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The possibility of lifetime measurement in a flowing medium with phase fluorometry is investigated theoreti-
cally. A 3-D time dependent partial differential equation of the number density of atoms (or molecules) in
the upper level of the fluorescence transition is solved analytically, taking flow, diffusion, optical excitation,
decay, Doppler shift, and thickness of the excitation light sheet into account. An analytical expression of the
intensity of the fluorescence signal in the flowing medium is deduced. Conditions are given, in which the
principle of lifetime measurement with phase fluorometry in the static sample cell can be used in a flowing
medium. Key words: Lifetime, laser-induced fluorescence.

I. Introduction

Phase fluorometry has been successfully used in
chemical, physical, and biological sciences for decades.
It uses a temporally sinusoidally modulated continu-
ous light source to excite the fluorescence of samples.
The excited fluorescence intensity has been proved to
be also temporally sinusoidally modulated but with a
phase shift and a different modulation factor. The
lifetime can be determined with the measured value of
either the phase shift or the demodulation factor.
Phase fluorometry has some advantages that make it
promising: it avoids the necessity of generating short
optical pulses; the intensity of the excitation light can
be kept low to avoid nonlinear effects; the apparatus is
easier to handle because one deals with the cw instead
of the pulse, and the measurement can be precise and
rapid. Several instruments are already commercially
available.

In past decades, considerable literature on phase
fluorometry has been published,' and significant pro-
gress has been made. Multiple frequency modulation
techniques and phase-resolved fluorescence spectros-
copy (PRFS) have been adopted to resolve quantita-
tively individual spectra of a multiple component mix-
ture.2-10 Cross-correlation techniques have been
successfully used to transpose phase and modulation
information to the low frequency range where digital
averaging techniques can be easily implemented. 11 1 2

The authors are with Institute of Mechanics, Chinese Academy of
Sciences, P.O. Box 2251, Beijing 100080, China.

Received 30 January 1990.
0003-6935/91/131688-07$05.00/0.
© 1991 Optical Society of America.

Many advanced techniques have been combined with
phase fluorometry to extend its application, e.g., syn-
chrotron radiation, 3"l4 synchronous excitation, mode-
locked laser, cavity dumping,'5 - 9 and optical fiber.20'2'
A modulation frequency as high as 2 GHz has been
used,'3 -' 6 a mixture with as many as six components
has been investigated,2 and a lifetime resolution in the
picosecond time scale has been reached.22-24

Almost all the reported measurements with the
phase fluorometer were done on a static sample until
1989 when Cabb and McGown demonstrated the first
use of a multifrequency phase modulation spectrofluo-
rometer for an on-line fluorescence lifetime determi-
nation in continuous flow conditions.2 5 26 For extend-
ing the application of phase fluorometry to a lifetime
measurement in the flowing medium (e.g., gas and
liquid flows), one must investigate the possible influ-
ences on the measurement results of phase fluorome-
try by the physical phenomena existing in fluids, e.g.,
flow, diffusion, and Doppler shift. Although the time
scale of the lifetime measured by the phase fluorome-
ter (10-9 s) is often much less than the time scale of the
flow, the measurement processes with phase fluorome-
ters are essentially continuous. Therefore, possible
influences by the physical phenomena mentioned
above should be investigated before applying the
phase fluorometer to fluids. Besides, the existing the-
ory of phase fluorometry is based on the assumption of
a uniform and steady sample. One must find in what
condition the existing formulas connecting the lifetime
to the directly measurable quantities (demodulation
factor and phase shift) are applicable in fluids whose
spatial distributions might be nonuniform and un-
steady.

In this paper, a 3-D time dependent partial differen-
tial equation of the number density of the atoms (or
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period of data acquisition, but in different Ai and
different times of data acquisition they might be dif-
ferent. The measured value of the lifetime within

Modulator Loser each Ai and each period of data acquisition will corre-
~Zi~zz spond to certain T, n, and v terms. If the flow does not
LEJ==E~~ satisfy this assumption, the measured value of the

lifetime should correspond to the mean values of T, n,
and v within each Ai and each period of data acquisi-
tion.

