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ABSTRACT

It is proved that the simplified Navier-Stokes (SNS) equations presented by Gao Zhit'.
Davis and Golowachof-Kuzbmin-Popof (GKP)!1 are respectively regular and singular near
a separation point for a two-dimensional laminar flow over a flat .plate. The order of the
algebraic singularity of Davis and GKP equation'™?®1 near the separation point is indicated.
A comparison among the classical boundary layer (CBL) equations, Davis and GKP equations,
Gao Zhi equations and the complete Navier-Stokes (NS) equations near the separation

point is given.

Keywords: separation flow, viscous flow, simplified Navier-Stokes equation.

I. INTRODUCTION

The simplified Navier-Stokes (SNS) equations or the so-called parabolized
(PNS) equations as a kind of approximate theory suitable to the whole flow-field
have found more and more applications in fluid mechanics, heat transfer and compu-
tational fluid mechanics™. But the characteristics of SNS equations near some key
points in flow field (such as separation point, trailing edge, leading edge, stationary
point) have not been studied. It is known that these key points are singular points
of the classical boundary layer (CBL) equations. Glodstein’s approach to the singu-
larity near separation point of laminar flow along a flat plate and near the trailing
edge of the flat plate™ has made important fundamental contribution to the theory
of classical boundary layer, giving rise to a new multi-layer boundary layer theo-
ry®.  Furthermore, Dean” compared the mathematical character of NS equations
with that of CBL equations near the separation point and proved that the NS equa-
tion has power series solution near the separation point, while CBL equation does
not have power series solution”. The latter is in agreement with the conclusion
that CBL equations have the Goldstein’s singular near the separation point. For con-
venience, Dean’s conclusion” can be briefly described as follows: NS equations are
regular near the separation point and CBL equations are singular near the separation
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point. In this paper, the mathematical characteristics of two kinds of SNS equations
presented by Gao Zhi™, Davis'? and Golowachof et al.® near the separation point
for two-dimensional laminar flow over a flat plate are studied in detail. It is found
that the Gao Zhi’s equations have power series solution near the separation point.
This conclusion is consistent with the fact that NS'equations are regular near the
separation point'”. But Davis’ and GKP’s equations are singular near the separation
point. These conclusions are consistent with those reached by making comparison
among the different SNS equations'™, but there is a slight difference between the Gao
Zhi’s, Davis’ and GKP’s cquations in mathematical character. SNS equations (2.3)
and (2.4) (See Sec. II) are obtained according to the principles presented at first by
Refs. [1—3]. Concretely speaking, Eqs. (2.3) are obtained by dropping the viscous
terms smaller than the order of magnitude of Re™% from NS equations (2.1), while
Eqs. (2.4) are obtained by dropping the viscous terms smaller than the order of magni-
tude of the Reynold number Re® from NS equations®™. These simplification principles
are obviously based on the classical boundary layer (CBL) theory. A new simplifi-
cation principle is proposed recently by Gao Zhi®!® which is based on the viscous-
inviscid flow interaction theory and completely independent of the GBL theory. Fol-
lowing the new simplification principle, the two most important kinds of SNS equa-

tions applicable to the whole flow field can be obtained by dropping the viscous
~1z3m .
terms smaller than the order of magnitude of Re ? and Re? from NS equations,

respectively, where m is the interaction parameter (a variable), m<—2~. The spe-

cial cases of m = 0 and 1/4 are corresponding to the classical boundary layer and
boundary layer separation, respectively. For the present statement, the two most
important kinds of SNS equations are just Eqs. (2.3) and (2.4). We call them SNS
equations (2.3) and SNS equations (2.4), for convenience, Gao Zhi equations, Davis
equations or GKP equations, respectively.

II. Tue Forms or SNS EquaTtions

The complete Navier-Stokes (NS) equations for the two-dimensional steady flow
of an incompressible fluid circling a flat plate are as follows:

Ou Ov |
2L 4+ =0, 2.1a
Ox ay (212)
Ou Ou 1 Op O'u O’u
oy Fray =~ ax (B By ) (2.1b)
=32 2 .
“§1+yﬁ_=_iﬁa+,(ﬂ+ﬁz), (2.1¢)
. Ox oy e Oy Ox? oy*

where p is the p.ressure, p the density, r = u/p, r is the coefficient of viscosity,
and x, y are the coordinate variables. According to the classical boundary layer
theory and SNS equation theory®™, CBL equations and two kinds of SNS equations
are, respectively,

