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Finite length microchannd flow in transitional regime
( —Analytical prediction compared with experiment)

SHEN Ching JIANG Jian-zheng

(High Terperature Gas Dynarmics Laboratory Inditute of Mechanics,Chinese Academy of Stiences ,Beijing 100080 ,China)

Abgract : In a geady finite length channd of gasflow , andyticd expressonsadf the pressure digtribution dong the channd axis and
o massflow rate are obtained by the gdoba mass conservation law for continuum and dip flow regimes. In the trangtiond flow re-
gme a drict kinetic theoretica lution of the channd flow pressure digribution is d © provided , when the kinetic theoretica lu-
tion of the massflux for the Roiseuille flow is known , the equation governing the pressure digribution is shown to be the degenerat-
ed Reyrolds equation trangplanted by the senior author from the bearing |ubrication problem to the microchanne problem. Analyti-
cad expresson o the flow mass rate is a9 obtained and oxrrpared with the avalable experimentd data and excellent agreement is

obtained.
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0 Introduction

Microchannd is the badc condituent of the MBEMS
devices, being regular and snple in form, it can reved
the gecific features of the low gpeed micro interna flows.
The flow in the microchannel has been dudied intensvely
both experimentally and theoretically.

In the experimenta sudy the technique of combined
suface-bulk dlicon micro-machining was used to fabricate
integrated microchannel /pressure senor sysems, the pres-
sure digribution dong the channd axis,the flow rate and
the friction factor were obtained™® . The theoretica analy-
s acoonpanying these experimental invedigations have
been based without exception on continuum node s , ome-
times with dip velocity boundary conditions involved. But
the gasflow in the experimental sygemsis not regtricted in
dip flow regme ,when helium is used as the media in the
channel the Knudsen number can reach 0. 4°” 0.8 and
2.5 and under such Kn numbers the flow is certainly
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in the trandtiona regime. Theoretical invedigation of chan-
nel flow in trangtional regme is highly dedrable.

In the cdlasscd fluid mechanics the geady Roieuille
flow is congdered as aflow in long tube or channd having
oondant pressure gradient G= - Op/dx (se,e. g. ,
Batchelor'™) . In the kinetic theoretical cons deration a con-
dant pressure gradient is a < proposed for the linearized
Boltzmann ol ution of the Roisetille flow of gas (see e. g.
Ohwada et a."™) . But the congtancy of pressure gradient
in atube or channd istrue only for the flow of liquid (with
oongtant dendty) and ,as shown in the following ,in any re-
aidic tube or channd gas flow the pressure gradient is
never a condant but variesfrom one cross section to another
and is determined by the doba mass conservation law. The
assunption of the congancy of the pressure gradient in the
Poi seuille flow is a hypothetical necesdty ,infact the solu
tion of the Poieuille flow determines the local flow charac-
terigics in dependence of the loca pressure gradient.

In a geady finite length channel the goba mass con-
servation law determines the pressure digribution dong the
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channel axis and analytica expressonsd thispressure dis
tribution are obtained for continuum and dip flow regme-
s Of oourse,asinplied in [11] and [12] ,the analyti-
ca expresdons of mass flow rate can d be dnply ob-
tained and are gven here. In the trangtiona flow regme a
drict kinetic theoretical lution of the channd flow pres
sure digribution is d 0 provided by the gobd mass conser-
vation across the channdl \when the kinetic theoretical lu-
tion of the mass flux for the Roisedille flow is known ,the
equation governing the pressure didribution is shown to be
the degenerated Reyrolds equation transplanted by the sen-
ior author from the bearing lubrication problem to the m-
crochannel problem ™ . Analytical expresson of the flow
rate in the trandtional flow regme is d < obtained for the
diffuse reflection case. The anaytica predictions are conr
pared with the available experimenta data and excellent
agreement is obtained.

