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Abstract A fifth-order theory for solving the problem of interaction between Stokes waves and exponential
profile currents is proposed. The calculated flow fields are compared with measurements. Then the errors caused by
the linear superposition method and approximate theory are discussed. It is found that the total wave-current field con-
sists of pure wave, pure current and interaction components. The shear current not only directly changes the flow
field, but also indirectly does so by changing the wave parameters due to wave-current interaction. The present theory
can predict the wave kinematics on shear currents satisfactorily. The linear superposition method may give rise to more
than 40% loading error in extreme conditions. When the apparent wave period is used and the Wheeler stretching
method is adopted to extrapolate the current, application of the approximate theory is the best.
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A combination of wave and current forces acting on the submerged part of an offshore plat-
form is the major environmental loading. So the problem of wave-current interaction has attracted
the interest of a large number of researchers. We are now involved with two classes of problems:
the variation of wave parameters in the process when a wave encounters a current and their inter-
action in the steady wave-current coexisting field. We have already investigated the former be-

[1]

fore'’”. In this paper, we emphasize the analysis of the interaction in the coexisting field.

The water particle velocity in the wave-current field is usually predicted by using the linear
superposition method; that is, the current is simply added to the wave-induced velocity in quies-
cent water condition. As a current is only defined to the still water level, the current profile be-
tween the still level and the wave crest has to be assumed. Bea'?! reported that the conventional
method was too crude; namely, it might be conservative when the current was flowing in the di-
rection of wave propagation, and might be risky for the current travelling against the wave.
Hence, wave-current interaction cannot be neglected. To meet the need of engineering design,
various approximate methods based on the linear superposition principle have been suggested to
take the effect of interaction into consideration by making appropriate modifications in wave peri-

od or current profile!?]

. However, we are still not sure in what circumstance they will underesti-
mate or overestimate the forces and how large the errors will be. Therefore, it is necessary to
make clear the influence of wave-current interaction on design loading and the applicability of the

approximate methods!* 57 .

Peregrine'®’, Srokosz!”! and Toumazis and Ahilan'®! have reviewed the studies in this area,
mentioning both small and finite amplitude models. Besides the straightforward solution for

* Project supported by the Chinese Academy of Sciences.
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uniform current, the analytic solution for Stokes waves on linear or bilinear currents has been de-
veloped. Cummims and Swan'® extended the bilinear model to a five layer description of the flow
field to represent strongly sheared currents with reduced discontinuity in vorticity, but the con-
vergence of the solution seemed difficult to achieve. Skyner and Easson'®! measured the velocity
profiles for steep, steady waves travelling on shear currents. With the help of symbolic computa-
tion, we have found the solution of Stokes waves with the coexistence of shear flows with expo-.
nentially decaying profile in the vertical direction. The corresponding flow fields are compared
with the experimental results of Skyner. And the effect of nonlinear wave-current interaction on

wave kinematic and hydrodynamic forces is analyzed. Then the approximate methods are evaluat-
ed.

1 Analytic theory
1.1 Statement of the problem

We consider the problem of wave motion in vertically varying currents. The velocities of gen-
eral circulations and currents due to tides or storm surges are at most of the order of a few knots,
which are much smaller than the phase velocity of wave propagation. Hence, the current of prac-
tical interest can be considered moderately weak. Since the time scale of current is mostly much
longer than the period of gravity wave, steady current is believed to be a reasonable assumption.
The problem is formulated in a reference frame moving along with the wave, so that the flow
looks stationary in this frame. However, except for uniform flow and linear shear cases, the irro-
tational assumption is no longer applicable due to velocity shear. Instead, the Dean’s stream func-
tion formulation can be applied; namely, the governing equation becomes

Vg =-0(y), (1)

where ¢ is the stream function, 2 is the vorticity.

Most studies available directly solved eq. (1) to derive the analytic solutions, in which both
the stream function and the unknown free surface needed expanding. To eliminate the difficulties
lying in the unknown free surface, Dubreil-Jacotin developed a coordinate transformation which
maps the wave domain into a rectangle and fixes the {ree boundary at ¢y =0 (see {ig. 1) by regard-
ing vy as a function of z and ¢, y= y(x, ¢).

