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A STAGGERED MESH COMPACT DIFFERENCE SCHEME AND
A PRESSURE-POISSON-EQUATION THAT SATISFIES THE
EQUIVALENCY

Yu Xin
(Institute of Mechanics, Chinese Academy of Sciences, Beijing)

Abstract

(1) A staggered mesh compact difference scheme is presented for solving the un-
steady viscous incompressible Navier—Stokes equations. It is fourth order accurate
both in the spatial direction and in the time direction, at least third order accu-
rate on the boundary; (2) Describe a pressure-Poisson-equation that is equivalent
to the discrete continuity equation provided the discrete momentum equations re-
main. The discrete continuity equation may have derivative boundary conditions,
e.g., the compact difference scheme; (3) A new ADI iterative method is proposed.
The pressure—Poisson—equation is in the discrete form. It is difficult to be solved
with a usual ADI method. We translate it to be tridiagonal in each spatial di-
rection of each step of the ADI iterations, then add a pseudo time term to get a
tridiagonal equation which is easily to be solved; (4) The driven flow in a square
cavity with Re = 10000 is simulated numerically.
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EHESHAEAHERS BHREAL, (BY) Bekr, MERESRERE, 3R
24 s A BL235610 | ks R A BN 3, WAKBE AR (§2.2), LR
LHEESRZMIM (§2.3) , WBE T MUY Runge-Kutta 3 (§2.4) , W& & Rk
BT BRI, AR [9] HE .

2. MiFEEZEMEERESBX

AP IEREME AT (1] 2] hESLRAE (L (214) R) REE S HGHE
(0. §2.4), fiti 5 3= 234 307 2 6] A0 i 18] 75 1) 493K 3 7 PO o oE e
2.1 EFEEHMEATEY Navier—Stokes 51 :
‘?; FAV)+Vp=0, Q (HBAV)=(V V)V V2V ), (2.1)
div V =0, Q. (2.2)
2.2 THTHMEBELHNERES AR
XA HRMA (2.1)(2.2) B RMEREE., &E-—BrEE R ESRE %R,
& (2.1)(2.2) wEEER
Vn+1 —_V*
A + Vhpn+1 =0, RFBPV*'=V"-AtA,(V"), (2.3)
divy, V™! =, (2.4)
Hef V™ = (u,v"), A(V) = (v + vy — V(Ugz + Uyy), Uty + 00y — V(Vzg + Vyy))
Ay, Vi divy 35148 A, V, div HEBIER,:
(1) Ap(V™) FEI—Fr S8 ug, uy WESARERA
u' 1+ 4u +1 +u

i-1,j+3% i+ Yiprgel T Yio154d
= 2.5
6 2Az ’ (251
1
Ugp AU _ Yty T %ig-4 (2.5)
6 2Ay ) 2
KT H v, vy WEHFAR,
(2) An(V"™) PRI H R vor, uyy HWESARSFFHIMTER
n 1
Uired FIOWG P W Ul ~ 2001 e (2.6)
12 (Az)? ’ N
" n n
Ulj 1+10u1 1 +U”+z :ui’j_%—2ui,j+%+ui,j+% (26)
12 (Ay)? ' e

KB TTB vor, vyy WEHAR, R (26)1 HRSF (Az)? 7 [1] # (3.2) A0 [2] # (3.2)
(3) Vip i pr MEHAR (py HESARAED):

1+22p”+1 +p1+13+1 pz’+%,j+— pl__J_,r_2

24 ' Az )

P;_ —1,5+
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(4) divpV & v, ZEH AR (vy BESAREW):
1
ui ] % + 22u +2, +1 +u"’+2,]+2 — uz+11]+% - ula]+% (2 8)
24 Az ' '
(5) (V-V )V uu, BRI w Uil Uy oS IOR Vipl s M uvg, vuy PH u,v B
IER7 =
u,j 1 +ul+1] 1 +u’1+1 +u1+1’1+2