[§1+§1=0, (2.2a)
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Ou Ov 1 Op O'u
o4 4y O = 1 0P 0% 2.2b
1% ¥ % o 0x | oy - (2.2b)
op
{3y = 0> (2.2¢)
( Ou + Ov. 0,
Ox oy
Ou Ou 1 ap O’u
1%% +98y 9-5;'—!-03@—, (2.3)
u@_+y8u___i6p J*v
. Ox oy P 0Oy 0?
(_m + Oy 0,
Ox oy
Ou Ou 1 9p O*u
“ox Ty T "o ax TV oy 2.4
60 I ov _ _._.l_gﬁ
\ ax oy e Oy

II. Tue CuAractEr oF Two Kinps oF Gao Zm1 Equations (2.3) anp
Davis or GKP Equations (2.4) Near THE SEPARATION PoInT

1. The Approack to Gao Zhi Equations (2.3)

Let ¥ = x/d,y' = Rey/d, W = u/U, v’ = Rev|/U, p' = P/pU?, where d is the
characteristic length, U the charateristic velocity, and Re the Reynolds number. For
simplicity we still denote x', ', 4 and ¢" by x, y, u, and v. With the new vari-
ables, the equations become

Ov
R 0, 3.1a
6.1: oy ( )
Ou Ou op O
“ax oy = o t (3.15)
2 .

I_ O ,,0 _ _gop  0v (3.1¢)

{ ox dy oy o'y
Eq. (3.1a) is satisfied if we let » = -gd’ v = —g-i_ Eliminating the pressure

y x

p from (3.1b) and (3.1c) gives

(24200 _060Y0e 120y (3.2)
oy 0Ox Ay 9y Ox/\ By* R 9Ox’

From the boundary conditions #|,— = v|,— = 0 at the wall'land Eq: (3.1b), we
know that the stream-function satisfies the following equalities:

aqr, .
=0 =0), 3.3
= ay -0 (y=10) (3.3)
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Ou_ _ O

_0 ='=0 .4
Fx 070y =0 3.4)

9p _ Ou _ &
£ = =0 35
or By 62(y ). ()

It is now assumed that the stream function ¢(x,y) can be expanded in the form of

¢(x, y) = a, —?+033:+b -2)’—:13!—+a :1212
3 2
+h%ﬁ+ﬂ%§+nz (3.6)
Write
' W42 = Gpizy @hiz = bpisy Ghps = Cpugyr vy (n=10,1,2,3,--), (3.7)
&(x,9) can be briefly written as
yr+

H(x, y) = Z Z At m+2 (3.8)

=5 _F“(n-kz):

It is clear that the boundary conditions (3.3), (3.4) and (3.5) are satisfied by
$(x,9).

Theorem 1. (a) If (p)|,= and (4)|,= are known functions, then SNS equa-
tions (2.3) have the power series solution near (0, 0); (b) if (£)|,= and (#)].=
61-
oy

equation (2.3) has power series .roc’m:on near the separation point.

are known functions, and ( ) =a, 0 ar the separation point, then SNS
:=0

Proof. Let (3?)‘ and (#)|,= be the power series in the form

y=0
?ﬁ) - (ﬁ:ﬂ) = E 9
(m,q ), m et (3.9)
aqb) + y* ¥
==(=) = X+ e, 3.10
(“)x 0 (ay = ay as 21 aq — 31 ( )

where a;, by, **, a5, a4, ++, are determined by the known functions (p)|,= and
(#)|.=¢. Substituting Expression (3.8) for ¢ in (3.2), collecting the terms of the
same powers of x and y and writing r = 1/R, we have the following equations
satisfied by coefficients of the stream function ¢

apis + rapii =10 (3-11)
Z o +r0p i1} . (ay, + rani? | (3.12)

o il(m — 1 m
i j+1

Z z .+:+zﬂl-_,i+n:_i+s — 2 C‘,+5€6m—:+s
o iso NG+ Di(m — (1 — i)y =0 2171(m — 7)1

= ! (aarl'ﬁ -+ ram+2 (313)
21my :
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n42 m i m—j+1
Z Z Qi tj+20n+2-i+m—j+3
izo =0 NG+ 1D1(m—Di(n+ 2 — i)

i+l

" m —j+3
+ r E: E: - - as+!+2“u i+m—j+s

i NG+ 11(m— (e —i+2))

n41 m

i+
ar+} .’aaﬂ‘-l-! +m—i+3

i=0 m=1‘?’(’ + 201 (m —D1(n+1—1i))

i+l

—i+2
930> ciflonilisere

,QIUJWP+DKmHQKﬂ~i+IM

= L (s + ralidi) (mn=0,1,2,3,-0),

mi(n + 3)1

(3.14)

