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ABSTRACT

A general theory of fracture criteria for mixed dislocation emission and
cleavage processes is developed based on Ohr’s model. Complicated cases
involving mixed-mode loading are considered. Explicit formulae are proposed
for the critical condition of crack cleavage propagation after a number of
dislocation cmissions. The effects of crystal orientation, crack geometry and
joad phase angle on the apparent critical energy release rates and the total
number of the emitted dislocations at the initiation of cleavage are analysed in
detail. In order to evaluate the effects of nonlinear interaction between the slip
displacement and the normal separation, an analysis of fracture criteria for
combined dislocation emission and cleavage is presentéd on the basis of the
Peierls framework. The calculation clearly shows that the nonlinear theory
gives slightly high values of the critical apparent energy release rate G, for the
same load phase angle. The total number N of the emitted dislocations at the
onset of cleavage given by nohlinear theory is larger than that of linear theory.

§ 1. INTRODUCTION

A general theory of crack propagation due to combined cleavage and dislocation
emission is proposed in this paper. The concepts adopted here have been developed
by Rice and Thomson (1974), Ohr (1985) and Lin and Thomson (1986). The well
known dislocation emission model proposed by Rice and Thomson (1974) gave a
quantitative criterion for ductile versus brittle behaviour.

Recently Beltz and Rice (1991), Schoeck (1991), Rice (1992) and Rice, Beltz and
Sun (1992), have reanalysed the Rice-Thomson criterion on the basis of the Peierls
(1940) framework, in which the fully emitted dislocation is considered as a contin-
uous distribution of infinitesimal continuum dislocations. For the mode 11 case, Rice
(1992) presented an cxact solution for the loading as the nucleation instability was
developed and identified a solid-state parameter, the unstable stacking energy 7us,
which characterizes the resistance to dislocation nucleation.

The brittle cleavage of a crack in a metal is usually accompanied by a consider-
able number of dislocation emissions. A fracture criterion accounting for the effects
of the dislocation emission were proposed by Sinclair and Finnis (1983) with a simple
analysis for a pure mode I crack. Their model was constrained to cleavage on one
plane and crack branching was ruled out. A general theory for crack propagation in
the situation of combined cleavage and dislocation emission was developed by Lin
and Thomson (1986). Their model is also constrained to cleavage on one plane and
crack branching was not permitted.
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On the basis of numerous observations, Ohr (1985) pointed out that crack pro-
pagation was a mixed-mode process in which dislocation emission and cleavage
could proceed in the same plane. After emitting a number of dislocations, the
crack propagated along the slip plane of these dislocation and stopped after at
certain distance. Then a second slip system was activated. After emitting a number
of dislocations, the crack propagated along this second slip plane and stopped again
at certain distance. This model is consistent with the geometry of zigzag crack
propagation. On the basis of this model, we developed a general theory of fracture
criteria for mixed dislocation emission and cleavage under mixed loading.

Explicit formulae are proposed for the critical condition of crack cleavage pro-
pagation after a number of dislocation emissions. The effects of crystal orientation
geometry and load phase angle on the apparent critical energy release rates are
analysed in detail.

§ 2. BASIC FORMULAE

We consider only the plane strain problem, that is we solve a two-dimensional
theory. Suppose that the crack front is contained within one slip plane which is most
highly stressed in a crystal. As shown in fig. 1, the slip plane makes an inclined angle
0y with respect to the crack plane. Suppose that the crystal is subject to mixed-mode
load which includes the stress intensity factors k and ky; at the crack tip with respect
to the coordinate system (Oxy).

The in-plane normal stress o, and shear stress T, acting on the slip plane,
according to the linear elastic theory, can be expressed as

=) 1 00 k](l + cos 00) - 3k" sin 00

0"_5005(2) )P : . (n
b 1 00 k[ Siﬂ00+k"(300800— l)

woa cos( 2) (2nr)! 73 : (2)

According to Rice and Thomson (1974), the stress intensity factors contributed by
an emitted dislocation along an inclined slip plane are

/J'bc . (00)
kg = — 3sinfgcos| — |, 3
I g e T 3 2)

