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ABSTRACT

In the present gudy , andyzed are the variation of added mass for a circuar cylinder in the lock-in (synchroniza-
tion) range of vortex-induced vibration (VIV) and the relaionship between added mass and natural frequency. A theoret-
icd minimum va ue of the added mass codficient for a circuar cylinder a lock-in is gven. Developed are semi-enpirica
formulasfor the added massdf a circular cylinder at lock-in as afunction of flow gpeed and mass ratio. A conmpari on be-
tween experiments and numerical mulaions shows thet the semi-enrpirical formuas describing the variation of the added
massfor a circuar cylinder at lock-in are better than the ided added mass. In addition, computation nodd s such asthe
wake ogtillator modd usng the present formulas can predict the anplitude regonse of a circular cylinder at lock-in more
accuratdy than those udgng the ided added mass.
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1. Introduction

More and nore degpweter platforms such as TLP, SPAR and FPSO are used in off shore gas and
oil exploitation and production. When the depth of sea and the length of gructure increase, the flexi-
hility of the gructure d< increases. On the other hand , because ocean current and wave action are
getting greater , interaction between fluid and gructure becomes gronger. In particular , vortex-induced
vibration (VIV) of risers and tenson legs, epecidly in the lock-in (synchronization) range , has be-
come a very chalenging problem.

Up to now, some inmportant resultson VIV of a circular cylinder at lock-in have been obtai ned.
Based on experimentd results, Gvardhan and Williamson (2000) gave the relationship between fre-
quency ratio f ~ (f = fos/ fro) and reduced velocity U * (U/ foD) for acircular cylinder at lock-in,

where foq represents the oscillatory frequency of the circular cylinder , fqo :;T‘ J K (m+ mp) isthe
natural frequency of the circular cylinder in gill weter , U isthe flow velocity , D isthe diameter of the
cylinder, Kisthe linear ring condant , misthe massof the circular cylinder , and mp is the dis
placed mass of fluid by the immersed body. Their results are sown in Hg. 1 and Fg. 2.

From Fig. 1 the following conclusons can be dravn: 1) The lock-in range can be divided into
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two parts: in the firg part , frequency ratio f ~ changes linearly with the reduced velocity U ~ ; in the
seoond part , i.e. the lower branch , f ~ does not change with U ™ and keeps congtant. 2) The reduced
velocity range of the lock-in sage dependson messratio m ™ ,where m " = m/ mp. 3) When m ™ >
10.0, a cylinder anog directly turns into the second part as on as it enters the lock-in range and
f'= 1.0.

2.5 -
/
L (./ |
U/ f =575 J 25|
- start of lower branch~._ / dl
=l X« m*=1.19 5 i (m*+1.0)
; //-,0.-0-0-0!0‘—‘—.7/ | =
I S A i okl N (m*-0.54)
15k ff =222 & L /
+ /////G'l Soasos 9 8{ L -
S Wses X ’
i gm =883 oy fr=925 ‘
1.0 o  Cru— .-énd of synchronization /
I 24 T
Ve -
7 |
i /& |k
05F / "
L /. = |
7 I |
Y | |
] 1
ok | P R — [
6» 10 15 20 0.5 b=t — - 1 . .
i Y 5 ) 15
U . m
U'=1/8, mk,=0.54

Fig. 1. The relationship among f *, u”, and m" in Fig. 2. Frequency versus mass ratio o a circuar cylin-

the lock-in range when (m ") is very low. der undergping VIV a the lover branch. e Gor-
m " ismass ratio. { isdarping ratio. Stisthe vardhan (2000)  Khalak (1999) O Hover
Srouhd number. Horizonta lines represent the (1998) Anand (1985) (Govardhan and
lower branch. ( Govardhan and Williamson, Williamson ,2000) .

2000) .

Qvardhan and Williamon (2000) d gave an empirica formula on the relationship between
frequency ratio f ~ and mass ratio m ~ for a circular cylinder a the lower branch as srown in Fg. 2:

Foner = @m* Y €

where fiower = flawer/ fro, flower deroting the frequency of a circular cylinder at the lower branch of the
lock-in range.