The fluorescence intensity is directly proportional
to the number density n,(x,y,z,t) of the atoms (or
molecules) in the upper level of the fluorescence tran-
sition. Within each Ai and each period of data acquisi-
tion, n(xy,z,t) obeys following the 3-D time depen-
dent partial differential equation

Fig. 1. Scheme of the experimental technique for lifetime measure-
ment in the flowing medium with phase fluorometry.

molecules) in the upper level of the fluorescence tran-
sition is solved analytically, taking flow, diffusion, op-
tical excitation, decay, Doppler shift, and thickness of
the excitation laser sheet into account (Secs. II and
III). The conditions in which the existing formulas
derived for static samples are applicable to fluids are
given (Sec. III). Finally, the influence of flow velocity,
diffusion, Doppler shift, and thickness of the excita-
tion laser sheet on the results of lifetime measurement
is discussed (Sec. IV).

11. Model and Equation

Consider an experiment for lifetime measurement
(Fig. 1). A parallel beam from a light source with an
appropriate spectrum is focused into a thin sheet on
the x-y plane by a cylindrical lens irradiating the flow-
ing medium. The intensity I, of the laser sheet is
assumed to be uniform on the x-y plane, Gaussian in
the z-direction, and varying cosinusoidally with time t:

I = Ca exp(-2z 2 /a2)[1 - m cos(2irft)] 0 < m S 1, (1)

where Ca is a constant and ax is the laser sheet waist,
i.e., a measure of the thickness of the laser sheet. The
subscript A denotes that this parameter is related to
the wavelength X of the excitation light, m is the modu-
lation factor of the excitation light, i.e., the ratio of the
ac amplitude to the dc magnitude, and f is the frequen-
cy. Under irradiation by the excitation laser sheet, the
flowing medium fluoresces forming a luminescent flu-
id sheet. This luminescent sheet is imaged by a lens on
a pinhole, through which the fluorescence signal is
detected by a photomultiplier. After data processing,
the lifetime of the flowing medium at the location
determined by the pinhole and the excitation laser
sheet is calculated with the formulas discussed below.

In Fig. 1 A is the whole field to be detected and is
divided into a series of elementary areas Ai(i =
1,2,3, .. .). Within each Ai, the flow is assumed to be
parallel, uniform, and steady; therefore, the tempera-
ture T, number density n, and three velocity compo-
nents v, vy, and v, are constant within each Ai and each

anu(xyzt) r a2 a2 a2 A
at -+ - )a9t L x2 9Y2 az 2 

-,a Ya - Za 1,xYZ
Vx a Vy a z ]

+ Cb(n,vy) exp(-2z 2/a2)[ - m cos(27rft)], (2)

where D is the diffusion coefficient of the detected
species in the flowing medium; vx, vy, and v are the
flow velocity components in the x-, y-, and z-direc-
tions, respectively; and y is the reciprocal lifetime:

Y = 1/r. (3)

Cb(n vy) is a coefficient related to the excitation rate.
For atoms with only two levels, Cb is given by Cb(n,vy)
= nBCa. Here the number density of the atoms in the
ground state is assumed to be approximately equal to
the number density n of atoms. Most of the experi-
ments with phase fluorometers are carried out under
weak excitation, and the number density n of the
upper level is negligible compared with that of the
lower level. Therefore, this approximation is general-
ly valid. B is the absorption coefficient. In case of a
nonzero flow velocity component in the propagation
direction of the excitation light (the y-direction in Fig.
1), the absorption spectrum will be shifted with respect
to the excitation light spectrum by the Doppler effect,
and B will be slightly changed. But in the directions
perpendicular to the propagation direction of the exci-
tation light (the x- and z-directions in Fig. 1), the
Doppler effect has no effect on B. Therefore, B is
dependent on vy but independent of vx and v. For
molecules, B is related to the particular upper and
lower vibrational-rotational levels of the fluorescence
transition and also a function of temperature. We will
not discuss the detailed expression of B further since
Cb will cancel later (Sec. IV).