/"bc 00
e SR e yvic) °°s(2 ) *)
where b, is the Burgers vector of an edge dislocation alone the slip direction and r, is
the distance from the crack tip to the edge dislocation. It is convenient to introduce
the coordinate system (Ox*y*) in which the x* axis is coincident with the slip direc-
tion and the y* axis is perpendicular to the slip plane. With respect to the coordinate
system (Ox*y*), one can define the stress intensity factors K; and K;; as follows:

Ki = lim((2nr) ), | )

Ky = lim((2mr)'27,], (6)
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Geometry of crack plane and slip plane.

where the oy and 7, are the stress components acting on the Ox* plane. Substituting
eqns. (1) and (2) into eqns. (5) and (6), one obtains

K' = %Cos(ez—o) [kl(l #+ 00800) -— k"3 sin 00],
| ™)
K" = %cos (%) [kl sin 00 s 7 k"(3 cos 00 on l)] 3

It is worth noting that eqn. (7) provides only an appropriate approximate expres-
sion. As point out by Lin and Thomson (1974), the exact solution for the stress
intensity factors at the branched crack tip is complex. The definitions (5) and (6)
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were introduced by Nuismer (1975) and are widely used in constructing the criteria
for mixed-mode cracks without accounting for the effects of dislocation emissions.
Similarly using eqns. (1)-(6), we can find that

Kig=- ub l/23sm()0cos (0)(l—coseo)
2(1 = »)(2mr,) 2
e 0 (8)
Kyg = — 7 (2 + 3cos? 6, — 3cos ) cos’ (—9)
2(1 — v)(2mre) 2
The local stress intensity factors are given by
Ki® = K, + Ky, o)

K = Ky + Kyg.

The physical meaning of eqn. (9) is clear. The local stress intensity factors are less
than the applied stress intensity factors. This decrease in local stress intensity factors
is caused by dislocation shielding.

When an edge dislocation is emitted from the crack tip along the slip plane, the
emission condition is given by Lin and Thomson (1986) and Rice (1992) as follows:

Ku = Kllc: (l())

where K. is the critical stress intensity factor for the dislocation emission.
According to Rice (1992), Kj;. is given by

. 211Yus 5
K= (122) (1)

where -, is the unstable stacking energy of the slip plane.
The cleavage criterion for crack branching into the slip plane is given by Nuismer
(1975) as follows:

(KP) + (K}P)’ = Kies (12)

where K. is the fracture toughness for the slip plane. Meanwhile at the initiation of
cleavage branching, the local mode II stress intensity factor K”p is given by

Kif? = 1Kite, 0<n<l. (13)

Suppose that the cleavage criterion (12) is met after N edge dislocations are
emitted. Then the local stress intensity factors are given by

N
llp “h ik _l__ 3 si 2 ?2 1 — cos 6,
K, 7(1 '3 u (; (21[",-)”2)‘ sin @ cos > (1 —cosby),

N
t 5 b 1 2 By ey ) R
Klp ,\" —2(1 :V) (iil ( )I/Z) Cos (—2)(2+3LOS 00—3(.0300),

27"',‘

(14)

where r; (i = 1,2,...,N) is the distance from the crack tip of the ith emitted dis-
location. We introduce several parameters as follows:

1 1
T4 5 it # T L BB e G Sates 15
@nr)'* N ;am.-)‘“’ e
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b i
€, = (16)
2(1 5 V)(znrc)l/zKlle

and

C, = Cy3sin 8, cos® (%0) (1 —coséby),

(17)
C, = Cycos® (20) (2 + 3cos® By — 3 cos bp).
Equation (14) can be expressed as follows:
K{® = K; — NC, Ky, (18)
| e Kn = NG Kjge.
Substituting eqn. (18) into eqn. (12), one obtains
: (K1 = NC Kpe)’ + (Kip — NC,Kpe)> = K. (19)
Using eqn. (19), eqn. (12) becomes
K S A
N*(C} + C3) — 2N(C, + Cytan ) —- (—L = p? 20
(Ci+ G3) (C+ G an¢)K.,c+cos2w Koo p (20)
where
taniy = KF"I (21)
and
K.
=—= 22
aek (22)

If we know the number N of the emitted dislocations, one can easily obtain the
critical value of K;/Ky. from egn. (20).