It is convenient to further non-dimensionalize the equation based on the wave number £ and
the phase velocity C. Then the resulting nonlinear equation is
Verds = 23V + (1 + 33D gy = Q(P) vy (2)
Despite the obviously more complicated governing equation, this is a small price to pay for simpli-
fying the boundary condition. Moreover, the behaviour of the perturbation series in large wave
amplitude situation is better than that of otherwise obtained series!!®!'}. Applying eq. (2),
Hui!1*! developed an analytic solution for pure wave, and Chaplin[m conducted a numerical simu-
lation for wave on arbitrary current profile.

At the free surface ¢ =0, the non-dimensional Bernoulli integral with constant pressure can
be written as
l 1+ _yi

) 5 + 0y = constant, ¢ = 0, (3)
Yy
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¢=0 where 8 = (Cy/C)?, Co=+"g/k, Cyis the phase

speed of infinitesimal wave and g is the gravity ac-

celeration. Finally, the bottom boundary condition

reads
¥z, ¢) vy - o (4)
¢) * (b) 1.2 Perturbation solution
Fig. 1. Reference frame. (a) Cartesian; (b)Dubreil- The solution is exPanded in a double series of
Jacotin parameters A and e, where A is the amplitude of

the first harmonic wave scaled by £ ! and ¢ is the
vorticity strength scaled by Ck. Since the current is moderately weak, 2 and e are assumed to be
of the same order. Then the whole solution is regarded as the sum of uniform flow, pure wave,
pure current and interaction terms:

yz,¢) = g+ wlx,¢)+ c(x,¢) + n(zx, ¢), (5)

where w(x, ¢), c(x, ¢) and n(x, ¢) are three series depending on A alone, ¢ alone and both A
and € respectively:

5

wlz, ¢) = 2wz, $IA,

i=1
S

c(x,¢) = Zci(x,gb)ei, (6)
n(x, ¢) = B 2 nij(x,gb)hiej.

Eq.(5) is reduced to pure wave or pure current case as € or i tends to be zero. Evidently, the
isolation of the interaction term n{x, ¢) facilitates the analysis of the effect of wave-current in-
teraction, and the results for pure wave and pure current given by Huil'*? and Kirby[m respectiv-
ely can be directly made use of.

In the case of pure current, ¢(x, ¢) is independent of z since the considered current profile
varies only in the vertical direction. The governing equation can be greatly simplified:

Cop = 0(4’)(?,, (7

We consider a shear current with exponentially decaying profile in the vertical direction £ = ee?,

(14]

which is the same as indicated by Phillips''*’. By perturbation methods, the solution is easily

shown to be

c(¢) = ¢+ ee? + %eze” + %e3e3"b + %s“e‘”’ + 2—(3)5%5‘”. (8)
The current profile can be expressed in Cartesian coordinate system as
1 1 22 1 33 1 44
- — y — Yy _— y - = y —_— y
U ee(l yee’ + gete ge e’ +yge'e ), (9)

which is closer to field measurements than the uniform and linear ones'®!. It should be pointed out
that the wave is travelling to the left; negative U (negative &) represents following current,

while positive U (positive ) represents opposing current.

To seek a periodic solution satisfying the bottom boundary condition, it is reasonable to as-
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sume the form of the interaction function n;(z, ¢) as the product of triangular functions of x
and exponential functions of ¢. With the help of the symbolic computation software MATHE-
MATICA, the interaction function can be found by using the surface boundary condition since the
governing equation is automatically satisfied. The lengthy coefficients have been shown in ref.
[4]. Now we lay emphasis on analyzing the wave parameters and flow fields when wave and cur-
rent are coexisting.