1
Uil = 4 - g[(Am)zum + (Ay)zuyy]i+§,j’ (2.9)

HB M SHAHA (2.6) 0% RMETH, v, ;51 OEEARAL
(6) Vi b4 AR, X FEH WE, A EEkeE, mEy it EEEREE. % (2.3)
BT —BETE. e, W §2.4.
3 BREMESDR
ERBREME Ve =Vr=(ul,oD), Rh T =00. THLH z =0 AMHEHAR
(1)1 tlz=o = —0] , (RMESEHE), Hov: vyly=o=-u, (2.10)
()2 ve FEz=32Az tBAR B uy £ y= 30y itELK:

M|H

3’01 +U3 Vs .—'vOj 3u l+’u/ 3 U. 3 — U0
2)] 2 ’ 9 2 . ba ’
=2, = (2.11)
4 Az 4 28y
n !/
Buljed T Uaeg _ Oogey 160 s + Ty 00 Yoy (2.12)
9 B 6(Az)? Az’ '

St )y = ~(0D)ogps B (210,
(2)2 Voo 7 7= 2Az WHHEAR (uy 7 y = 2Ay BIARAKR):

" 1
i Va4 P0a T3ty (2.13)
6 3 Azx? ’
(3) po £ o=Az WEHAR (py & y = Ay HARKR)
. Plivy ~ Poses TP s _ Pi+d T PLieg (2.14)
Li+3 24 Az ’

MR (1] [2] FME— 0 ZHOR 02 4 R D SR, 1 [1] 2] i (3.10) R
TEREZW, EEE 5(Az)’)", HAAEFBT Bk EHLR, NAEFBE—
Fi,
(4) BEFHBYF ug, T == 1Az MEHAR (v, £ y = 34y BHAREL)
Zug g 16U St i B T i
18 Az

(5) (2.9) ™ —Br S Hoif 3+ H R 952 1A -

U | =Az — U |z=0 r
uzzl:,::.;_Az = =2 mA.’L' = ) Uyy|lz=0 = Uyy =0, (216)

(G = ~(0F)oge1 ) (215)

+}
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K uslo=ne A (25) WER, HEEFE, Uole=o = —v] oo
2.4 EEFHESHRAMY Runge—Kutta 243X
EX f(V)=Ap(V)+ Vip, HHES p # diva(An(V) + Vip) = 0 &3r. W f
2V E#HE % Vei+ £(V) =0 Al Runge-Kutta 23
yrtl _yn + ki + 2ks + 2k3 + ky
At 6
Hep k1 = f(V™), ka = f(V" — §tky), ks = F(V™ — &tky), kg = F(V™ — Atks).

=0, (2.17)

3. HEEMEMES Poisson #ig M
%R TRIB B (B0 SRR AR 2 Mp MAC 24 H#5 1)

~

Vn+1 —V*
—x—t Vip"Tl =0, (HHEV*=V"—-AtA,(V")), (3.1)
divy, V1 =o. | (3.2)
. V'n+1 -V L
£ NSp= —x Vep™th, (W (3.1) TUBRNS,=0), (3.1)a

Kt div, (N Sp) HEX # (3.1) E VIES R EEXL @Jﬁﬂ'ﬁ&%ﬁl*&%ﬁ*&iﬁ NSp ~

((Nsh) +1’(Nsh) ) Vi~ (u? ij+10 z+1 )

# div,V aﬁiaﬁ-mﬁ%ﬁ%wmmﬁ: Dn(V,Vr,VVr), Hip VERBARE
GREEX. V=V, VVr=VV|r, (LHHFHEREMRARERT VV 05
Hog, (VHTM Vr MEEHFETHEKAE VVr-n) M V(Vr-7)-7, Kb nF
THD bmamEmnEmasy g MAC &R 4 wagHs VVr, HEEgEHET
BESENRFAE. ) TR BHRNELHIE (3.2) TER