The first through the third and the fourth through
the sixth terms in the brackets in Eq. (2) describe the
effects of diffusion and flow in the 3-D space, respec-
tively; the seventh term describes the population de-
cay of the upper level, which is assumed to be a single
exponential. The last term on the right-hand side
describes the effect of the optical excitation of the
upper level.

Assume that the excitation laser sheet is bounded at
x = 0 but infinite in the y- and z-directions and is
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switched on at time t = 0. The initial and boundary
conditions are

n,(xyzO) = n0 exp(-2z2/a') n, constant; (4)

nu(Oyzt) = no exp(-2z 2 /a2). (5)

In addition, the solution of n>(xyzt) must be as-
sumed to be finite to keep it unique.

Ill. Solution

To solve Eq. (2) with the initial and boundary condi-
tions (4) and (5), a new variable is defined:

II(x,y,z,t) = exp(-ax - ayy - az - at)

X [n"(xyzt) - no exp(-2z 2 /a2)]. (6)

Using Eqs. (2), (4), (5), and (6), ll(x,y,z,t) obeys Eq. (7)
with initial and boundary conditions in Eqs. (8) and
(9):

at ( 2 a2 a2 \

at (a2 Y +-)xYz

+ exp(-ax - ay - az - t - 2z2/a)

X -no + Cb(1-rm cos(2rft) 1-4D0 2 + Z 2 ]'
L ~~~~~~~aX\ aX a.

fl(X,Y,Z,O) = 0,

H(O,y,z,t) = 0,

where
Ux

yx 2D'

2D '

(7)

(8)

(9)

After accomplishing the multiple integral in Eq. (14),
the analytical expression of nu(xyzt) can be obtained
from Eq. (6). The 3-D distribution of the fluorescence
intensity is given by

I(x,y,z,t) = hvAnu(x,y,z,t), (15)

where hp is the photon energy emitted, and A is the
rate coefficient of spontaneous emission between the
upper and lower levels. The position of the pinhole
determines the spot position on the x-y plane, the
fluorescence emitted from which can reach the photo-
multiplier. In the z-direction, the fluorescence re-
ceived by the photomultiplier is not from a certain
point but from a line segment, which is the focus depth
of the imaging optics. Therefore, the signal received
by the photomultiplier should be integrated along the
z-direction:

S(x,y,t) = J n 2 I(x,y,z,t)dz,
_ 47r

(16)

where X is the collection efficiency and Q is the solid
angle of the collection optics. In Eq. (16), the integral
from -X to +c- is used to replace the integral along the
focus depth. The error introduced by this substitu-
tion is negligible, since the focus depth is generally
much longer than the laser sheet waist, and the laser
intensity outside the focus depth is very weak.

After a tedious mathematical derivation (see Ap-
pendix A), it can be shown that for

t >> At = . (17)

(10) the intensity of the fluorescence signal emitted by the
flowing medium and received by the photomultiplier is
given by

S(x,y,t) = (C V aii - hAno exp[ x+ - l- CX
'J 0/ L\x - a~LJJ 2 +(2r)

X [1- 2 exp[(ax - A')x][cos tan (2ŽL) cos(B'x - e) + sin tan-,( 2 rf) sin(B'x + e)]

+ exp[2(ax - A')x](1 + 2 fcos[2(B'x - )] - cos[2(B'x + e)]})]

f [osl2 fi _ tan 2r + exp[(ax - A')xJ(27)2 + 2 sin(B'x + e)

X Los1 , - tan[ -y + exp[(Rax - A')x] (2rf) 2 + 2 cos(B'x - e) jJ

vz
az =2D '

A=- 1D (v+v +vz2)-.

