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ABSTRACT: The interaction of water waves and seabed is studied by using Ya-
mamoto’s model, which takes into account the deformation of soil skeletal frame,
compressibility of pore fluid flow as well as the Coulumb friction. When analyzing
the propagation of three kinds of stress waves in seabed, a simplified dispersion re-
lation and a specific damping formula are derived. The problem of seabed stability
is further treated analytically based on the Mohr-Coulomb theory. The theory is
finally applied to the coastal problems in the Lian-Yun Harbour and compared with
observations and measurements in soil-wave tank with satisfactory results.
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I. INTRODUCTION

In coastal engineering design, people always need to know the degree of attenuation
of the incident water wave travelling over muddy seafloor and the criteria for instability
or liquifaction of seabed to occur. Hence, the problem of interaction between water waves
and seabed has long before been paid attention to and carefully investigated by numerous
models'—4,

Initially, marine soils were regarded as monophase media. Evidently, the applicability
of these models seems to be very limited owing to the fact that they entirely neglect roles
played by pore fluid and percolation effects. In reality, marine soil consists of three phases:
solid, liquid and gas. The solid phase forms the frame of soil; the water fills in soil pores; and
the gas only occupies a small portion of the pore volume. So, we believe that marine soil is
appropriately characterized by porous media. Even though, there are still a few selections.
For example, we can assume soil to be a rigid or elastic frame. Since energy dissipation
processes due to inelastic deformation in these models are overlooked, they need further
improving. Experiments showed that the shear energy dissipation comes from the Coulomb
or solid-solid friction, rather than viscous damping or fluid-solid friction. In contrast, the
energy loss of acoustic waves in marine sediments is due to both of them. For silt and clay,
the former is proved dominant factor within the whole frequency range. In contrast, for
coarse sand, the dominant mechanism of damping is the intergranular friction in the low
frequency range (0-1 Hz), but the viscous damping dominates in the high frequency range
(over 100 Hz)[l’zl‘ For this reason, we should never leave out dissipation caused by inelastic
deformation of the soil frame and viscosity of pore fluid.
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As a matter of fact, compression of pore fluid flow and deformation of skeletal frame
take place simultaneously. Considering energy dissipation mentioned above, M.A. Biot!®!
proposed a constitutive equation for fluid-filled porous media in 1962. Then, the stresses in
porous media under a plane strain condition are given as

Tze = He —2pe, — C¢ Tez = Ky (1 1)
T.. = He —2ue, —C¢{ p=M(~Ce '

where 7;; denote the stresses; p is the pore fluid pressure; e;, the strain components; e =
ez + €., the bulk strain; v, the shear strain; ¢, the convergence of weighted fluid relative
displacement w = B(U — u), U is the displacement of pore fluid and u, the displacement
of soil skeletal frame; H,u,C, M are the Biot’s elastic moduli respectively, which can be
determined by the bulk modulus of the grain K, the shear modulus G, the Poisson’s ratio
v, the specific loss of the shear or compression cycle §, the bulk modulus of pore fluid Ky,
the porosity of the soil 8, the degree of saturation s and the absolute pore pressure pg. All
the Biot’s elastic moduli, expressed in italic letters, are complex constants accounting for
slightly inelastic behaviours in marine soil. Especially, the imaginary part of complex shear
modulus p is nothing but the Coulumb damping due to grain-to-grain friction depending on
the specific loss é in a shear or compression cycle.

II. YAMAMOTO’S POROUS MEDIA MODEL!!2

Usually, there are two types of stress waves propagating in monophase solid media.
Nevertheless, an additional compressive wave of pore fluid adds to them for marine soil by
the porous medium model. When ocean waves are travelling over a seabed, pore pressure
gradient accumulates in pores, which induces a flow of pore fluid relative to the soil frame.
Thus, pore fluid transmits a force to the skeletal frame through fluid viscosity and pressure
gradient. Namely, the wave-induced effective stresses cause compressible and shear defor-
mations of soil skeletal frame and compression of pore fluid, which give rise to three types of
stress waves in seabed. During this process, ocean wave energy is dissipated by the Coulumb
friction and viscosity of pore fluid.