As shown in fig. 2, when the applied load is increased, the stress intensity factors
K and Kj; will simultaneously increase along the straight line OC. At point A, the
mode I stress intensity factor reaches the critical value K. The first dislocation is
fully nucleated at the crack tip, then emitted from the crack tip along the slip plane
and finally stopped at a distance r. The local stress intensity factors K, “ and Ky o
are decreased from point to point B, along the straight line AB,. The slope of the
straight line AB, is determined by eqn (8) As the applied load increases again, the
local stress intensity factors Kl and K increase along a straight line B, A, which is
parallel to the straight line OC. At pomt A,, the local mode II stress intensity factor
reaches the critical value Kj;, again; the second dislocation is fully nucleated at the
crack tip, then emitted alone the second slip plane and finally stopped at distance r,.
The local stress intensity factors decrease from point A, to point B, due to shielding
by the second dislocation. As the sequence is repeated, at the crmcal point Ay, the
radius OA} is equal to the radius OC after the Nth dislocation is emitted. The
fracture criterion (12) is met and the cleavage branching occurs.
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Effects of applied load and dislocation shielding on local stress intensity factors.

Equation (20) can be rewritten as follows:

K s T
NY(C? + C3) — 2N(C, coty) + C ——“—+———( ") = p. 23
( 1 2) ( 1 w 2) K[]e Sin2’¢’ K“.e p ( )

Let us look at straight line ByAy which intersects the horizontal line A;A, at
point Ay. Obviously the radius OAY, is less than the radius OAy and greater than
the radius OAy_,. Let

(1 + NC,)’

o = N2(C} + C3) = 2N(Cy cotyp + Cy)(1 + NCy) + T

(24)

Hence we have

PN-1 S P S PN- (25)

For a given p and %, one can easily obtain the number N from eqns. (24) and
(25). Substituting N into eqn. (20), one can obtain the critical value of Kj/Kyp. It is
given by

Ky " Ki )
= tan| —). 26
Kie w(Klle (26)

The local stress intensity factors are given by eqn. (9). The local load phase angle
1 is determined by following equation:

sin 6y + tany(3cosfp — 1)
1 + cosfy — tanh yp3sinby ’

tany = (27)

where 1), is the load phase angle; tan 4y = ky /k;. The parameter n is given by
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tip
n= 7<IT:; (28)
The apparent critical stress intensity factor K, is defined as follows:
KZ = Ki + Ki, (29)

where K; and Kj; are the stress intensity factors at the start of cleavage branching.
The apparent critical release rate G, is given by

1—-v

Ge= g

KZ. (30)

§ 3. RESULTS
Calculation was carried out with the parameters v = 0-3 and C; = 0-01368.
The average distance r, in eqn. (15) was taken as 3000b. This means that r is
approximately 1 pm. 3

3.1. 6p=0
In this case, the slip plane is coincident with the crack plane. We have
tan ¢ = tan 1, (31)
K ; ‘W ;
tan ¢y =ﬁ, Ya=73- (32)

Equation (32) means that Kq4, the value contributed by the emitted dislocations,
vanishes. Hence the straight lines AB, and A;B, are perpendicular to the K, axis.
The non-dimensional apparent critical energy release rate G./G. against load phase
angle 1), is shown in fig. 3 for different values of p. Figure 4 shows the apparent
critical stress intensity factor K./Kj. as a function of phase angle v. The total
number N of emitted dislocations at the onset of cleavage is depicted in fig. 5.

It is clear that, for a given value of p, the apparent critical stress intensity factor
K. and the apparent critical energy release rate G, are significantly increased as the
load phase angle 1, increases. The reason for this is that the total number N of
emitted dislocations is increased considerably as the load phase angle increases. In
other words, when the significant component Kj; is applied, numerous dislocations
will be emitted from the crack tip. The local stress intensity factor K:}p still has a low
value. Hence the cleavage fracture occurs when and only when the local stress
intensity factor K™ reaches a certain value. The major contribution to the cleavage
fracture is due to the local stress intensity factor k™.