The wave height H in current can be directly obtained from eq. (5) by evaluating it at
¢=0,
10 3 153 73 3593

19 3993.3 2
H = 2h+3h +4 28h +24h+196h5' (10)
The dispersion relationship is also determined by the boundary condition
C _ ; lz 8 38 373 1 815322 614
G, =l gerghtr gt ghie + g’ + okt 4 Iagphtet + e
19 4 603 23, 874 o5
Shie+ Srhie’ + 5 e (11)

The above two equations show that when current is vertically sheared, the wave parameters in the
coexisting field are different from the pure wave ones. The parameters depend not only on the
wave amplitude 2, but also on the vorticity strength ¢ due to current. Generally speaking, fol-
lowing current tends to increase the wave height and phase velocity, and opposing current tends to
decrease them. The variation of wave parameters will certainly lead to the change of flow fields.

In the Dubreil-Jacotin formulation, the horizontal and vertical velocity components can be ex-
pressed in the following form:

u = —1—, v =2 (12)
Yy Yy

If the inverse function ¢ = ¢(x, y) is found from eq. (5), it is not difficult to calculate the veloci-
ty and corresponding acceleration fields in the Cartesian coordinate system. The results are trans-
formed to the physical plane by removing the uniform flow part due to the moving reference
frame. Since the maximum horizontal force and capsizing moment are of -the most importance in
ocean engineering, the horizontal velocity component u is investigated in detail. The results show
that the total flow field in a wave-current environment consists of pure wave «,,, pure current U
and interaction component u,,

u = u, + U+ u,, (13)
where u,, and U are the same as the pure wave and pure current profiles. They are series of A
and ¢ respectively. The interaction term u, can be written as

U, = . Z mijhiej. (14)
Lzl i+vi<s
The coefficient m,; is shown as the product of three matrixes S, M;; and E, m; = SM;E, where
S = (cosx cos3x cosSz), if 7 is odd;
(1 cos2x cosdx), if i is even.

E =(e? ¥ &% &' &9)T,
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The superscript T means transposition of a matrix.

If the interaction terms equal zero, the analytic theory is reduced to the linear superposition
solution. When linear superposition is applied, neither the velocity and acceleration nor the wave
parameters in the flow fields can reflect the effect of nonlinear wave-current interaction. Since the
perturbation parameters 2 and e are fixed, the present theory is suitable for the condition when

wave and coexisting current are travelling forward together.
1.3 Effect of interaction on flow fields

The distributive force f exerted on small-scale offshore structures is usually predicted by
Morison equation:
s
4
where C4 and C,, are the drag and inertia coefficients respectively, p the water density, D-the
cylinder diameter. The total force F on the cylinder is given by the integration of eq. (15). Since
the drag proportional to the square of the total wave-current velocity u is the dominant force act-

f = %CdpD‘u.'u-l- CmpDzz:c, (15)

ing on small-scale structures such as the legs of a jacket platform, the loading error doubles the er-
ror in particle velocity. Therefore, -it is very important to accurately compute the velocity field.

Skyner measured the wave kinematics on shear currents by the method of particle image ve-
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locimetry (PIV). The main current condition was generated by introducing a flow opposed to the
wave along the bottom of the flume. To show the effect of nonlinear interaction on flow fields,
the velocity profiles predicted by the present theory and linear superposition method are plotted in
fig.2, along with the experimental measurements. The perturbation parameters h and ¢ are de-
rived from egs. (9)—(11) according to the current velocity, wave height and wave period used in
the tests. The theoretical current velocity is kept equal to the measured value at the {ree surface.
Then the horizontal velocity component can be obtained {from eq. (13). When linear superposition
is used, h is determined by the pure wave theory; the total velocity is calculated by adding the
current to the pure wave velocity.
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Fig. 2. Horizontal velocity under crest. (a) U= -0.06 m/s, H=0.13 m, T=0.98 s; (b) U= -0.06 m/s,
H=0.12m, T=0.81s; (¢) ,U: -0.17m/s, H=0.13m, T=0.98s;(d) U= -0.17 m/s, H=0.12 m,
T=0.81s.