For dynamic problems, people should take into consideration the inertial term in the
equilibrium equation system. It turns out the second derivatives of product of weighted
density and displacement vectors: p.(1 — 8)u + BpsU = pu + psw with respect to time ¢,
pr and py are densities of grain and fluid, respectively. And

p=(1-B)pr+ Bpy (2.1)
is the weighted density of soil. Based on the Biot’s constitutive relation (1.1), the dynamic
equation systems for marine soil frame can be written as

2

W(pu + pyw) = uViu + (H — p)Ve — CV¢ (2-2)

Likewise, an inertial term, i.e. the second derivaties of psu + mw with respect to ¢ should
be supplemented into the usual Darcy’s law as well, where

m = (1+a)ps/B (2.3)
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is the reduced mass including added mass effects of soil skeletal frame in terms of added
mass coefficient a. In this way, the motion of pore fiuid satisfies
o? ns Ow
-Vp = —=(pru+mw) + ~— 2.4

p=galprut )+ks 5 (2.4)
where 75 is the viscosity of the pore fluid, k,, the hydraulic coefficient of permeability of
soil. Assume that soil frame displacements and pore liquid motion can be represented by
the sum of potentials of compressive and shear waves

u=VP9 +Vx¥

w=VPh +VX ¥V (2.5)
If the potential & and &, of the sinosoidal forms
&, = ¢1(z)expli(wt — kz)] (2.6)

D2 = ¢2(2)expli(wt ~ k)]

are substituted into Eqs.(2.4), (2.5), two kinds of compressible waves due to soil skeletal
frame movement and relative motjon of pore fluid are obtained. They are designated as
the first and the second compressible waves, respectively. Please note that k, water wave
number is a complex constant due to damping. Complex wave numbers and celerities of
compressible waves s;, s and V; and V; are independent of water wave parameters except
frequency w. Further assume the potential ¥; and ¥, to be

@1 = $,(2) exp [i(wt — ko))

W, = 1,(2) exp [i(wt — kz)] (2.7)

Then, substitution of them into (2.4), (2.5) leads to only one kind of shear wave since pore
fluid can’t bear any shear force. Similarily, its complex wave number s3 and celerity V3 are
independent of water wave parameters except frequency w.

To obtain stress waves induced by incident water wave, the solutions are generally
assumed to be a linear combination of three kinds of stress waves, with coefficients a;, b;, (i =
1,2,3), the profiles being exponential function of vertical coordinate z. At the same time,
they should meet the conditions at the interface between water and seabed, i.e. continuity
of normal velocity and pressure and vanishing of shear and effective normal stresses. As
a result, three unknown constants and complex water wave number k can be found by
solving the four algebraic equation system given by the foregoing boundary conditions. The
imaginary parts of all the wave numbers k and s are responsible for damping of water and
stress waves. In the long run, the expression of wave number k, usually known as dispersion

relationship, turns out to be
w? (1~ kgF/w?)

thkh = &= (2.8)
where
€ Fe prw{2k2[A1(c1 — e3) + AgE(ca — e3)] — s2[Ai(1 + ¢1) + A2 E(1 + ¢2)]} (2.9)
- k(2k% ~ 53)[51(C + c1M) + s3E(C + c2M)] '
B (2k? ~ s2){s%[(C — H) + c1(M — C)] + 2uk?} — 4uk? A1 )3 (2.10)

" (2k% = 82){s2[(C — H) + co(M — C)] + 2uk?} — 4uk?Ax);
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where ¢; are quotients of b; over a;(2 = 1,2, 3).

For a rigid impermeable bed, the stiffness coefficients C and M tend to infinity, thus
F tends to zero, and (2.8) resumes the familiar dispersion relation for water wave of finite
depth, that is to say, the interaction of water wave and seabed can be neglected.