According to the definition of «, (3.11)—(3.14) can be also written in the form

a, + rce =20, .
as + res — a;b; = 0,
bs + rds =0,
@+ rcg — 2a,b = 0,
bg + rdg — acs — b2 =10,
cg t+re, =20,
a; + rc; + 2a4by — 2a3b, — 3a,(bs + rds) + 3rbse, = 0,
b, + rd; — 2a,c5 — 2636, = 0,
¢c; + re; — 2a,ds — 3bsey = 0,
+rf,=0,

ag + rcg + Sash; — 03(555 + 6rd,) - 4ﬂz(bs + fds) + 4rbyec, + 6rbyes = 0,

bs + rds + 2a.cs — 2a5c5 — 3a,(cg + reg) — 267 — bibs + 3rci =0,

cg + reg — 2agds — 2bscy — 4byes = 0,

ds + rfs — a,es — 4byds — 3¢ci =0,

eg + rgs =0,

ay + rcy + 9aghy — Sa,(bs + 2rds) — a;(9b; + 10rds) — Sa,(b; + rd;)
+ Srbscy + 10rbycs + 10rbscs = 0,

by + rdy + Sascy — a;(5bs + 6reg) — 4a,(¢c; + re;) + b;(bg + 2rdy)
— b(5by + 27ds) + 10rcies = 0,

co + req + 2a4ds — 2a;dg — 3a,(d; + rf;) + bscy — 6bycs
— b;(4cg + 3reg) + 6rebs =0,

dy + rfy — 2a,¢; — 2byds —. 6bydy — 6c4cs = 0,

ey + rgy — a,f; — Sbseg — 10c4ds = 0,

fo+ rhy =0,

4(1)
5(1)
5(2)
6(1)
6(2)
6(3)
7(1)

7(2)

7(3)
7(4)
8(1)
8(2)
8(3)
8(4)
8(5)
9(1)

9(2)

9(3)
9(4)

9(5)
9(6)

The constants included in the first four sets of equation can be arranged in the

following scheme:



No. 10 SNS EQS. NEAR SEPARATION POINT 1247

a;
a; b
a, by ¢,

as bs Cs d;
ag bs cg ds €5
a; b, ¢ d;y e |,
where the constants that must take assigned values are underlined.
(1) When the point (0,0) is not the separation point (g, % 0), the unknown
constants are uniquely determined by these equations to be functions of the constants
with assigned values. In fact, Eq. 4(1) determines ¢4, and, since we assume that

a7 0, 5(1) determines b&;, but there is only one single equation 5(2) left for the
. determination of &s and ds,

by=a;'(as + rcs)y, ¢ = —rlay, bs= —rds, (3.15)
At this stage there is accordingly one undetermined constant, say ds. But ds can be

determined in the next stage in which the set of (7) are used. 7(1) and 7(2) can
be written as '

re; — 3a,(bs + rds) = —a; — 2ab; + 2a3by — 3rbscy, (3.16)
{6‘7 — a,ds = —re, + 3bscy, (3.17)
where all the terms on the right-hand sides are known, Eliminating ¢,¢, gives
3bs + 2rds = a;'(a, — re, + 2a,b; — 2azby + 6rbycy), (3.18)
which, with 5(2), determines &5 and ds
ds = —r'a;'(a; — r’e; + 2a,b; — 2a3b, + Srbicy),
bs = a;'(a; — r’e; + 2a,b; — 2a3b, + 67rbsc,),.
;‘, can be found from either (3.16) or (3.17),

In 7(2) and 7(4) we have two equations with three unknown constants &;, d;
and f;, such that there is one undetermined constant, say f,. It is clear that the sit-
uation at the end of this stage 1s the same as that at the end of the stage before.
It must be shown that there is no breakdown at any stage before. To avoid the use
of double suffixes it is convenient to change the notation and write

yzu—l yln x yz x!s—'l
ahl = gy —— F @y, —— A e+ : (3.19)
brot1 = TQa+1)1 0 Qe 1y (21 (2n— 1))’
2n—1 In—2 2 inT3
Grns = By — F Bipg e e e 2 (3.20)

