in vacuum and f 0 =
1

2π K/ m ; y is the displacement of the circular cylinder ;ζ is the

damping ratio , i . e. the ratio of structural damping to critical damping in water ; Fv ( t) is the cross2
flow component of the total hydrodynamic force.

At lock2in , a good approximation to the displacement of cylinder and the lift force of fluid (Sarp2
kaya ,1979) is

y ( t) = Asin (2πfosc t) , 　Fv ( t) = FL sin (2πfosc t + <) . (3)

Fv ( t) can be rewritten as :
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Fv ( t) = FLcos <sin (2πfosc t) + FL sin <cos (2πfosc t) . (4)

Substituting Eq. (4) into Eq. (2) , the following equation is obtained :

m
d2 y
d t2 + 2ζm (2πf 0) d y

d t
+ m (2πf 0) 2 y = FLcos <sin (2πfosc t) + FL sin <cos (2πfosc t) . (5)

From Eq. (3) one obtains :

d2 y
d t2 = - A (2πfosc) 2sin (2πfosc t) , 　d y

d t
= A (2πfosc) cos (2πfosc t) . (6)

Substituting Eq. (6) into Eq. (5) yields :

m +
FLcos <

A (2πfosc) 2
d2 y
d t2 + 2ζm (2πf 0) -

FL sin <
A (2πfosc)

d y
d t

+ m (2πf 0) 2 y = 0. (7)

According to the definition of added mass , the expression of added mass is

ma =
FLcos <

A (2πfosc) 2 . (8)

If damping is negligibly small , the following equation can be obtained from Eq. (7)

( m + ma) d2 y
d t2 + m (2πf 0) 2 y = 0. (9)

Eq. (9) is an equation of a single degree2of2freedom system describing harmonic oscillation with natu2
ral frequency

f n =
f0

1 + ma/ m
　or　ma = m ( f 2

0/ f 2
n - 1) . (10)

Eq. (10) shows that the true nature frequency f n of a cylinder at lock2in is controlled by the fluid via

its added mass. Experiment (Vikestad et al . , 2000) and numerical simulation (Willden and Graham ,

2001) show that the oscillation frequency is nearly equal to the true natural frequency of a circular

cylinder at lock2in.

Because f 2
0/ f 2

n is always positive at lock2in , the following equation is obtained from Eq. (10) :

ma > ( - m) (11)

Eq. (11) shows that the added mass can not be smaller than - m in the lock2in range of VIV.

Eq. (1) requires m 3 > 0. 54 , i . e. - m < - 0. 54 mD , and ma Ε - 0. 54 mD can be obtained

from Eq. (11) , therefore the theoretical minimum value of added mass coefficient for a circular cylin2
der at lock2in is Camin = - 0. 54.

3. Semi2Empirical Formulas for Added Mass

At lock2in frequency ratio can be written as :

f 3 =
fosc

f n0
=

f n

f n0
=

m + mD

m + ma
. (12)

The estimation formulas of added mass coefficient for a circular cylinder at lock2in will be given for two

separate cases , m 3 < 10. 0 and m 3 Ε 10. 0.
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3. 1　Mass Ratio m 3 < 10. 0

The intersection point of two parts in the lock2in range of VIV is determined by
U 3

f 3 = 5. 75 and

f 3
lower =

m 3 + 1. 0
m 3 - 0. 54

.

In the first part ,
f 3 - 1. 0
U 3 - 5. 0

=
f 3

lower - 1. 0

5. 75 f 3
lower - 5. 0

, where f 3 =
m + mD

m + ma
. Thus ,

f 3 =
f 3

lower - 1. 0

5. 75 f 3
lower - 5. 0

( U 3 - 5. 0) + 1. 0 , i . e.
m + mD

m + ma
=

f 3
lower - 1. 0

5. 75 f 3
lower - 5. 0

( U 3 - 5. 0)

+ 1. 0. Therefore , the added mass coefficient can be obtained :

Ca =
m 3 + 1

G2 - m 3 , when 5. 75 f 3
lower > U 3 > 5. 0 (13)

where , G =
f 3

lower - 1. 0

5. 75 f 3
lower - 5. 0

( U 3 - 5. 0) + 1. 0.

In the second part , because f 3 = f 3
lower , i . e.

m + mD

m + ma
=

m 3 + 1. 0
m 3 - 0. 54

, the added mass coef2

ficient is

Ca = - 0. 54 , 　when　9. 25 f 3
lower > U 3 Ε 5. 75 f 3

lower . (14)

3. 2　Mass Ratio m 3 ≥10. 0

Under this condition , f 3 = f 3
lower≈1. 0 , i . e.

m + mD

m + ma
=

m 3 + 1. 0
m 3 - 0. 54

, therefore , ma =

- 0. 54 mD can be obtained , i . e.

Ca = - 0. 54 , 　when　9. 25 f 3
lower > U 3 > 5. 0. (15)

Eqs. (13)～ (15) are the semi2empirical formulas for the added mass of a circular cylinder at lock2in.

3. 3　Preconditions

Figs. 1 and 2 are obtained under the condition m 3ζΦ0. 02 , which is obtained from the experi2
mental data ( Khalak and Williamson , 1997a , 1999) . In Fig. 1 , the reduced velocity at lock2in starts

from U 3 = 1/ St = 5. 0 , where St is the Strouhal number and St = 0. 2 is satisfied only when 100000

> Re > 300 (Fernando and Hassan , 2005) . In addition , Eq. (1) requires m 3 Ε 0. 54.