For a Coulomb-damped poroelastic bed, the complex wave number k can be determined
by iteration methods. To simplify this process, we make an approximation to Eq.(2.8).
Assuming that damping is small, we have k = k.(1 + 1D/2), where the specific damping
D = 2k;/k, = o(1) stands for the decay rate of water wave energy. Since sand bed is
rather rigid, H,C, M > p and F is also small. Moreover, the celerity of water wave is much
smaller than that for stress waves in the seabed V,,/V3,V,,/V3 (or s1/k, s3/k < 1). Then the
characteristic roots are A\;, A3 & 1, Ay = k[1 — (s2/k)?]'/2. According to above assumptions,
the iteration formula for k, and D with simplified E and F can be reduced to

thk,h = w2[1 — sech®k,hReF]/k.g

D = —AImF/(2k,h + sh2k, h) (2.11)

where
Fe psw?(c1 — c3)
[8%(0 + ClM) + ng(C + CzM)]
_sf(C—H)+a(M-0)
$5[(C — H) + ca(M - C))

where k() = kSi)(l + iD®/2), if initial value kY is given as the solution of thk.h =
w?/k.h, D® = 0, then the complex wave number can be ultimately found out. With
wave number k and combination coefficients given, we are able to derive displacements of
marine soil and relative motion of pore fluid. By using the Biot’s constitutive relation, the
stress expressions are immediately yielded. Then, the vertical distributions for the ratios of
pressure of pore fluid and shear stress to the bottom pressure look like

P (C+ceiM)staiexp(Aiz) + (C + caM)s2azexp(A2z)

Pg (C +ea1M)s?ay + (C + coM)s2az

FE =

and
Too _ —2ipkAiaiexp(A1z) — 2ivkAzazexp(A2z) — p(2k* — s3)exp(Asz)

E - (C + clM)sfal + (C + CzM)S%az

which enable us further to examine the stability of seabed.

III. APPLICATIONS AND DISCUSSION

We have applied the foregoing theoretical results to a few coastal problems of the
Lian-Yun Harbour. To begin with, we tabulate the physical parameters of marine soil in
the Lian-Yun Harbour in Table 1121, Since measured data exhibit some scattering, an
average of them measured in situ at twelve points along the interface of marine water and
soil at depth 8.6m is chosen as representative parameters for the Lian-Yun Harbour’s soil.
We also list Yamamoto’s parameters in the same table for comparison.

We have plotted the specific damping of water wave versus wave number according
to (2.11). Just as shown in Fig.1, the larger the nondimensional water-wave number is,
the smaller the wave damping or vice versa. The reason responsible for that is: seabed in
shallower water exerts apparent influences on the attenuation of water wave over it. On the
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Table 1
Soil Parameters
pr Ps G K. Ky v By ) a s
kg/m®] [kg/m® [N/m?] [N/m? [N/m?
Lian-Yun 2.75 1.03 6.1E5 415E6 192E6 049 059 0.05 0.25 1.0
Yamamoto 2.65 1.03 1.0E5 3.60E6 192E6 045 040 0.05 0.25 1.0

contrary, bottom in deeper water merely exerts minor influences on it. Figure 1(a) displays
the relation between the specific damping and the shear modulus. Specific damping de-
creases with the decrease of shear modulus as k.h > 1.5 and increases with it as k.h < 1.5.
Figure 1(b)(c) provide the relations of specific damping with poroe water viscosity and soil
permeability, respectively. Obviously, the phenomenon can be easily imagined intuitively
from physical considerations, that is to say, smaller viscosity and larger permeability mean
smaller damping.
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The comparison of theory with experiments performed at the Tsinghua University!®!
have been made as well. The wave flume is equipped with wooden wedge wave maker at one
end to produce various water waves we need and with wave absorber in preventing incident
waves from reflecting at another end. Table 2{7] lists the theoretical and experimental values
of k;. We can see from them that there is no evident difference between them qualitatively,
namely, in the magnitude of order. What accounts for these errors is that the effects of
nonlinearity tend to increase damping, whereas thinner seabed tend to decrease it. Hence,
cases 4 and 6 show better results.