Dp(V™L Vit vveth = o. (3.2)
H(31)(31)a, NS,=0,V" —aNS,=V"", (o HEEER, RALR
B8
Dp(V™! — aN 8, VI vVt = 0. (3.3)
EE3.1 MEEWH o, (3.3)(3.1) Z2HTF (3.2)(3.1).
¥ (3.1) RA (3.3), B a=At, N HEH Poisson HE

Dyp(Vip"t1,0,0) = iDh(V*, vt vyt (3.4)

ERMERHN 47divaV” (31 (2.8)(2.15)) , BRE V¥ = VL (VV*)p = VVEH
(B (2.15) FPEI‘J U 1 ). (3.4) &N divy, (Vap™ ) (B 1 (2.7)(2.14) (2.8)(2.15)),
BRE (VP =0, (SR (2.15) ## ugz43 )0 (V(VP™)r =0, (£ (2.15)
i ug’j+% ). X& MEh&ES ARTHENTE, TEW Pt MR XA
BB &N, (4] FERMBA. (0 [4]§6.3.1 The projection and MAC methods)
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XK, BATATLAR E A Poisson 48 (3.4) k& p™t, BIA (3.4)(3.1) % (3.2)(3.1)
sk #® Navier-Stokes 5#2 (2.1)(2.2).

4. —FhERAMEH Poisson HFIEM ADI EKE

Fi 7 Poisson 778 (3.4) H#:H ADI iR mx. ®i1%E ADI ZRMEF—F b
A (EE) FRBEEAY=XALNZ EEMAEE, XESINTBR=N A%
w, BESRM (GENK ADI HREEE M EE). 51 (3.4) IER

1 .
divh(vhp) = Edith*, (+ B &4F) (4.1)

AXLHm ADI xRe: B4z FAMy HE, -z HFRARMN
O p WIMES LS p & (2.7)(2.14) MR ARIE Vip F110 py:
(py)i+%,j—1 + 22(py)i+%,,’ + (py)¢+%,j+1 Pipl el ~ Pyl -1

= ] =2,3,-+-), (4.2
24 Ay 7(] 3y )$( )1

(py) + (Py)i+%,1 - 2(Py)i+_%,2 + (Py)i+%,3 _ Piyl2 TPyl (4.2)
Pyli+it 24 = Ay ) -4)2

@M (2.8)(2.15) xR HARIIH diva(Vip) F I pyy:

(Pyy)i-q-%,j—% + 22(pyy)z'+§,j+% + (pyy)i+%,j+% (py)i+%,j+1 ~ (py)i+%ﬂ' :
2 - Ay =12

2(Pyy)i+§,o + 15(Pyy)i+§,§ + (Pyy)i+-;-,% (py)i+§,1 - (py),-+%,0 (43)

18 Ay ’

((Py)i-f.%,o =0, (pyy)i+%,0 =0)

® Dzz = ﬁdith* — Pyy (4‘4)
@R B [— KIE] BRE (2.8)(2.15) MMM FHEITHE pr -

(p:m:)i—%,j+% + 22(Pwm)i+§,j+§ + (pza:)i+%,j+% . (pm)i+1,j+% - (pz)i,j+%
- bl

24 Az =12
2(Poz)ojiry + 15(Pe) iy + (Pas)yjns  (Pe)ijng — (Pedojig (4:5)
18 Az ’
( (pm)O,j+% =0, (pa:a:)()’j_i_% = 0)
®HH (2.7) f1 (2.14) AW
(P2)ia j+i T 22(ps); it (Pm)i.q.l j+2 .
'(pz)i,j+% = 2 24 2 2’5(7' = 2a3a47"')

' (4.6)

. 25(ps)1 541 = 2(Pr)agey + (Po)sjivg
(pa:)l,j-{-% = 2% )
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®%4r (2.7)(2.14) , FHmthEtEE, BWMFXT p KEWNALHHE, BZB/p

* X*
(pz)i+1,j+% — (P2)ij+1 CPislel T2l 0l TP al Pipljtd

Az (Az)? At, G

=1,2--)

(P2)ised _ PR+d ~Phitd  Pya+} (4.7)
Az (Az)? Aty

1@ (4.2)2, (4.3)2, (4.5)2, (4.6)2, (4.7)2 ﬂfﬁﬁ it > N— i,A:I: - —Ax ﬁ _7 - N —j,

Ay - —Ay, AIBEMIX MK AL R R DR AR

y FAARTEPAH. ULOE—-EBELHLYTOESWELE. 230 — ©, B3

MBS RBO=RARETTE (4.7). A3LH [1] # 0 HARA T X85 ADLERE.

