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1 Introduction

The strange chaotic attractor (ACS )is an important subject in the nonlinear field’”. On
the basis of the theory of transversal heteroclinic cycles, it is suggested that the strange
attractor is the closure of the unstable manifolds of countable infinite hyperbolic periodic

points!" > % /. From this point of view some nonlinear phenomena are explained

reasonably!®™,

2 The Structure of Lauwerier Attractor

Lauwerier map is defined as

X —>bx(1-2p)+y,
L: { O0<b<l/2 (1)

Y -+4y(l—y),

where L: Q0 — Q.0Q0=[0,1] x[0, 1]. In y direction, L is reduced to the logistic map with
A=4. According to the properties of periodic points of logistic map, we have

Proposition 1. If (p .y .- +¥,_,)is a periodic orbit of logistic map, there is unique
point set (Xy, x| 5+ s Xe_y ) such that ((xy,,)s (X sp;)s e (x,_ | » Vi1 ) ) is asaddle peri-
odic orbit of L.

Proposition 2. L has periodic orbits of allperiods in Q.

Noticing y=y (0<x< 1)is a segment of stable manifold of periodic point (x, ;) of L
in @, we can easily prove

Propesition 3. The unstable and stable manifolds of all periodic points of L in Q form vari-
ous transversal heteroclinic cycles.

Accordingly, the closure of the unstable manifolds of all periodic points is a whole
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structure, which is called Lauwerier attractor. In order to discuss its structure carefully, we
perform the transformation

=4 1=t
2 2b ’
=TT

then L becomes

_ u--- >»b(+u,
L (3)
v -es 2% -1
whereL:é —- é,é ={lul<g l_?-? ,lvI<1 ). The fixed point (0,0) of L is replaced by

the fixed point p=( %— ,1)of L. The unstable manifold W *(p) of P has been derived

to be!®:
u(t)= Z b ®, (1),
! 120 (4)
v(t)=cost,
where @, (¢ )=sint/2*sin L . Its closure W*(p) can be expressed as

2k

-3 b sin (0. b_, b_,--- )2m
{ u= k;( ) ) sin (0.6, b, b,b_, s 21’ (5)

v=cos (0.b_,b_,- )2m,

where (0. b_,b_, ---)and (0. b,_,b,_, -+ byb_,--- ) are binary expressions.

In normal cases, X, denotes the collection of bi-infinite sequences of 0’s and 1’s. A map
h:X,— W*(p)is constructed as follows : '

As=(a,a,, = ay.a_ - a_, )L, his)=(up)

_v(b w sin (0. a_,a_, - )2n
{ u= k;( 2 ) sin (0. @,_, a,_, = @g a_,"+ )2m
p=cos (0. a_,a_, - )2m. 6)

Then we can show:

Proposition 4. £ is a continuous surjective map and satisfies the relation L - h="h - g, here
G is the shift map on %, .

Proposition 5. Hyperbolic periodic points, transversal homoclinic points and transversal
heteroclinic points are dense in W*(p).



118 CHINESE SCIENCE BULLETIN Vol. 38

From the above, we can draw conclusions of the structure of Lauwerier attractor:

(1)1t is the closure of unstable manifolds of countable infinite hyperbolic periodic
points.

{2) The stable and unstable manifolds of all periodic points form various transversal
heteroclinic cycles.

(3) Periodic points, homoclinic points and heteroclinic points are dense in it.

3 Attraction of Lauwerier Attractor
Attractive behavior of Lauwerier attractor is given as follows :

Proposition 6. V>0, 3N, when n>N, V(uy,v,) € é , the distance Z”(u0 s Uy) and
W *(p)is closer than ¢ .

Progf. v, can be parametrised as v,=cos z, then (u, ,v,)is derived as

_wyb  sin2' b | sin2"z ‘
{ M= k;( 2 ) sin (2" % z) +( 2 ) sinz_ O’
(7)

Obviously, V&>0, 3N, , when n> N, such that

b in2"
‘(7 y s11'1 z "

smz

&
<7

at the same time , Ag>0, E N, , when n> N, such that

Let N=max { N,,N, } , when n>N, for (u(t), v(¢)) € W*(p)(where t=2"z), the dis-
tance between (u, , v,)and (u(z), v(¢)) is smallar than e.
4 Chaotic Behavior on Lauwerier Attractor

Based on the fact that £ is a continuous surjective map and ¢ has a dense orbit on X,,
we can prove that L is topological transitivity on W *(p).

Proposition 7. Z has a dense orbit on W*(p).
Next, we show that Z has sensitive dependence on initial conditions on W “(p).

Proposition 8. There exists e>0, for any x € W*(p) and any neighborhood U of x,
Ax e U and n>0 such that d(L"(x) L (x))>=e.

Proof. Let g=min { lcos x—cos (x+n/2)|| x € [0, /21 >0, Vxe W4(p),
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3s=(---b, - by.b_, -+ )e X, such that h(s)=x.

¥ §> 0, there exists sufficiently large # such that 4(s)is contained in §neighborhood of x,
where s= (b, - by. b_y-b_,b_b_,_ ) b_,=1if b_,=0o0rb_=0ifb_,=1.
Based on (6)and (7), we get )

|L"2(x)—L"(x)>¢.

Propositions 7 and 8 tell us that the dynamical behavior on Lauwerier attractor is
chaotic .

According to the geometric structure, attraction and dynamical behavior of Lauwerier
attractor, we assert that it is a strange chaotic attractor.
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