(2)1 (20— 3))

for the two related groups of terms. In the first group ea;,+ and a; must take
assigned values, and in the second group §,,_, and #; are known. It is assumed that
the equations for the coefficients g are in the same form as the sets of Egs. (7).,

(2n — 1)1 (n—2)111

Bss PBzs ***» Pin_s can thus be determined, but for other # — 1 coefficients there are
the n — 2 equations
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Brn—z F 7824 = Nyp_sy
Brns + 70206 = Nop_s»
...... , (3.21)
Bs + rfx = N,
8, + r8, = Ny,
where N4, Ns,***, N;,_, are known. There is one undetermined coefficient, say §,.
We can write
Bs= —rfy + Ny,
Bs = r’f; + N, (3.22)

Braz = (—1)"r" 728, + Ny,
B:» Bs+ -+ appear in the equations for the coefficients with odd suffixes and they have
the following forms
8,(Ban-2k + TBrn—2x+1) s
where £ = 1,2,---,n — 1, However, the forms a,(8,,_2; + 7B1s—24+») appear only in

— 220 [l + Tl m —ay 2 [Tt Ll 4o, (3.23)

6_; Bx 5;3— e zy-é;- 0y? 0x?

Through calculation it can be known that the equations for the coefficients with
odd suffixes are in the form

Uzptr F Vgt — (20 — 3)02(15’:»-2 + Yﬁh-—ﬁ) = Nia+1s

Qgpy F+ Vge_3 — (27 — 5)8,(Brp_s + 'Yﬁzu—a) = Niu_15 (3.24)

------

I'IS + 7“3 — ﬂzﬁz = Ns,

where Ns, N;,++y Nypyy are known. Expressing Sy, fes* * * sP2m-2 10 terms of 8,, we

have the » — 1 equations

Ydzps1 = Napsis

Ggpsr F V23 = Npp_1s

SRR (3.25)
y -+ Yoy = N}',
as — @8, = Ns,

where Ns, N;,+*+, N;,4+; are known. For the n— 1 unknowns, £, as, &;°** 0,15 02,
and a; are assigned values, and the terms depending on them are therefore included

in Ns, N;,+++. Eliminating the «’s, we have
(*—l)"_l?"'_’alﬁ; = Nypit1 — ¥Nopp_y + =+« + (—1)*2r" 2N, (3.26)

Clearly (3.26) determines g, uniquely. The coefficients as,+*+, @y,_, can now be
found. It has been shown that the coefficients left undetermined at any stage can
be found subsequently. And, since the early stages have been worked out in detail,
there is no breakdown at any stage. Hence if g, 2 0, given the pressure for all x
on the boundary y = 0 and x component of the velocity for all y on the line x=0

+
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the fluid motion is known.

(ii) @ =0,a % 0 (i.e. origin (0,0) of the coordinates is the separation point)
Eq. 5(1) shows that there must be the following relation between the assigned.
constants

as + 27¢cs =0, (3.27)

In this case the pressure and the velocity could not be assigned independently be-
cause the coefficient ¢ is common to the two series, the new relation (3.27) im-
poses a further restriction. The relation can be found by differentiating (3.2) with

regard to y,
' 5 5 2 2 2 2
Fo . a¢r+(a¢a+a¢_aﬁ__a_ga _ad:_a_)

oy’ 0y*0x* Ox 0y’ Ox0y Oy 0y OxOy oy Ox
o*¢ o ) -
(2L 4 4 9oy, 3.28
( oy* Ox? ( )

From boundary condition and separation condition

op _ O 0*d
____=__=._.__=0, =) R 3.29
Ox Oy Ox0y O ) ¢ )

Ou 0P

2 _CY =9, =y =0), 3.30)

o By’ (x=1y ) ( )
and (3.28) we have

s 5

Ob 4 o b o, (x=1y=0). (3.31)

+
ay’ Oy*0x*
From (3.31) one can obtain (3.27). From Eq. 4(1), 6(1), 6(2), 6(3), 7(1) and
7(3), we have

- 1
€4 == _'ﬂ, Cs = ___6_5’ -‘v’s"—"i‘;o by = — (8, — 7%a; — 2a3b,),
Y Y 4a,
bﬁ = _"Yds -+ (01 —_ ?;Ze? —_ 203b4)2, [ '__(787 -+ "—'_Sb.aa*).
164} 7
There are only 5(2), 7(2) and 7(4) left of 4(1)—7(4)

bs + vds=0, 5(2)
b;r + Td; _ 26364 -_— 0, ) 7(2)
d, + vd; =0, 7(4)