From eqns. (12) and (13), one can find that

K;:p % 7
K (2 -m)"
In our calculation, the values of the parameter 7 are in the interval 0-97-1.0.
Hence one can find that the value of Ki;”/K;™ is 0:333 for p = 2. When p = 1.5, the
local shear mode component Kj; contribution to the local critical energy release rate

G, is approximately equal to 0-45, which corresponds to the case of NaCl listed in the
review by Kelly (1966). When p < 1.5, the cleavage criterion (12) may not be suitable

(33)
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Apparent critical energy release rate G./G,. against load phase angle v for 6, = 0.

Fig. 4
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Apparent critical stress intensity factor K./Kj. as the function of phase angle 1, for 6, = 0.
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The total number N of emitted dislocations at the onset of cleavage for 6, = 0.

and the criterion K; = Kj. proposed by Lin and Thomson (1986) could be more
reasonable.

3.2.:00p:=30° -

Without loss of generality, we consider only the cases 0 < ¥y < n/2. Hence the
applied stress intensity factors k; and kyy are always positive. As a consequence, Kj; is
always positive and Kj4 and K4 are always negative in the case of 6, = 30°.

Let

1 + cos b,
3sinf, '’

According to eqns. (7) and (20), when 1 — g, ¥ — /2.

From eqn. (7), it is clear that, if the load phase angle vy is larger than i, the
stress intensity factor K; becomes negative and cleavage branching is not possible.
Hence we are interested only in the case 0 < ¥y < Y.

The apparent critical stress intensity factor K. against the phase angle v is
plotted in fig. 6. The total number N of emitted dislocations at the initiation of
crack branching is shown in fig. 7.

tan g = o = 51-20°. (34)

. 3.3. 6y = —60°
For this case, Kj is always positive. Let

e —Sinao
tan Y = os Ptk

i

(33)
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The total number N of emitted dislocations at onset of cleavage for 6, = 30°.
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The 1y is equal to 60°. When the phase angle ¥ < ¥, Kj; is negative; hence the
Burgers vector b, must be opposite as shown in fig. 1(b). From geometrical con-
siderations, positive Burgers vector b, is not permitted owing to the penetration of
the crack faces. Hence we are interested only in the case ¥y < . In this situation,
Kj4 is negative and Kjyq is positive.

From fig. 8, one can see that the radius OC should be greater than the OA in
order to guarantee that condition (10) for dislocation emission will be met first, so
that

e
9| > sin ‘(;) = P
Otherwise cleavage branching will occur before dislocation emission.
Let

Kug _ 2 +3sin’ @, — 3cos b,
Kig  3sinfy(1 —cosfy) '’ (36)
thg = 43-9°.

tanyy =

From fig. 8, one can find that || should be less than 44| in order to get a
positive value of K;™ at the start of cleavage branching.
Hence we have

vl 2 |9] > .

Figure 9 shows the relation of 1 against ). The values of 1, are 11-5, 7-18 and
5-74° for the cases when p = 5-0,8-0 and 100 respectively.

The non-dimensional apparent critical energy release rate G./Gj. against load
phase angle v, is shown in fig. 10 for different values of p. Figure 11 shows the
apparent critical stress intensity factor K./K. as a function of phase angle yy. The

Fig. 8

Local stress intensity factors for negative 6.
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Fig. 9
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Apparent critical energy release rate G, /Gy, against load phase angle 1, for the 6, = —60°,
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Fig. 11
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Apparent critical stress intensity factor K./Kj, as the function of phase angle 1, for 6, = —60°.
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The total number N of emitted dislocations at the onset of cleavage for 6, = —60°.
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total number N of emitted dislocations at the start of the cleavage is depicted in fig.
12.

It is worth noting that the trends in these figures are completely different from
that for 6, = 0. As the load phase angle v, increases, the apparent critical energy
release rate G; is considerably decreased. The reason is that the total number N of
emitted dislocations is decreased as the load phase angle increases.