The solution of Eqs. (7), (8), and (9) is given by

fl(x,y,z,t) = 1 [ exp[ - - )
oL2 rD (t - r) J IL4D (t -r)j

-x (X + ~ ex (y -K) 2 +( )
exP[ 4D(t - r) ]} XP[ 4D(t- ) J

4Dno 4.2\ 4r
X {-yn 0 + Cb[1 - m cos(2irfr)] - 2 2 + V -

a 2 a2 a

Xexp(-ax - aK - az - Or- 2/a~d~dKd~dr.

(13) C = add 1 hvACb(n,vy),

2 \ 2

V2tl r / x 2 /2f\ 2 2 11/2
2 AJ't 4 D/ D 4D2 D

(14 4D2 D

(14) 2 J
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B' B'

e = ta-1 (ax + A')2 + B 2 (ax -A') 2 + B 2 (22)
an - A' 122)

(ax - A')2 + B'2 (ax + A')2 + B'2

Physically, the inequality (17) means that after a re-
laxation time At, whose value is equal to the lifetime r
of the fluorescence transition, the fluorescence signal
S(x,y,t) obeys Eq. (18). In fact At = r implies that Eq.
(18) describes only the signal received from the flowing
medium, which is thoroughly relaxed. The depen-
dences of S(xy,t) on x with different vx are shown in
Fig. 2, from which the effects of boundary and velocity
on the fluorescence signal S(xy,t) can be seen. Note
that

I 2 

A' 2 + D 

In the case of

x >> Ax = ( I 2D 'X (23)
&+D 2D (3

S(x,y,t) reduces to

S(xYt) = - cm Cos[27rft - tan-' ( )]. (24)
According to Eq. ~(2),f th Ihs hf of S) wit

According to Eq. (24), the phase shift of S(x,y,t) with
respect to the excitation process is given by

( tan'Ž[) (25)

and the demodulation factor M, which is the ratio of
the modulation factor of S(x,y,t) to that of the laser
sheet intensity I,, is given by

M 72 + (2<2 (26)

Both b and M are directly measurable. The lifetime X

= 1/y can be determined from either Eq. (25) or (26):

2.0 4.0
t(10s)

Fig. 3. Dependence of the intensity of the fluorescence signal on t:
f = 109 Hz; r = 109 s; no = 0; m = 1.

= tan; (27)
24f

1 1T 2 f or 1 (28)

Equations (27) and (28) are the same as those com-
monly used in phase fluorometry,27 but this time they
are shown to be valid for a flowing medium. Note that
S(x,y,t) in the flowing medium is inherently very com-
plicated as shown in Eq. (18). The lifetime r can be
expressed with the same simple formulas as used in the
static medium only in conditions when t >> At and x >>
Ax.

In Eqs. (24) and (18), the mean values (the dc com-
ponent), amplitude of modulation, and phase shift of
S(x,y,t) are independent of time t, because an approxi-
mation t >> At was adopted. In the period immediate-
ly after switching on the light source (t < At), some or
all of these quantities should vary with time. To clari-
fy this point, Eq. (2) is solved again but for an infinite
3-D space (see Appendix B). With such an assump-
tion, the equation can be solved analytically without
using the approximation t >> At. The result [Eq. (41)]
shows that the mean value of S(x,y,t) does depend on
time. The effect of the initiation of the light source on
the fluorescence signal S(xy,t) is shown in Fig. 3. For
the case of x >> Ax and t >> At, Eqs. (24) and (41) give
the same solution.

IV. Discussion and Conclusion

(A) Equations (27) and (28), which were derived for
the flowing medium, are independent of v, vy, vz, D, ax,
and C(n,vy), which implies that the measured values of
lifetime by phase fluorometry in flowing medium in
conditions t >> At and x >> Ax are not influenced by
flow velocity, diffusion, thickness of the laser sheet,
and Doppler shift. This can be understood by consid-
ering the assumptions in Sec. II and the approxima-
tions adopted: (a) within each elemental area Ai and
each period of data acquisition, the flow is assumed to