The above equations contain five unknown constants, which can be determined using
Eq. 9(1), 9(3), 9(5), 11(1), 11(3), 11(5) and 11(7) Eq. 9(1), 9(3), 9(5) can be
written in the form

ey — 5(a; — V¢ )bs — 107 ads = —9asb; — Sasb,,

+ a;(9bs + 107ds) — 107 byes — 107 byes = Ny,

co + Teg + cibs + (28, + 67 ¢y)ds = 2a3ds + 6bycs, (3.32)

+ b3(4cs + 37e5) = N,

co — 10¢cyds = — 7 gy + 5b3¢6 = N3,
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where N,, N,, N; are known constants. The elimination of ¢ and e, from (3.32)
gives

64(955 -+ 87’(15) = Nl -+ YN; - YZN3. (333)
From Eqs. (3.32), (3.33) and 5(2), we can find bs, ds, ¢, €,

'65 = —-"L(NI — YNZ + ?IEN_;),
a,
1 2
d5= R(Nl'_‘ TN2+ Y N;),
N
¢y = —,
T

10
€y — Nj - ?Z-(Nl - YNZ -+ YEN_';).

‘Eqs. (8) can be used to determine all the five unknawn coefficients with suffix 8.
In 7(2) and 7(4) we have two equations with unknown constants b, d and f, so
that there is one undetermined constant, say f. Like &, f is determined by means
of Eqs. 11(1), 11(3), 11(5) and 11(7) (the detailed process of solving the gquations
is omitted for brevity). For general case, one can refer to 1(a). Hence SNS equa-
tions (2.3) do have power series solution at the separation point.

If
r= a‘b’ _ r ? ” r__
u By wy + wy? + uy?r+ -+, (x’=0), (3.34)
y
.and
op , . ,
- 6x,_Pn + P+ pxt b, (y = 0)9 (3-35)

where #, #u,---, p, p,~++ are constants with assigned values, then

u=Ui =02 —y 3T, (m):‘, (x=0). (3.36)
ay n=1 d
dp _ U* 8p U? < (x)
L i P I e =0), 3.37
Ox pd ax ©d EP d @ ) ( )

Therefore, the » component of the velocity is given as a function of y on the line
x =0 and the variation of the pressure is given as a function of x on the boundary
y = 0, The relation between the new and old coefficients is

stu, = 0:+1(‘ = lazs'“)i Po= —a3, = —byy 21Py = —c5y-"",

According to the discussion given above, Theorem 1 can also be stated as: assuming
that the stream-function can be expanded as a double series in x, y, the fluid
motion is uniquely determined by the data, provided that

>0, 2u, + p,= 0,

The fluid motion is uniquely determined if

ik Dl
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=0, w0, 20, + py=10, 4tu, —47p, =0,

2. The Approach to GKP or Davis Equations (2.4)

Theorem 2. If (p)|,— and (u)|,=, are known functions, then SNS equations
(2.4) have power series solution near the common point located in the upstream of

the separation point.

Proof. Substituting Expression (3.8) for ¢ in Egs. (2.4), and collecting powers

in terms of the same powers of x and y, we have the following conditions:

iy = 0

. i} rx,+:+zam—,+3 - L +s
i=o i1(m — 11 — i) m|

m—i+1 . i+l _m—j m
E: E: a+:+205n+1—s+w—r+3 — Cir3Cm—i+3 . _Emtg

im0 im0 11G A+ D(m— D11 — i i=021i1(m — 1)1 21m!
n42 m

i, m=i+1
Z Z Eidj+20—itm—i+3

To im0 NG+ DI(m —D1(n+2—i)