On the other hand , many conputation mode s for cylinder’ s vortex-induced vibration such as the
wake ostillator modd , correlation nodedl |, gatisic nodel and polynomia Galerkin node have a0 been
developed to calculate the amplitude regponse of VIV.

In these sEmi-enpirica nmodds, added mass is an important quantity and the idea added mass,
i.e. the added massfor an accderating body noving in an irfinite, inviscid and inconmpressble fluid ,
is often adopted. For exarple, the idedl added mass codficient is 0.5 for a phere and 1. O for a cir-
cular cylinder.
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However , added mass in genera is variable and not equa to the ideal added mass due to visous
dfect. It is condant and equa to the ided added massonly at the ingant that the body darted from
reg in afluid. Sapkaya (2004a) pointed thisout and did experiments (Sarpkaya, 1978 , 2004b) to
observe the fluid dynamic force (inertia component and drag conmponent) on the body undergoing VIV.
By ddinition, inertia component relates to added mass in the whole lock-in range of VIV. Vikedad s
experiment (Vikedad et al. , 2000) showed that the added mass codficient Co( Ca= my/ mp, my
being the added mass) for a circular cylinder variesfrom 4. 5 to nearly - 0. 8 when the reduced veloci-
ty changesfrom 3.0 to 13.0. Thus experiments denondrate very clearly that the added massdf a cir-
cular cylinder undergoing VIV can ot be snply equal to the ided added mass. The same concluson
is a9 dravn from numerica Smulation (Willden and Graham, 2001) . $ the outstanding problemis
how to show the variation of added massfor a circular cylinder at lock-in.

In this pgper semi-enpirical formulasfor the added mass codficient of a circular cylinder at lock-
inwill be gven and applied to the cdculation of the armplitude regponse of VIV with the wake oscill ator
node .

2. Theoretical Analysis

A ring-mass- danping nodel shown in FHg. 3 is adopted to gudy the added mass of a circular
cylinder at lock-in. Two assunptions are given: 1. Siffnessof ring is condant ; 2. Damping is very
grall.

Fig. 3. ring mass darping modd .

The governing equation of a circular cylinder subjected to VIV is:
2
mY+ Zmat) § + m@t Py = R0, @
where , misthe massdf the circular cylinder with unit length; foisthe natura frequency of the circu

lar cylinder in vacuum and fo:;{ v KI'm; yisthe diglacement of the circular cylinder;  isthe

damping retio , i.e. the ratio of gructura damping to criticd damping in water; F,(t) is the cross
flow cormponent of the total hydrodynamic force.
At lock-in, a good gpproximetion to the diglacement of cylinder and the lift force of fluid (Sarp-
kaya ,1979) is
y(t) = AIn(QTfeet) , F (1) = ARSN(ATfect + D). 3

F,(t) can be renritten as:
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Fo(t) = Roos?dn(ATfect) + R SNP0OS(AT fosct) . (4
Qubdituting Eq. (4) into Eq. (2) , the following equation is obtained :

2
m‘;?{‘ + 2 m(ato) ‘(’ft‘ + m(ATfe)2y = Foossin(Tfogt) + FSndoos(Tfoct). (5)

From Eq. (3) one obtains:

2
O =A@ (@t . Y = A@lTog) 0S(ATTos) (6)

Qubdituting Eq. (6) into Eg. (5) yidds:

CO_S¢]d2—y [ _hsn® ﬂdy 2, _
[m+A(2_[f0$)2 dt? +| X m(atfo) - AT foe)] dt + m(atfg)“y = 0. (7)

Acoording to the definition of added mass, the expresson of added massis

o o —hoost ®
T A@feg)
ff damping is negligbly small , the following equation can be obtained from Eq. (7)
2
(m+ m) T+ maro?y = o 9

Eg. (9) isan equation of a snge degree-of-freedom system describing harmonic oscillation with natu-
ral frequency
foz —— or m.= m(Y- 1), (10)
J1+ mid m

Eg. (10) shows that the true nature frequency f,of a cylinder at lock-in is controlled by the fluid via
its added mass. Bxperiment (Vikesad et al. , 2000) and numericd smulation (Willden and Graham,
2001) show that the ostillation frequency is nearly equa to the true natura frequency of a circular
cylinder at lock-in.