1 The pressure digribution deter mined
by the global mass conservation

Gongder the gasflow in a channe between two plane
plates at a cross sction x with the loca pressure gradient
dp/dx ,which can vary from one cross section to another
(see Fg. 1) . FArg we condder the continuum flow case. In
the case of low geed the temperature variation is negect-
ed U is a condant ,the Navier- Sokes equation atains the
form

du _ dp/dx
> = (1)
dy ¥
Y
Q p =
PP %y  dpldx = PPy
x=0 ~ X=X ————— x=L
= —u(y)
inlet] outlet

Fg.1 The schemetic of the Roiedille flow
1 Roi setille
Equation (1) with the dipless boundary condition u=0 at
y = h/2 yidds

I N 2y dp
u=- g (h -4y 2
The mass flux Qm,c in unit time through the ggp between
the two plates (with unit length in z) isobvioudy

b

2
— — ‘_DQDh_s

The dobal mass conservation across any Cross <ection
requires that

p(dp/dx) = congant (4)
or in the dimendonless variables P = p/p, and X = x/L
(o :the pressure at the outlet ,L :the length of the chanr
nel)

P(dP/dX) = GCn.c (5
Fom the above equation with the inlet and outlet boundary
oonditions

P=P =p/ma X=0,and P=1a X =1

(6)
the pressure digribution is eadly determined
P=P[1- (L#)x}“ @)
with the pressure gradient
dpP _

R (e ER G PR

Obvioudy ,the pressure didribution is gpproximetely
linear if the value (1- 1/ F})is sl ,and its dope is neg
aivewith P} > 1 ,and the abolute vaue of the pressure
dope norotoroudy increases with increasng X.

S ,the congant

Coc =- Pi(1- 1 F)/2 = PdP/dX.And
subgtitute it into equation (3) ,then get the mass flux

_-pdp’ _ _1 "
Qn.ec = RT dx 120 ~— 1 RTCm'C L
h3
= o RTL(D? - ®) (9

In the case of dip flow the basic equation (1) remains
the same ,the velocity prdfile in the case of dip boundary

. d . 2-0, .
condition ul y=h2 = - d—l; withl = —)\o Jis
R N T dp
u= aJ(h 4y" + 4 h) dx (10)

And the massflux ingead of Eg. (3) isobtained as

b
2

Qmar = 33.L udy = #%54%(% h + X hz)

(11)
Note that { is dependent on p: { = (2-0)A/0 and as
P\ = oondant one can write{ ={ o/ p where
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10:20 5\p=20 Ao o (12)

S from Eq. (11) the mass conversation can be written as
dp, Qodp

P dx +6 hodx -~ = condant
or in dimengonless variables

dP dpP

dX+6 KOdX - CmSLIP (13)

where Kno =A o/ his Knudsen number at the outlet of the
channdl. The lution of the above equeation with the inte-
gration condants determined from the inlet and outlet
boundary conditions ,Eq. (6) ,is

2-0

P=-6 o Kng +
J620 k)7 ¢ 7+ 1288k (1 B+ 2281 )]
(14)
andpg_;"'G Kog;—cmslp—(l' Pzi)/2+
2 -

65" Kno(1- P) .Note that the messflux Eg. (11) in

dip flow can d be written as
b, 620 kn) L0
12U RT
- — h3 Q -Ldp
- 131 RT m,S 1P dx '

Qmar = 1+62c;.o-Kn (15)

Qmar =

or

K p_§

Qnar = 12J RTCm qip )

- O-Kno(l'

Conar = (1- Pzi)/z +6 P) (16)

if thefirg haf of Eq. (15) is used for { ,and here Kn =
A/ histhe loca Knudsen number. This is the well known
lution of the mass flow rate of the Poielille flow in the
dip flow regme where p,dp/dx and Kn are loca vdues
of pressure ,pressure gradient and Knudsen number .

The above expresson of pressure digribution in the
dip flow regme seemsto be obtai ned the earlieg by Arkilic
through a different derivation as a fird gpproximation with
accuracy of order € = H/ L (see Pn. D. Theis o E. B.
Arkilic [5] and its publication verson [13]) ,and the snr
ilar results have been d < published and recorded in [ 14-
16].