Therefore , Semi2empirical formulas on added mass for a circular cylinder at lock2in , i . e. Eqs.

(13)～ (15) , should be used under the following conditions : 100000 > Re > 300 , m 3 Ε 0. 54 and

m 3ζΦ0. 02.

4. Comparison Between Experiments and Numerical Simulations

For the verification of the semi2empirical formulas , Eqs. (13)～ (15) will be compared with nu2
merical simulations and experiments respectively.
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Fig. 4 presents the comparison between the semi2empirical formulas and numerical simulation

(Willden and Graham , 2001) using a quasi2three2dimensional numerical method. Eqs. (13) ～ (15)

agree with the numerical simulation well , especially at low reduced velocity.

　　Fig. 4. Comparison with numerical simulation

( m 3 = 0. 6366) .

　　Fig. 5. Comparison with experimental results

( m 3 = 1. 6552) .

Fig. 5 shows that the results obtained from Eqs. (13)～ (15) have the same tendency versus the

reduced velocity as the experimental results (Vikestad et al . , 2000) .

For the case of low m 3ζ, Fig. 2 ( Govardhan and Williamson , 2000) shows that added mass co2
efficient keeps Ca = - 0. 54±0. 02 at the lower branch of the lock2in range.

In the case of high mass ratio m 3 > 10. 0 , Sarpkaya (1978 , 2004b) made the VIV experiments

of circular cylinders. These experiments showed that a circular cylinder with mass ratio m 3 > 10. 0

can be regarded to be in the second part as soon as it enters the lock2in range of VIV and added mass

coefficient is Ca≈ - 0. 50 , which is close to - 0. 54 , the value presented by Eq. (15) .

5. Application to the Wake Oscillator Model

5. 1　The Modified Wake Oscillator Model

The wake oscillator model presented by Iwan (1974 , 1975 , 1981) is widely used to calculate the

amplitude response of cylindrical structure (Lyons and Patel , 1986 ; Chen and Wang , 2004) . Because

of the variation of added mass at lock2in , this analytical model should be modified by using the added

mass presented by Eqs. (13)～ (15) . The approaches of the modified wake oscillator model are sug2
gested as follows :

(1) Calculate the natural frequency f n and the mode shape of cylindrical structureξn ( x) with the

structural mass including the added mass ma given by Eqs. (13)～ (15) .

(2) According to the flow speed distribution , the lock2in range along the cylindrical structure can
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be decided. Function s ( x) is defined as :

s ( x) =
1 ,when 5. 0 Φ U 3 Φ 9. 25 f 3

lower , for those parts at lock2in

0 ,when U 3 < 5. 0 or U 3 > 9. 25 f 3
lower , for those parts out of lock2in

　　(3) The effective mass vn =∫
l

0
m ( x)ξ2

n ( x) d x ∫
l

0
s ( x)ξ2

n ( x) d x and the mode shape factor

In =∫
l

0
m ( x)ξ4

n ( x) d x ∫
l

0
m ( x)ξ2

n ( x) d x are calculated , where m ( x) is the mass per unit length

of the circular cylinder including the added mass obtained with Eqs. (13)～ (15) .

(4) Calculate the damping ratioζS
n and the amplification factor Fn by iteration as follows :

Step 1. Assume the initial value of damping ratioζI
n .

Step 2. Calculate the amplification factor Fn = 1/ [1 + 9. 6 (μn
rζ

I
n) 1. 8 ] , whereμn

r =
vn

πρD2/ 4
.

Step 3. Calculate the damping ratioζS
n =ζI

n + Fn<n , where

<n = (2 D/ 3π)
∫

l

0
ρCD ( x) D ( x) [1 - s ( x) ] | ξn ( x) | 3d x

∫
l

0
m ( x)ξ4

n ( x) d x
1/ 2

∫
l

0
m ( x)ξ2

n ( x) d x
1/ 2 .

　　Step 4. If the damping ratioζS
n and the amplification factor Fn do not satisfy the demand of con2

vergence , thenζI
n =ζS

n and go to step 2. Else , stop iteration.

(5) Calculate the amplitude of the cylinder at lock2in Yn ( x) = DFnI - 1/ 2
n ξn ( x) .

(6) According to the range of reduced velocity , correct the amplitude.

5. 2　The Amplitude Response at Lock2in

The added mass coefficient given by Eqs. (13)～ (15) and the ideal added mass coefficient of a

circular cylinder are both used to calculate the amplitude response at lock2in and compared with the ex2
perimental results given by Khalak and Williamson (1997b) . The approaches presented in section 5. 1

are used and the results are presented in Fig. 6. It shows that the modified wake oscillator model using

the added mass obtained from Eqs. (13)～ (15) is more accurate than that using the ideal added

mass.

6. Conclusion

Variation of the added mass for a circular cylinder at lock2in can be described better with semi2
empirical formulas , i . e. Eqs. (13)～ (15) , than with the ideal added mass. The semi2empirical for2
mulas show that added mass coefficient Ca for a circular cylinder at lock2in is mainly related to mass

ratio m 3 and reduced velocity U 3 , i . e. Ca = f ( m 3 , U 3 ) . Theoretical minimum value of the added

mass coefficient for a circular cylinder at lock2in is Camin = - 0. 54. In addition , the wake oscillator

model using Eqs. (13)～ (15) can predict the amplitude response of a circular cylinder at lock2in

more accurately than that using the ideal added mass.
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　Fig. 6. Comparison of amplitude responses at lock2in obtainde from

calculation with those obtained from experiment.
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