5. WHEAABEITH

BATHZE M EBES BN BEER T B3y Y Esh i Z 4 5 B fsh,

%% Navier-Stokes H# (2.1)(2.2) , H#HRH: 0<z<1l,0<y<1,

HAEME: V =(-10), (& y=1); V=(0,0), (% y=03%2=02z=1);

B Re=1/v =10000, Az=Ay=1/N, N =256.

ATH-SRITESHME (22 3.1), [1] FHEEMEINE, ADI &R, FiREEZR
|diva V| < 10715, A HL ERM#HE:, N =256, Re = 10000, f§ |divpV| < 6x10714,
XiRBE S Poisson 52 (4.1) (B (3.4)) WM BRELFE divev =0 (BREE
B (3.1) ).

(B 138 REEAREE v WEELK ATRE , AXRHATHAREHN v 1B
Poisson H#4,

Yij+1 — Vij (Ay)? Vi1, — Yij (Az)?
% = ui,j-}-% + —El—uyy’ % = —(’UH_%,J. + ——24—1)1;3;), (51)
R uyy, v BELZIHEENES, (WTFRA (5.1) MprEEEEHE (2.2),
[(Yit1,41 — Yiv15) — Wijrr — ¥ig)] — [(Wir 541 — Yije1) — Wigr,5 — ¥i5)] = 0, (5.2)
F£ (2.3)-(2.7),(5.1),(5.2),(2.9)~(2.14),(2.16) % Navier-Stokes ## (2.1)(2.2) K5 —
Fh OB R B E S R).
B3|l eXA

Vil = 5 \/Z(u,-,j+%>2 v \/Z(v,-+%,,-)2 ), V=@, 63

V4= V]=t,4536655, V5= V|t=t,+542.340.
2] FBANAHNERAENEEE AXRALSEMEETEES, #—5itHE55E
fRBERE] ¢t AL RN A T =6.727 WE 2, M 3), 5 [3] hA e T = 6.36 #ik.
MEFATLEY, BEBNKRITELBEHFNEENL. B3 b t=1t +549 ik

min [|(V]t=ts +nat) = Vsl = [[(Vl=t+niae) = V|| = 1.13 x 107°.
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fFaA&tETR

. . -6
00 I(V lt=t, +n, At+nat/100) — Vsl = 7.15 x 107°.

[3] S RESRIT R A EERAONSZ—, [7) il TEUNERE, XS
AXE3E 2 hEEAWS. BB 2, w3}, 1,t) & v(3, 5,t) TEMERK

|A(t)|sin(27t/T + 61) + | B(t)| sin(2nt/(T/4) + 62) + C(¢), (5.4)

R T Wbk ¢ %%, |Bl BMATE (M 2a), |B|=|Al (& 2b), |B|> |4l (A
2¢).

0.030

0.026

VVNVANANAAAAAAS

0.020

1. &M ( t=t,+86.5, Re=10000, N=256) 2a. tit i (0.5,0.5) 4beyEBEBERTE (t—t1) BB

0.0260 0.0268 U

v+0.0162

v+0.0162

0.0250 LI B e A T 1
480 490 500 510 520

0260 — v e
00200 5 260 270 260 200 Pise]
:

& 2b B 2c
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10 3
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10 '

— v-wll
[1v-vil|

10 4T — T T T T =
536 541 546 551 556

B 3. ||V — V| st (t—t) ik (i =4,5)
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