The exponential profile is a suitable model for the experimentally generated current. For
weak current (see fig. 2(a), (b)), the exponential current is in agreement with the measured
shear flow. When the current becomes strong ({ig.2(c), (d)), the theoretical current velocity is
a little higher than the tested one away from the still water level. Because of the difficulty in gen-
erating shear flows, the current velocity was set to zero at the depth of 0.4 m although the water
depth was 0.75 m in the experiments. That is to say, the current strongly sheared near the still
water level existed only in the upper half of the water flume, while the theoretical profile we use

can reasonably represent the shear current extending from the bottom to the free surface.
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Near the water surface, the combined wave-current velocity obtained by the present theory is
consistent with the measurement for all the current conditions. Because of the difference in cur-
rent profiles, the results show some difference deep in water for strong current. In this case, al-
though the relative error may be large, it will not exert significant effect on loading since the ab-
solute value of velocity is small. Consequently, the present theory can predict the wave kinematics
on shear currents satisfactorily.

The figures also show that the error caused by the linear superposition method is within the
range of 10%—30% and increases with the increase of wave amplitude and current strength. It
reaches the maximum near the free surface and decreases rapidly with the depth, the reason for
which is that the velocities of wave and current exponentially decay with depth; the interaction

between them decays correspondingly.
1.4 Effect of interaction on hydrodynamic forces

The total force F and capsizing moment M derived from the present theory and linear super-
position method are further compared in figs. 3 and 4, so that the effect of nonlinear wave-current
interaction on wave loading in extreme conditions can be elucidated. Typical design wave and cur-
rent parameters are chosen as follows: wave height 13 m, wave period 11 s, current velocity

+1.5m/s, and the cylinder diameter is 1 m™®!.
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Fig. 3. (a) Total force in following current. (U="~1.5m/s, H=13m, T=11s); (b) tatal force in opposing cur-

rent (U=1.5m/s, H=13m, T=115s).

The graphical results illustrate that the linear method overestimates the forces in following
current (see figs.3{(a) and 4(a)), and underestimates them in opposing current (see figs.3(b)
and 4(b)). The error due to interactive effect is around 40% . The qualitative conclusion is con-

sistent with Beal?]

. As for wave of certain amplitude, the interaction of the wave with opposing
current is more prominent than the interaction with following current, and the error of linear re-

sults in opposing case is 10 % higher than the error in following case.

It should also be pointed out that the maximal wave-current loading does not occur exactly at
but a little in front of the crest. Eq. (15) shows that the loading consists of drag and inertia com-
ponents , which depend on velocity and acceleration respectively. Although the velocity is not
maximal in front of the crest, the combined act of velocity and following acceleration may give the
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Fig. 4. (a) Capsizing moment in following current (U= —1.5m/s, H=13m, T=11s); (b) capsizing moment in
opposing current (U=1.5m/s, H=13m, T=115s).
maximum force. Since following current increases the particle velocity near the crest, the drag is
much more significant than the inertia in this case, so the maximal loading appears very near the
crest and decreases fast away from this phase. The effect of drag becomes relatively weak for op-
posing current, so the maximal loading appears somewhat far from the crest.

2 Approximate theory
2.1 Review of approximate theory

Based on the above analysis, the linear superposition method may give rise to more than 40 %
error in wave Joading. Therefore, the effect of nonlinear wave-current interactin on flow fields
and hydrodynamic forces cannot be neglected in engineering design. During these years, various
modified linear superposition methods, namely the so-called approximate theory, have been pro-
posed to approximately take account of the effect of wave-current interaction. However, these
methods lack theoretical and experimental basis. It will help reduce uncertainties in wave-current
loading on offshore structures to compare and evaluate these empirical approaches.

The wave velocity in a wave-current coexisting field may be obtained by using (i) actual
wave period T'; (ii) apparent wave period T, where T, is the period that an observer moving
along with the depth-mean current U, will see. Although the wave height H and wave number &
in the moving frame of reference are the same as those in the stationary frame, the phase velocity
is different:

C=C,+U,. (16)
As far as the frequency is concerned, the wave frequency w seen from the stationary frame is dif-
ferent from the frequency w, seen from the frame moving with the current

w = w, + kRUL. V)]
This phenomenon is what is called ‘the Doppler effect!!®). To keep consistency with the analytic
theory, the variables are all non-dimensionalized with C and % in the following analysis. Since the

wave appears to be propagating on still water in the moving frame, the relative frequency w, can
be given by linear wave theory w,= v/ gk tanh(d)/Ck, where d is the water depth. The mean
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current U, is computed by using the first-order expression U, =
0
1_\&\ 2/sinh(2d)J U(y)cosh(2(y + d))dy, derived by Kirby for arbi-
—d

trary current profile U. With the actual wave period T{(2n/w) given,
eq. (17) can be solved to obtain the apparent period T,,,(27/w,).