1+I

i+2
+ 7 Z E: aliisaty. —1+m—l'+.i'

o s NG+ D1(m —Di1(n—i +2)1

n+ 1 m

— Z Z :+}+Zau+l—:+m i+3

oo NG+ 20(m —Di(n + 1 —1i)y

-I—l m— j'+2

PP

=0 iso NG+ Z)I(m—r)l(n—! + 1)}

— Ohimtr man = 0,1,2,-++)
m!(ﬂ—'—s)l’ ( ? 25242

From the definition of «, the above equations can also be written as
a, =10,
as — a;b; =0,
{bs =0,
ag — 2a,b, = 0,
b — ayc, — b3 =10,

cs =10,

a; — 2asby — 37 a,ds + 37bye, =0,

b, — 2a,c5s — 2b36, = 0, .
‘ ¢y — Gyds — 3bsey =0,

d, =0,

’03 -+ Sﬂsbz —_— 83(5b5 -+ 6Yd5) _— 4ﬂ3(b5 + Yds) + 47’b404 - 67&365 == 0,
bs -+ 204(‘4 — 2“305 -_ 302(6'5 -+ Yeﬁ) — Zbi - b;bs -+ SYCf = 0.,
g — ZUgds - 2&16’1 —_ 45365 = 0,

3

4°(1)
5'(D
5(2)
6'(1)
6'(2)
6'(3)

701
7'(2)

7(3)
7(4)
8'(1)
8'(2)
8'(3)
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d; — ;65 — 4b3d5 - 363 = 0, 8’(4)
es =0, 8'(5)

* s e .

When the origin (0,0) of the coordinates is a common point located in the upstream
of the separation point, Eq. (1) determines &;,

by = &

a;

From 6(2), 77(1) and 8(1), ¢,,ds,bs can be determined (the details of solving so-

lutions is omitted for brevity.), Hence GKP or Davis equations (2.4) have power
series solution near a common point upstream of the separation point.

Theorem 3. If (p)|,= and (u)|,= are known functions, then GKP or Davis
equations (2.4) do not have power series solution near the separation point in the

form of (3.8). .

Proof. When the origin (0,0) is the separation point (i.e. ¢; ==0), Eq. (4.1)
determines g, = 0, The unknown coefficients of ¢(x,y) cannot be found in terms
of the above equations. Accordingly, GKP or Davis equations (2.4) do not have
power series solution near the separation point.

4
Theorem 4. If-g—% . > 0, where (x,,0) is the separation point, then GKP
y x5,0

or Davis equations (2.4) have mathematical singularity near the separation point.

Proof. Write

"

_ Ov O _ _ 0%
— - J— 0—-——*.

ay > ay37 . ayz-

By differentiating (2.4a) once with respect to ¥, and (2.4b) twice to ¥, using bound-
ary conditions #|,— = 0|, =0, and the condition 7|,-, = 0 determined by
(2.24a), we have

— Ou
4= —

Oy ’_

N

v

_ Ou 0'u
U— =y —, 3.38
Ox oy* ( >
Write
o -
Ox [(x50 ’
4 T
where ¢ = 2v (%—-) . According to (8—“—) w2 (Q-f‘—)( 62“—) and the separation
oyt /(a0 Ox 0y /\ 0x0y
.. Ou Fu . . ' .
condition | — = 0, when a# 0, has the singularity at the separation
6y (x4,0) xay
point (#,,0), that is, lim 6626“ = 00, Now we further examine the character of #
>xe QX0

and v near the separation point. By the separation condition and (3.38), #* can be
expanded as the power series in the form

w= —ag(x, —x) + (2 <u2x,), (3.39)
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From (3.39), we know a <0, Writing k= (—a)%, we have the following power
series

#=Ka(x,—2)% k- (x<ux,), (3.40)
Ou

% — — Ky —) 4 e (x< ), (3.41)
- Oz 2

By differentiating (2.4a) twice with respect to y and differentiating (2.4b) thrice
with respect to y, in terms of the boundary condition #|,— = v|,= =0, we have
the following equation:

_. On Ou '
20 — =v—, 3.42
ox oy (342)
From (3.40), it can be known that Eq. (3.42) can be written as
Qf?_ —_ $1(x)

- = , (3.43)
Ox \/x, —x

O’u
where ¢,(x) = ’ (ays)’_____su —.
_ 2k(1 + 0 (W/x, — x))

According to Equality (3.41) and Eq. (3.43), g—“ can be expanded as power
» !

series in the form

= = 2
Qim(.@i> y.{.(,@‘_) BANET (3.44)
Ox Ox /y=0 Ox /y=0 2

Finally, from the equation of continuity and the equality (3.44). #, v can be
approximately written in the form of the following equalities near the separation
point

”(xa )’) = “0(3’) + a(y)\/xs X,
B ,
A x— x

where a(y) = -—;—(-—ky + ¢,(2,)9"), a(y) = 28 (y), Hence the GKP or Davis equa-

v(x,y) =

tions (2.4) have the singularity near the separation point,
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