§ 4. NONLINEAR THEORY OF FRACTURE CRITERION FOR COMBINED DISLOCATION EMISSION
AND CLEAVAGE ;

Recently Beltz and Rice (1991) and Rice (1992) have reanalysed the Rice—
Thomson criterion on the basis of the Peierls framework, in which the fully emitted
dislocation is considered as a continuous distribution of infinitesimal continuum
dislocations. For the mode II case, Rice (1992) presented an exact solution for the
loading as the nucleation instability was developed and identified a solid-state para-
meter, namely the unstable stacking energy +,,, which characterizes the resistance to
dislocation nucleation. »

Further development has been given by Wang (1995) in which a new set of
governing equations was established on the basis of the Peierls framework. The
new governing equation was successfully used to analyse the process of dislocation
emission. A detailed description of the procedure used by Wang (1995) is omitted
here owing to space limitation, but a brief summary is given.

Suppose that the slip plane is coincident with the crack plane. For general load-
ings, Beltz and Rice (1991) proposed a generalized constitutive relationt:

T = TmaxA(4,) sin (21t éb{)’

(37)
A A
o= amaxB(Ax)—Lz exp(l - T’)
where
A A
AA) = (1 +—E’) exp(— Ty) (38)
L T 847 Ay _ s :
B(Ay) =1 =4 (n il 8T, (39)
where L is the scaling length of the Thomas—Fermi screening length.
The basic equations can be expressed as
2 R 12p (7
s fnuL 20 47 = x1(r,, - D), (404)
TR, s ©)
(n+1)1tL s dr = x"/*(o, —ay’), (40b)

where R, denotes the length of the cohesive zone for slip displacement and R; is the
length of the decohesive zone for opening displacement. Beyond the R, there is no -

{We consider only the case when r = 0.
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discontinuity for slip displacement, but beyond R,, discontinuity of the opening
displacement vanishes.
We introduce following non-dimensional quantities:

tl=i, 't3=-ic—, Sl—T, SZ=—T—.
R, R, R, R,
Let
Fi(n) = 16, (x) . S
gi(t) = 1 (1 — 1),
and

B
Fyt)) = 85%b,(x) L,
2‘ 2y k+1 (42)
g:(t) = 1y (a, — o),

The functions F|(#,) and F,(1,) can be expressed as the following sine series:

1 ;
Fl(t,)=52amsm(m0), 4 =%(l+cos0), 0<6<m,
m=1

- (43)
Fit) =33 fusin(mp),  =3(1+cosp),  0<ps<m
m=1
One obtains
&i(n) = Eamcos(mﬂ),
by (44)
22(t2) =Y B cos(my),
m=1
and
B SR vy (45)
g TN (46)
k+12 4 e m? m\¥P),
v (6) = sin[(m —l%)B] _sinf(m +3)6] )

S 1
m-—3 m+s5.

The governing equations are transformed into a set of nonlinear algebraic equa-
tions: :

e :
Za,*ak—fmuA(Ay,-)sin(Znébf‘—") =0 iamibidesii M,
k=1

(48)

N * *
LoAS AL :
ijkﬂk -~ amaxB(ij Zjexp(l S [:v") = 0, Jj= 1,2,. P ,N,
k=1
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where

_ ©0s (k6;) — cos (k)

ik 172 ’
4
cos (ky;) — cos (kn
bjk = ( ])1/2 ( )’ (49)
by :
(i—1m (=Dm
g o e L e

A,; and A, are the shearing and opening displacements at X; = Ri(1 +cos6;)/2; Ay
and A}, are the shearing and opening displacements at Xj = Ry(1 + cos ;) /2.

Equation (48) is solved by the Newton-Raphson method. The iterating conver-
gence is guaranteed after five to ten iterations. Most calculations in this paper were
carried out with five digits of accuracy for stress fields in the cohesive zone.

The emitted dislocation are located in the interval (Ra, Ry). Suppose that all
emitted dislocations are far away from the crack tip. We have R, — R, < R,. In
order to simulate the effects of the N emitted dislocations on the stress fields in the
cohesive zone immediately ahead of the crack tip, a single edge dislocation with
Burgers vector Nb is used in the present calculation instead of the N discrete emitted
dislocations. ‘

The stress field ahead of the crack tip, produced by a single emitted dislocation
with Burgers vector Nb is evaluated by

o, =0,

Nub (xc) 12 1 (50)
X

Tx e .
_xc

a0 2(1 —v)m\x
The stress field induced by the remote applied load is given by

K

NVZE
(2nx) (51)
Ku

< (2nx)'7?’