1 May 1991 / Vol. 30, No. 13 / APPLIED OPTICS 1691

1.5

(28)



be parallel, uniform, and steady; (b) the intensity of
the laser sheet is uniform on the x-y plane; and (c) the
approximations x >> Ax and t >> At, by which the
effects of the boundary and the initiation of the laser
sheet on the flow were made negligible. Consequent-
ly, although the flow continuously changes the part of
the flowing medium observed by the photomultiplier,
the fluorescence signal received by the photomultiplier
remains unchanged; i.e., the flow velocity does not
influence the fluorescence signal S(x,y,t). For the
same reason, there is no gradient of number density
existing within an elemental area Ai in the x- and y-
directions; i.e., there is no diffusion process taking
place within an Ai in the x- and y-directions. Al-
though there is a gradient of number density in the z-
direction caused by the Gaussian distribution of the
intensity of the laser sheet, owing to the integration
along the z-direction [Eq. (16)], the diffusion in the z-
direction still has no influence on the fluorescence
signal received by the photomultiplier. That v and D
do not influence the measured value of lifetime implies
that the phase fluorometry could be used for a very
wide range of velocity v and diffusion coefficient D.
The latter is inversely proportional to n, if the flowing
medium is a simple substance, or to the total density of
the flowing medium, if it is a mixture.28 Therefore, the
phase fluorometer might be used in case of high veloci-
ty and low density. But it should be remembered that
Ax, which is one of the conditions defining the applica-
ble range of the phase fluorometer in the flowing medi-
um, is still dependent on v and D [Eq. (23)]. C(n,vy) is
canceled during the derivation of the modulation fac-
tor M [Eq. (26)]. Therefore, the laser sheet waist ax
and the Doppler effect have no influence on the mea-
surement results.

(B) According to Eq. (23) Ax describes how far
apart two adjacent elementary areas Ai and Aj should
be, where Ai and Aj are the elementary areas in which
n(x,y,z,t) = no exp(-2z2/a2) and n(x,y,z,t) obey Eq.
(24), respectively. Similarly, according to Eq. (17), At
describes how long it should take for an elementary
area starting from a state in which n(x,y,z,t) = no
exp(-2z2/a2) to reach another state in which n(x,y,z,t)
obeys Eq. (24). In other words, the measurement
principle of phase fluorometry is valid in a flowing
medium, provided the dimensions of the elementary
areas, in which the flow can be considered parallel and
uniform, are much greater than Ax and the periods, in
which the state of the flowing medium can be consid-
ered steady, are much longer than At. Ax depends on
the physical characteristics (r and D) and the velocity
of the flowing medium. At depends on the lifetime T of
the flowing medium only. Dependences of Ax and At
on r with different v are shown in Fig. 4. Depen-
dences of Ax on r with different D are shown in Fig. 5.
Generally Ax and At have the same orders of magni-
tude as vTr and r, respectively, which are satisfied for
many practical applications.

(C) In principle, measurement of the 2-D distribu-
tion of the lifetime is possible if a 2-D detector with the
necessary temporal resolution is available. In this

10°

l0b ---- AX
12 -At

16,3

E 10

1a10 5 

10l°109 10 -7 106 105

Lifetime (s)

Fig. 4. Dependences of Ax and At on lifetime
terms: D = 10-9 m2/s.
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l5
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Fig. 5. Dependences of Ax on lifetime with different D: v,, = 10
m/s.

case, the 2-D detector should be used instead of the
photomultiplier and the pinhole. The output electri-
cal signal is acquired, processed, and recorded by a
data processing and computer system.

In summary, the lifetime measurement in the flow-
ing medium by phase fluorometry should be possible,
provided the conditions x >> Ax and t >> At are ful-
filled. The flow velocity, diffusion, Doppler shift, and
thickness of the excitation light sheet do not influence
the measured values of the lifetime.

The authors thank Zheng Zhe-Min, Wu Cheng-
Kang, Xie Bo-Min, and Chow Quantie for fruitful dis-
cussions. The authors thank the National Natural
Science Foundation of China and the Third World
Academy of Sciences for their support.