If the current Uy is defined to the still water level, the current
contribution U to the total particle velocity may be obtained by a num-
ber of methods (see figure 5).

(i) Linear adjusted method (L). The current profile is extended
to the crest with a uniform current equal to the value at the still water

level
{U(y) = U0}, y > 0; (18)
U(y) = Uly), y<0.
Fig. 5. Current profile ex- (ii) Wheeler stretching method (W). The current profile is
trapolation. 1, Linear adjusted; stretched vertically to the instantaneous surface 7:
2, Wheeler stretching; 3, mean (y - Vd
position; 4, still water. U(y) = US(_ - 1 - ) (19)
d+ g

(iii) Mean position current (M). The local particle velocity is determined by the value at the
particle mean position y,:
U(y) = Ulym)- (20)
sinh(y,, + d)

The mean position may be found using linear theory y,, = y — —Ig —m—cosﬁ , where H

is the wave height, and @ is the phase angle.

There are six possible approximate methods by using different combination of wave periods
and current extrapolation methods. The approximate wave-current model can be summarized in
the following three steps: (i) the proper wave period is used as input in a wave model for zero cur-
rent, and the particle velocity « ., due to wave is derived; (ii) the current is extrapolated to obtain
the modified current velocity U in the flow field; (iii) the wave induced velocity u,, is added to
the current U; then the total water particle velocity « at any depth can be calculated

u(y) = u(y) + U(y). (21)

2.2 Evaluation of approximate theory

The distributive forces obtained by the analytic and six approximate solutions are presented in
fig. 6 for the above design wave and current parameters. To show the different approximate meth-
ods in the figures, the wave contribution is represented by the actual period T and the apparent

period T,,,; the current contribution is represented by L, W and M respectively.

Generally speaking, when the actual wave period is used, the three current profile extrapola-
tion methods cannot well model the water particle kinematics. The forces are overestimated in fol-

lowing current and underestimated in opposing current. The linear adjusted forces deviate signifi-
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cantly from the results of the analytic
If W or M is adopted, the
results can be improved but they are still

solution.

unsatisfactory.

The apparent wave period gives bet-
ter results than the actual period for the
same current profile since the Déppler ef-
fect is considered. W yields the best
agreement with the analytic results and
the error is restricted within 10% . Phys-
ically, when wave and current are propa-
gating in the same direction (see fig. 6
(a)), eq.(16) shows that the apparent
period leads to smaller phase velocity and
corresponding particle velocity than the
actual period, and we can see from fig.5
that Wheeler stretching gives the smallest
the

combination

velocity in extrapolation

and their

current

methods, just
makes up the shortage of the linear super-
position method that the wave loading is
overestimated in following current. Simi-
larly, in opposing current, their combi-
nation gives the largest forces among the
approximate methods (see fig.6(b)), so

it is also applicable.
3 Conclusions

In this paper, an analytic solution

for Stokes waves riding on vertically

y/m

y/m

10

- 10

-20

-30

—40

Fig. 6.
H=13m, T=11s); (b) distributive force in opposing current (U =
1.5m/s, H=13m, T=115s).
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(a) Distributive force in following current (U= —1.5 m/s,

sheared currents is presented; the effect of nonlinear wave-current interaction on flow fields and

hydrodynamic forces is analyzed. The results show that wave-current interaction not only directly

changes the flow fields but also alters the wave parameters. The analytic velocity is in agreement

with the available measurement. The linear superposition method may cause large error in design

loading. It is observed that when the Wheeler stretched current in connection with the apparent

wave period is used, the wave kinematics can be generally best modeled by the approximate theo-

ry.
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