Oy =

Txy

Hence the o\” and 7¥) in eqn. (4) are
K
010>==_____LT75,
(2mx)

-0 _ _ Kn Nub (xc)l/z 1

¥ ") Ao \x) T-m

(52)

In the cohesive zone, the stress field should be balanced with the cohesive stress
field of eqn. (37). :

The crack tip normal stress ofv’P, less than the 0-00010y, is taken as the fracture
criterion for the combined cleavage and dislocation emission process in the calcula-
tion. A typical calculation was carried out with materials parameters h/b =1,
L/b =04, 1y/u=001, oy/E = 0016, v =03, Tmax/ B = 0-159, 0. /E = 0-153,
M = 180 and N = 180.

According to Rice (1992), we have
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b EL

Yus = 2h’ 275 i * \Spia (53)

Hence the parameter p is given by

ch (27s) o L 1/2
= = =2n—(l+v = 2-866. 54)
A Kie Yus b ( ) (

The results of calculation are depicted in fig. 13 and fig. 14 for a combined
loading. For comparison, the results of the linear theory given in §2 and 3 are
also plotted in these figures. One can see that the results of the nonlinear theory
agree well with the results of linear theory. The nonlinear theory gives slightly higher
values of the critical apparent energy release rate G, and the critical apparent stress
intensity factor K. for the same load phase angle. On the other hand, the total
number N of the emitted dislocations at the incipient cleavage given by nonlinear
theory is larger than that of the linear theory. ‘

Detailed comparison reveals that the local stress intensity factor K" is much
lower than the Ky for the nonlinear theory. The parameter 7 is approximately equal
to 0-33, which is much lower than unity. Owing to the nonlinear interaction between
the slip displacement and the normal separation, dislocation nucleation is much
easier than in the pure mode II case. The mode I stress intensity factor not only
makes a significant contribution to the cleavage but also has an important influence
on the dislocation nucleation.

Fig. 13

Kc/ch

Yo

Apparent critical stress intensity factor K./ K as the function of phase angle ¢, for 65 = 0 and
X p = 2-866.
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Fig. 14
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The total number N of emitted dislocations at the onset of cleavage for 6, = 0 and p = 2-866.

§ 5. SUMMARY

(1) A general theory of fracture criterion for combined dislocation emission and
cleavage process is presented in this paper based on Ohr’s model. Explicit
formulae are proposed for the critical condition of crack cleavage propaga-
tion under mixed loading after a number of dislocation emissions.

(2) The behaviours of the plastic shearing and the brittle fracture near a crack
tip in a crystal are controlled by a combined process of dislocation emission
and cleavage branching.

(3) The crystal orientation and load phase angle have significant effects on the
apparent critical energy release rates and the total number of the emitted
dislocations at the onset of cleavage branching.

(4) The effects of the nonlinear interaction between the slip displacement and
the normal separation on the fracture criterion for combined dislocation
emission and cleavage can be evaluated on the basis of the Peierls frame-
work. The nonlinear theory gives slightly high values for the critical appar-
ent energy release rate G.. The total number N of emitted dislocations at the
onset of cleavage given by nonlinear theory is larger than that of the linear
theory.

§ 6. DiscussioNn
Many simplified assumptions have been introduced in the present analyses. The
dislocation emission actually takes place in three dimensions by a dislocation loop.
The present analyses are concerned only with a two-dimensional description. Elastic
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anisotropy, which is a main feature for a crystal, is neglected in our analyses. The
elastic anisotropy has not only a remarkable effect on the stress fields, but also an
important effect on the crack growth resistance. The molecular dynamic simulation
by Zhang, Wang and Tang (1995) has shown that the elastic anisotropy will reduce
or increase the critical stress intensity factor Ky, for dislocation emission from a
stressed crack tip by about 30%. The analytical calculation for crack extension and
kinking in laminates and bicrystals by Wang, Shih and Suo (1992) has also indicated
that the energy release rates will increase or decrease by about 40% owing to elastic
anisotropy for the same crack geometries and same loading conditions. In order to
justify quantitatively the effects of elastic anisotropy on the fracture criteria, further
investigation is needed.
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