In the trandtional flow regme the flow rate of the

plane Roisuille flow has been slved by the linearized Bolt-
zmann equation or its BGK model verson by many au
thors (see e. g. by Cercignani and Daneri [18] and Ohwar
daet a.[10]). Fukui and Kaneko™ in derivation of the
generdized Reyrolds |ubrication equation in the lubrication
problem a0 caculated the flow rate of Roiseuille flow nu-
mericaly ,and later'™ they had used thisflow rate calculat-
ed rigoroudy to generate a database for rapid calculation of
the generdized Reyrolds equation for high Knudsen nunr
bers. The flow rate of the Poielille flow can be expressed
in the form

Q. = T RTQ o1 ( Kn) _p_d_p (17)

where Kn isthe loca Knudsen number and Q , « is the
flow rate in trangtiona regime (normalized by the dip-less
vaue Q..c) cdculaed from the linearized Boltzmann
equation for Roiseuille flow. A tabled database of the calcu-

lated valuesof Q ,, rfor0 =10 =0.90 =0.8and0 =
0.7 isprovided in [ 20] ,and afitted formula gpproximetion
for diffuse reflection (0 =1) by Robert isrecorded in [21]
(there the second term on the right hand Sde is migrinted

as 6A JU Kn)
Qummw(Kn) =1+6AKn+ 1172 Knlog(1 + BKn)

(18)
where A =1.318889 and B =0.387361 (Yang [22] sug
geds that

1

Qnmnmw(Kn) =1+6akn+ T?ZbKnlog(l + Kn)

a=1.223401 and b =0.624958. For Kn <5 ,the differ-
ence of above two fitting formulais smdl) . The dobal mass
conservation,i. e. ,the congancy of the mass flux being
equal at any cross section ,requires

Qom(kn) 8P = ¢ (19)
or in the dimengonless form

[QmTR(Kn)P ]—0 (20)

With the database incorporated this equation is valid for
any surface conditions of the plates and can be integrated
numericaly. But for the illugtrative purpose only the case of
conplete diffuse relection 0 =1 ,is eqpounded here ,then
the mass conservation is (from Egs. (18) and (20))



260

26

d 12 dp, _
dX{[1+6AKn + Knlog(1 + BKn) ] de} =0

(21)
For the ease of integration the local Knudsen number Knis
nogt conveniently expressed through P

A Ao _
Kn—h—hp—Kno/P, (22)
and Eq. (21) becomes
12 BKn dP
[ (P + 6AKn +T?Knolog(1+—P°)]&
= Cn wr,or (23)

where C, «, or IS an ungecified condant to be determined
from the integration. The equations determining the pressure
digribution (20) and (21) areinfact the generalized Rey-
rolds equation of the gas lubrication theory degenerated for
the microchannd flows (see [20,21]) . Equation (23) is
integrated and it becomes

12 Kno
- X
Tt

0)+

(P - F) +6AKL(P- P) +

B Kng B Kn
- ). +
p ) - Plog(1 P

P + BKng
P+ BKno

[ Plog(1 +

BKnolog( )] = Gy, wr orX (24)

here

a1
2

12 Kng
- X

(1- P) +6AKn(L- P) +

Ch mror =

B Kng
Pi

[log(1 + BKno) - Plog(1l + ) +
1+ BKng

)] (25)

B Knolog(

And the correponding mass flow rate is
- K p_,%‘
1 RTO™ ™R |

(26)