Because 3/ f2 is aways postive at lock-in , the following equation is obtained from Eq. (10) :

ma > (- m) (11)

Eg. (11) shows that the added mass can not be smaller than - min the lock-in range of VIV.

Eg. (1) requires m” >0.54,i.e. - m< - 0.54mp, and m, = - 0.54mp can be obtained
from Eq. (11) , therefore the theoretical minimum value of added mass codfficient for a circular cylin-
der at lock-inis Camin= - 0.54.

3. Semi- Empirical Formulasfor Added Mass
At lock-in frequency ratio can be written as:

« _fog  fn Em"'m
f = o~ fro - Nm+ ma (12)

The edimation formulas of added mass codficient for a circular cylinder a lock-inwill be given for two
sparate cases, m~ <10.0 and m~ >10.0.
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3.1 Mass Ratio m <10.0

*

The intersection point of two parts in the lock-in range of VIV is determined by‘LfJT =5.75 and

= [peL0
lower — m*_0.54-

. £ -1.0 flower - 1.0 R +m
In the firs part , =~ = . ,where f = . Thus,
P " - 5.0 5. 75f 0 - 5.0 m+ m.
. flower - 1.0 . , m + mp floner - 1.0 .
f = . U -50)+1.0,i.e. = . U -50
5. 750100 - 5.0 ) Nm+ ma T 5. 75 - 5.0 )
+1.0. Therfore , the added mass codficient can be obtained :
Ca = m—leg - m", when5. 75fe > U” > 5.0 (13)
flower - 1.0 .
where, G= . U -5.0 +1.0.
5. 75 joner - 5.0( )
In th dpart , because f * = fioue | | m* Mo _ @” he added o-
n the seoon part, K] = Tiower , | . €. m+ma— m*_0.54,t mass Q0
ficient is
Ca=- 0.54, when 9.25fgwer > U~ =5.75foner (14)

3.2 Mass Ratio m” >10.0

Under this condition , f * = firse= 1.0, i R/M“—Jm*—”-ﬂtheref -
nader this condition , = Tiower= . , 1. e. m+ma— m*_0.54, ore, my =

- 0.54mp can beobtained, i.e.
Ca=- 0.54, when 9.25fge > U~ > 5.0.

(15) are the semi-enpirical formulasfor the added massof a circular cylinder at lock-in.

(15)

Egs. (13)
3.3 Preconditions
Fgs. 1 and 2 are obtained under the condition m "¢ <0. 02, which isobtained from the experi-

menta data (Khalak and Williamson , 1997a, 1999) . In Fig. 1, the reduced velocity at lock-in garts
flomU =1 S=5.0, where S isthe Srouha number and St =0. 2 is stiied only when 100000

> Re>300 (Fernando and Hassan, 2005) . In addition, Eq. (1) requires m = >0.54.
Therefore , Sami-enpirica formulas on added mass for a circular cylinder et lock-in, i.e. Egs.
(13)  (15) , should be used under the following conditions: 100000 > Re>300, m "~ >0. 54 and

m " <0.02.

4. Comparison Between Experimentsand Numerical Smulations

For the verification of the semi-enpirica formulas, Egs. (13)  (15) will be conpared with nu-

merica amulaions and experiments reectively.
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Fg. 4 presents the conparion between the semi-emmpiricd formulas and numerical Smulation
(Willden and Graham, 2001) using a quas-three-dimensona numerica method. Egs. (13) (15)
agree with the numerical amulation well , epecidly a low reduced velocity.

02, Ca —&— Numerical simulation rCa —s— Exeriment
—— Computation —+—  Computation
0.0} &
-0.2
0 ke
-0.4
-0.6
1 1 L 1 1 1 1 _2
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u u
D £,D
Fig. 4. Gonparion with numerica smulation Fig. 5. CGonparion with experimenta results
(m” =0.6366) . (m”™ =1.6552).

