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I. Constrrutive Reration !

Consider the Ramberg-Osgood materials. Their shear strain-shear stress relation takes
the form

y=t+at" (L.1)

The nondimension stress is used throughout this note, which is nondimensionalized by
shear yield stress, Meanwhile the nondimension strain is employed, which is
nondimensionalized by the shear yield strain.

The axes of the orthogonal Cartesian coordinate system x, , x, , x; are chosen to be

coincident with the principal axes of orthotropy symmetry of meterials. The loading func-

tion has the form!! :

®(6,;) = F(oy— 053 )*+ G035, — 0, )*+ H(o,,— 63, )*+ 2Lo%+ 2M a3, + 2No3, . (1.2)

The generalized deviatoric stresses can be written as

«_ 0D
Sii= — 1.3
= o, (1.3)
The constitutive relation between the plastic strains and the stresses is
1 - .
eh= = arl”'S}, (1.4)

2
where 1, is the generalized equivalent shear stress.

=V d(g,) - (1.5)

II. PLANE STRAIN CrACK PROBLEMS

For plane strain problem, we have
&1 =€Ep=263=0, | 2.1)
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which results in
63,=03,=0, 2.2)

€5
(F+ G)oy3=(Go,,+ Fop, ) — ar” 33 T1
[
Assume the hardening exponent n> 1. In the immediate vicinity of the crack tip, the elas-
tic strains are negligible compared with the plastic strains. In the sense of asymptotic approxi-
mation, we have

033=(GUII+F022)/(F+ G). (2.3)
The loading function can be written as
®=Te2= % (011_022)2+ 0'%2’ (2.4)
q _ FG
where S - FrC + H.

The plastic strain-stress relations are given by
o

3‘1":_35—7‘7" lSu’
" (2.5)
& 2 oy
where S,,= % (o,,—063).
Suppose the crack is laid on the axis x, . The stress function takes the form
~ 1
_ +2 _-
O=Kr?®@), s =1 (2.6)
We have!?
o, =Kr'5;(0), 2.7)
0= o+ (s+ 2)(I> ,
—(s+2)(s+1)(I>, (2.8)
T,=—(s+1 )(D ,
e‘: —&=aK"r"¢7(0),
(2.9)

e" =aK"r*ety(0),

~np-1 ~_~ —
7o I:(a,z@) (g cos? 20+ sin20) — q21 %’rosin40],

ehy= L T [ o (gsin?26+ cos20) - -Tl S, sm49:|
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T2= (5, c0s20— T,y 5in20 )2 + (5, 5in20+ %, c0520 )2,

u,=aK"r””r17,(0),
i~ (2.10)
up+ oK "r g (0),
7= _1__~p
“= (ns+1) &
(2.11)

~ Vo, ~
Uy= 7;(23 A=1,).

III. New GoverNING Equations aND Funcrion EqQuATiONs

As shown in Fig. 1, we evaluate the J integral along the contour of ABCDEA. We
have

ou
Wn, —p,——— }ds=,0. (3.1)
£BCDE { l 6x1

In Eq.(3.1), the integral on EA is equal to zero.
The integrals on 4B and on CDE are cancelled, with
only higher order small quantities left.

Therefore, as r, and r, tend to zero, we have
du;

Wn,~p, —— )du - 0.
J‘BC ( axl

Ou; =
LC (Wn1 - W )ds =I1(0)In(r,/r,).

On the other hand, we have

Let r, and r, tend to zero simultaneously with r,, ., remaining constant. It follows that

I1(0) = IT, (0 )sinf+ IT,cos6+ (1 + ns )uI1,(0) =0, (3.2)
where
- Ti=372,
n

0= (T b+ T,2E0)s

L
H2=(1+ nS)‘lz?:o s
I1,= 6, cosf+ T, 5 sind.

Function equation (3.2 )is consistent with the function equation for isotropic hardening
materials given by Wang Ke-ren and Wang Tzu-chiang!®.

From Eq.(3.2), it follows that
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& = ns(I1;sin@+ Tlcos80)/TL, +2(1+ ns)e,, .

(3.3)

Eq.(3.3)is a new governing equation. It is a nonlinear ordinary differential equation of @ of

order 3. The original governing equation is of order 4.

The accurate numerical calculation shows that Eq.(3.2)is truly equivalent to the origi-

nal governing equation when IT,+# 0.

Similarly, using the J, integral, another new function equation can be derived as follows.

I1*(8) =TI1,cos0 — I,sinf+ (1 + ns YuIl;= I1*(xn),
where
IT;(8)= — G,8in0+ 7,5 cosf .

The function equations (3.2 )and (3.4 )can be represented as
I, =TIL(x)cosO,

Fz = - H;(n )Siﬂe,
where

= alﬂ"f‘[ig(ao—ﬁf)—ge‘é;]’

I+n

r2=(1+ns)(i9§, +Eg§g).
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