Table 2

Theoretical and Experimental Values of k;

Case h/[m] w/[1/s] k.h D ke/[1/m] ki/[1/m] ki/[1/m]
Theory Measured
1 0.125 1.0 0.775 0.07 6.2 0.217 0.455
2 0.205 1.0 1.055 0.04 5.1 0.102 0.221
3 0.205 1.25 0.798 0.07 3.9 0.136 0.194
4 0.205 1.5 0.645 0.085 3.1 0.131 0.130
5 0.285 1.0 1.323 0.02 4.6 0.046 0.0598
6 0.285 1.256 0977 0.045 34 0.0765 0.0757

Furthermore, the amplitude distribution of pore water pressure and shear stresses in
seabed are calculated. Since A; are complex, these quantities often decay exponentially with
a phase shift. The pore pressure, normal and shear stressses are shown in Figs.2, 3, 4,
respectively, from which we can see that the pore water pressure increases from 1 at the
interface to a maximum due to phase shift and then decreases exponentially. However, the
shear stress increases from zero at the interface. We also notice that the shear stresses have
a larger phase shift than that for pore pressure.
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(a) Distribution of shear stresses in seabed (b) Distributions of pore pressure in seabed
Fig.3 — Yamamoto ---- L-Y Harbor

Although we know that the rate of external loading has apparent influences on the
strength of soils, for instance, the strength of soil under slowly varying loading is larger
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0. 6)0 1.0 2.0 3.0 ( 40 5.0 than that under fast loading; periodic loading
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Fig.4 Normal and shear stresses variation T = e+ otgd

versus depth

in which ¢, ¢ are the soil strength parameters, i.e. cohesion and friction angle depending on
the soil compositions and the types of loading. ¢ is the effective normal stress. If external
forcing is fast without drainage, we call it a fast shear process; if the soil is subjected to a fast
shear force, it is referred to as unconsolidated-undrained test (UUT). On the other hand, the
soil is subjected to a slow shear force, it is referred to as consolidated-drained test (CDT).
The parameters in the present study are: ¢ = 40.0 N/m?, ¢ = 1.05° (UUT); ¢ = 121.0
N/m?, ¢ = 16.3° (CDT). We can see that the friction angle ¢ for UUT is considerably small
so that the line of shear stress strength looks almost horizontal. With the distribution of
shear stress and strength theory given, it is not difficult to judge when the marine soil will
slide and break down under the action of incident ocean waves over seabed.

Now we are able to conduct stability analysis. According to the soil data of the
Lian-Yun Harbor given in above section, Fig.5 and Fig.6 are plots exhibiting shear stresses
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varying with water wave amplitudes chosen as 0.05, 0.1, 0.3, respectively. Besides, the shear
strengths are plotted simultaneously in the same figures for the sake of comparison. Then,
we can conclude that under CDT condition the seabed is completely stable. In contrast,
the soil stability under UUT condition seems to depend on the amplitude of incidence water
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wave. In the present example, if the amplitude is 0.3, the marine soil is unstable; while the
amplitude is reduced to 0.1 or below, the marine soil becomes stable.

In conclusion, we must emphasize that the porous medium model suggested in the
present paper, has some limitations owing to the Biot’s linear constitutive relation. So the
model cannot be applied to large deformation or even soil moving conditions. Moreover,
the linearized water wave theory in the present study imposes some restrictions on wave
amplitude and water depth as well. Consequently, it is necessary for us to further study
nonlinear interaction of sea wave and muddy bed in the future. Since the soil shear strength
is a function of cyclic shear-strain and cyclic numbers, the stability criteria for seabed is
related to the waves-induced cyclic loading and its period. The resolution of these challenging
problems in ocean engineering is a task of top priority of the moment(8!,
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