Fig. 5 showsthat the resultsobtained from Egs. (13)  (15) have the same tendency versus the
reduced velocity as the experimental results (Vikegad et al. , 2000) .

For the case of low m "¢ , Fig. 2 (Govardhan and Williamson , 2000) shows that added mass co-
dficient keegps C, = - 0.54+£0.02 at the lower branch of the lock-in range.

In the case of high mass ratio m ™ >10.0, Sarpkaya (1978 , 2004b) made the VIV experiments
of circular cylinders. These experiments showed that a circular cylinder with mass ratio m ~ > 10. 0
can be regarded to be in the second part as son as it enters the lock-in range of VIV and added mass
oodficient is C,= - 0.50, whichisclos to - 0.54, the vaue presented by Eq. (15) .

5. Application to the Wake Ostillator Model

5.1 The Modified Wake O<cillator Modél

The wake oscillator model presented by wan (1974, 1975, 1981) iswidely used to caculate the
anplitude regponse of cylindrical sructure (Lyons and Patel , 1986 ; Chen and Wang , 2004) . Because
o the variation of added mass a lock-in, this anaytical modd should be nodified by using the added
mass presented by Egs. (13) (15). The gpproaches of the nodified wake ostillator nodd are sugr
geded asfollows:

(1) Cdculate the natura frequency f, and the mode shape of cylindrical gructureg ,( x) with the
gructural mass including the added mass m, gven by Egs. (13) (15).

(2) Acoording to the flow speed digtribution , the lock-in range along the cylindrical sructure can
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be decided. Function s(x) is defined as:
1.when5.0 < U~ <9.25fq, for those parts at lock-in

s(x) = . . . .
O,when U < 5.00r U > 9.25fgr , for those partsout of lock-in

(3) The effective mess vnzj'cl) m(x)Ezn(x)dx/J'; s(x)& % (x) dx and the mode shape factor

| |
I :J‘O m(x)€ 4 (x) dx/ . m(x)& % (x) dx are caculated , where m( x) isthe massper unit length
o the circular cylinder including the added mass obtained with Egs. (13) (15).
(4) Cdculate the danping ratio  ; and the anplification factor F, by iteration as follows:
Sep 1. Assume the initid value of danrping ratioC .

Sep 2. Cdculate the anplification factor F, =1/ [1+9.6(E )81, wherep ! :T[p_l;lZ/LAl'
Qep 3. Cdculate the danping ratio{ § = 1, + F.%, , where

|
[P0 DML~ s(0]]&x(¥) | dx
¢n = (2D/3T) "l 12 12

|
[Iom(x)£ﬁ<x)dx] [Iom<x>£%<x)dx]
Sep 4. If the daping ratio ; and the anrplification factor F, do ot satiSy the demand of con-

vergence , then |, ={ 5 and gp to sep 2. Hse, dop iteration.
(5) Cdculate the anplitude of the cylinder at lock-in Y,(x) = DF,l CVE (%),
(6) Acoording to the range of reduced velocity , correct the anplitude.

5.2 The Amplitude Response at L ock-in

The added mass codfficient given by Egs. (13)  (15) and the ided added mass codfficient of a
circular cylinder are both used to caculate the anplitude regponse at lock-in and conpared with the ex-
perimental results given by Knaak and Williamon (1997b) . The goproaches presented in section 5. 1
are used and the results are presented in FHg. 6. It showsthat the nodified wake oscillator modd usng
the added mass obtained from Egs. (13)  (15) is nore accurate than that usng the ided added
mass.

6. Conclusion

Variaion of the added massfor a circular cylinder at lock-in can be described better with semi-
enpirica formulas, i.e. Egs. (18) (15) , thanwith the ided added mass. The semi-enpirical for-
mulas show that added mass codficient C,for a circular cylinder at lock-in is mainly related to mass
ratio m ~ and reduced velocity U~ ,i.e. Co=f(m ,U"). Theoretica minimum value of the added
mass codficient for a circular cylinder at lock-in is Camin = - 0.54. In addition, the wake oscillator
model usng Egs. (13) (15) can predict the amplitude regponse of a circular cylinder a lock-in
nore accurately than that usng the ideal added mass.
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