1692 APPLIED OPTICS / Vol. 30, No. 13 / 1 May 1991

.
lall lal 161 1(f 166 161 1(54 161 ia2



Appendix A: Derivation of Eq. (18)

Using Eqs. (6), (14), and (16), S(xy,t) is given by

S(xyt) = 7- hvA J (exp(axx + ay + azz + fit) J J I I[ J
4r ) o fo] + --a 2+z[D[(t-4t)

X {e[_ (X - )2 ]_ ei_ (X + )2 ]} {_p (Y - K)2 + (Z )2

X --yn0 + C[1 - m cos(22rfr)]- 2 (1-4 _ +
I. ~~~~~a2 a2/

For accomplishing the multiple integral, the following
two equations [(30) and (31)] must be proved in ad-
vance:

exp(-a Iexp 4D(t-T) I 4D(t -7)
4DfO(t -r) exp[-D(t-r) _r2]a sinax da, (30)

I exp(ft) : s2 inr 2j exp[D(t - r)(.a2 + a2 + az2) - #]drdi

= [eexp(-axx) - ex( a + . x)], (31)

provided t >> At.

A. Derivation of Eq. (30)

To prove Eq. (30), use the convolution theorem of
the Fourier transform29:

7(a)g(a) exp(-iax)da = I g(s)f(x - s)ds, (32)

where f(J) and -(f) are the Fourier transforms of the
functions f(Q) and g(Q), respectively, e.g.,

= f L f(Q) exp(-iat)d#. (33)

From Eqs. (32) and (33), it can be obtained that

fs(Gi)g,(ar) sino-xda =-ff(s)[g(lx-sl)-g(x + s)]ds, (34)

B. Derivation of Eq. (31)

To prove Eq. (31), after accomplishing the integral
of r, I' becomes

-aayK- a21- f3r - 2l/a}

VU 2° ddKd~dr + no exp(-2z 2/ax)dz. 9)
ax j/

Ja sinax
(c2 + )(D2 + Dax + y)

X - exp[-(Da 2 + Da2 + y)t]jda. (39)

Note that Do2 + Da 2 + y > y in the case of t >> At,
using inequality

exp[-(Dci 2 + Da2 + y)tI << 1,

the factor exp(DC2 + DCX + y)t in Eq. (39) can be
neglected and Eq. (31) can be proved easily.

With Eqs. (30) and (31), the multiple integral can be
accomplished and the final expression of S(x * y,t) [Eq.
(18)] can be obtained.

Appendix B: Solution of Eq. (2) for Infinite Three-
Dimensional Space

To investigate the temporal behavior of S(xy,t) in
the period immediately after switching on the light
source, we solve Eq. (2) in an infinite 3-D space. The
omission of the boundary condition (4) makes it possi-
ble to solve Eq. (2) analytically without using the ap-
proximation t >> At. Physically this implies only the
solution of S(x,y,t) as far as the area far from the
boundary is concerned. With this assumption,
H(x,y,z,t) is given by

t + f+ f i D -1

L -f .'f ' - \2 J,7D_(t- )~ 4D(t-r) - ax- ayK - a- r - 2/a2J

- (- + m cos(27rfT)- 2 224Dn / _ 4 4n(X -y,+ C11-mcs2rr] 2 2 --- + v 2~ ddKdldr. (40)
{--yno ~~~ax ax/ aXJ

where

fs(a) = V/ j fQ) sintdt, (35)

gja) = ; j g() cosad(. (36)

Let the functions f) and g) in Eqs. (35) and (36) be

f() = exp(-axt),

grs) = exy te E (3)c

respectively; then Eq. (30) can be proved.

(37)

(38)

The integration of the multiple integral in Eq. (40) can
be accomplished without using any additional approx-
imation or assumption. The final result is given by

S(xyt) =-- [C Cm. 22 + (A-C

X exp(-yt) - cos27rft - tan 2-
~2(24)L (41)

For the time t >> At, Eq. (41) becomes the same as Eq.
(24).
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