Qnm®or =

2 Comparison with the experimental
data and the ssimulation results

To conpare the above results with the experimental
data of flow in the microchannd with pressure sensors inr
bedded in the channel acconplished by Zohar et d.!” we
caculate the pressure digribution for argon in the 0. 53 x
40 x 400Q m’ channel!”’ . Under the experimental condiition
To =293K the value of Kng for argon is 0. 1333. The pres
sure dropsA p=p - p of the channd in kPa are given in
[7] (measured from Fg. 13 in [7]) ,and the correpond

ingvauesof P = P| x=0 are liged in Table 1. In E.
(14) and (24) Kn, istaken equa to 0. 1333 ,and0 =1.
Both are under
P = P|><:0: p/ m as gdven in Table 1, and
Pl o1 = po/ po =1. The conparion shows that the dobd
mass conservaion predicts the pressure didribution quite
well and the results obtained by Eg. (14) and (24) inmr
prove the agreement of the continuum prediction with the
experimental data (see Fg.2) .

the following hboundary condition

——Eq.(24)

——— Eq.(14)

-——Eq(7)

0.56 pg/min
o 0.40 pg/min
2 0.27 pg/min

. v 0.15 pg/min
N\

3004

(o]

0 1000 2000 _ 3000 _ 4000

X /pum

Fg.2 Comparion of the pressure digribution
obtained from Eq. (24) (slid line) ,Eq. (14)
(dashrdot line) ,and Eg. (7) (dash-dot-cot line) with
erimenta datain a 0.53 x 40 x 400U m® microchanne! for
argon [7] (symols) a Kng =0.1333
2 Kn, =0.1333 (24) ( ), (14)

( ) (M ( )
0.53 % 40 x 400Q [(71¢ )

We caculae the mass flow rate for helium in the
0.53 x 40 x 400Q m" channel'”’ . Under the experimental
oondition T, = 293K the value of Kn, for hdium is
0. 3684. The compari on shows that the doba mass conser-
vation predicts the mass flow rate d quite well and the
results obtained by Eqg. (26) improve the agreement of the
continuum Eq. (9) and dip flow (16) prediction with the
experimental data (see Fig. 3) .

About the conpari on with the smulation results ob-
tained by IP method [23-27] can be senin [11,12].

Table 1 The experimental pressure drop data in kPa

and corresponding values o P, for Argon

1 ( kPa) P,
for argon!”!
pi (in kPa) 300 230 161 95.3
P, 3.9 3.27 2.59 1.94




2 SHEN Ching & d : finite length microchannd flow in trandgtiond regme 261

0.20

= f Eq.(26)
g ---= Eq(16)
,510 0-15 [E——— Eq(g) i
~ o  Exp.[7] A
(5] P 4
g 010 >
g .’.J"'
= ’,/ /,
w -
2 e il
£ 005 e -

00 ™ =100 ""200 300 400

Ap /kPa

Fg.3 CGomparion of the massflow rate obtained
rom Eg. (26) (wolid line) ,Eq. (16) (dashcbt line) |
and Eq. (9) (dash-cbt-cbt line) with experimental
datain a 0.53 x 40 x 4000 m® mricrochannel for
helium [7] (symbols) & Kn, =0.3684
3 Kn,=0.3684 , (26)( ), (16)

( ) 9 ( )
0.53 x 40 x 4000 m® [7]
( )

3 Conduding remarks

In the present pgper the finite length microchannd
pressure digribution for continuum flow ,dip flow and tran-
dtional flow regmesis determined by the goba mass con-
servation equation. In the trandtiona flow regme this
equation is the Reyrnolds equation for the gas film lubrica
tion problem degenerated by the suggedion of the senior
author'™® for lving the microchannel flow. The conrpari on
shows excdlent agreement with the experimental data. The
goba mass consarvation equation (the degenerated Reyrol-
ds equation) provides a means with the merit of grict ki-
netic theory to tes various methods in lving the micro
sde rardied gas dynamics flows in trandtiona regime.
Fom the practical gpplication point of view database for the
flow ratesof the Roiseuille flow with various combi nations of
possble surface properties obtained from grict kinetic theo-
ry is an actua task for the lution of the microchannd
flow ,and a o for the thin film air bearing problem and the
gas danping problem™ in micromechanical accel erome-
ters. The database in the form of fitting formulas is eppe
cidly dedrable.
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