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Abstract: This article proposes a new wake oscillator model for vortex induced vibrations of an elastically supported rigid circular 
cylinder in a uniform current. The near wake dynamics related with the fluctuating nature of vortex shedding is modeled based on the 
classical van der Pol equation, combined with the equation for the oscillatory motion of the body. An appropriate approach is 
developed to estimate the empirical parameters in the wake oscillator model. The present predicted results are compared to the 
experimental data and previous wake oscillator model results. Good agreement with experimental results is found. 
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1. Introduction  

Vortex-Induced Vibration (VIV) is caused by the 
vortex shedding behind bluff bodies and may lead to 
degradation of structural performance or possibly 
even structural failure. It is a particularly important 
issue for offshore structures such as pipes, risers and 
mooring lines, therefore, it must be considered in 
engineering designs. Recent reviews on the VIVs can 
be found in Ref.[1-3]. 
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Several ways were adopted to predict the 
dynamic behavior of structures experiencing vortex 
induced vibration in the literature. One VIV prediction 
method consists of solving the Navier-Stokes 
equations by the Direct Numerical Simulation (DNS) 
for the fluid around the circular cylinder and to 
compute the hydrodynamic loads on it[4,5], however, 
this approach is made difficult by the fact that 
Reynolds numbers in most industrial applications 
cannot be well estimated. A well-known alternative is 
to use phenomenological models based on wake 
oscillators. Combined with accessible analytical 
considerations, they help reveal the underlying 
physical nature. This explains several recent 
improvements in this approach. The original kernel in 
the form of van der Pol or Rayleigh equation was 
reinterpreted by Skop and Balasubramanian[6],  Skop  
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and Luo[7], Krenk and Nielsen[8] and Plaschko[9] . 
More recently, Facchinetti et al.[10] presented an 
excellent review on the dynamics of wake oscillator 
models for 2-D vortex-induced vibrations. Three 
different types of coupling effects (displacement, 
velocity and acceleration) of the cylinder movement 
on the lift fluctuation were considered. It is found that 
by the displacement and velocity couplings only, one 
fails to predict the lift phase observed in experiments 
of vortex shedding from cylinders that were forced to 
oscillate. By the displacement coupling alone, the lift 
magnification at lock-in and almost all important 
features of vortex induced vibrations at low values of 
the Skop Griffin parameter GS  can not be predicted, 
while by the velocity coupling alone, the range of 
lock-in for low values of GS  can not be determined. 
On the other hand, the acceleration coupling may be 
used to qualitatively model the features of VIV 
considered. The same authors[11] extended the model 
to predict VIV and Vortex Induced Waves (VIW) for 
cables and successfully predicted the experimental 
response behavior of a towed cable. Mathelin and De 
Langre[12] extended Facchinetti’s results to predict 
VIV of cables subjected to sheared flows. Violette et 
al.[13] predicted the vortex-induced vibrations of long 
structures using a wake oscillator model developed by 
Facchinetti et al.[10], and compared the predicted 
results with DNS and experimental results. Lin et al.[14] 
modified the fluid damping used in the structure-wake 
oscillators proposed by Facchinetti et al.[10], into a 
nonlinear fluid damping in the form of the 
square-velocity in the response analysis of vortex 
induced vibrations. 

The wake oscillator model presented by 
Facchinetti et al.[10] can qualitatively reproduce some 
aspects of VIV for rigid cylinders elastically 
supported, but fails to describe quantitatively the 
cylinder oscillation amplitude, also no relations were 
obtained between the model parameters in the model, 
which would vary considerably from experiment to 
experiment. This study aims to overcome these 
shortcomings, by modifying Facchinetti’s model and 
applying a new approach to estimate the empirical 
parameters in the wake oscillator model.  

This article is divided in five sections. Brief 
descriptions of the structural and wake oscillator 
model are given in the next section. In section 3, the 
empirical parameters are estimated from experimental 
data based on a forced wake oscillator for the vortex 
shedding behind a structure whose movement is 
imposed. Then, the comparations of the present model 
results are made with the experimental data and 
Facchinetti’s model results in Section 4. Finally, in the 
last section, conclusions are drawn based on the 
obtained results.    

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.1 Model of coupled structure and wake oscillators for 2-D 

vortex-induced vibrations  
 
 
2. Model description 

Consider the elastically supported rigid circular 
cylinder shown schematically in Fig.1. The coupling 
wake and structure oscillators are described by[10]: 
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where the dot represents the derivative with respect to 
dimensionless t , y  is the dimensionless in-plane 
cross-flow displacement of the structure, and the 
dimensionless wake variable q  (Fig.1) may be 
associated to the fluctuating lift coefficient on the 
structure, A  and ε  are the empirical parameters, 
ξ  and δ  are the structure reduced damping and 
angular frequency, respectively, γ is a stall 
parameter[6,7], μ  is mass ratio, M  is essentially a 
mass parameter for the effect of the wake on the 
structure. The above parameters are related by the 
following expressions: 
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where 0LC   is the reference lift coefficient of a fixed 
structure subjected to vortex, D  is the diameter of 
the circular cylinder, U  is the free stream velocity of 
the uniform flow, St  is the Strouhal number, sΩ  
and fΩ  are the vortex shedding angular frequency 
and the structure angular frequency, respectively, rU  
is the reduced velocity, DC   is the drag coefficient of 
the structure,  m  is the structural mass, including 
the fluid-added mass, and ρ  is the fluid density. 

 
 

3. The determination of empirical parameters 
All parameters presented above are estimated in 

this section, assuming = 0.2St , 0 = 0.3LC  in the 
sub-critical range, 5300 1.5 10Re< < × . For the sake 
of simplicity, we assume a constant drag coefficient 

= 2.0DC [10]. The difficult part in the estimation is to 
determine the values of the Van Der Pol parameter ε 
and the scaling of the coupling force f , namely A . 

  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2 Lock-in bands in the ( ω , 0y ) plane for synchronization 

of vortex shedding with transverse cylinder vibration. 
Experimental data 
 
Considering an harmonic motion with 

dimensionless amplitude 0y  and angular frequency 
ω , namely 0= cos( )y y tω , the action f  of the 
structure on the fluid wake oscillator can be expressed 
as: 
 

( )2
0= cosf A y tω ω−                      (3) 

 
A reduced velocity is defined based on the 

forcing frequency as = 1 / ( )rU Stω [10]. With the 
hypothesis of harmonicity and frequency 
synchronization, the response is sought in the  form  

 
 

0= cos( )q q tω ψ− , where 0q   and ψ   are  time- 
independent amplitude and phase, respectively. 
Substituting them into the wake oscillator, Eq.(1), and 
considering only the main harmonic contribution of 
the nonlinearities, with some elementary algebraic 
operations, one obtains the amplitude of the transfer 
function of the wake oscillator, with the same form as 
shown in Ref.[10]: 
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The free wake oscillator response 0 = 2q  is supposed 
to prevail on the forced response, which defines a 
lock-out state, as a boundary defined by polynomial (4) 
in the (ω , 0y ) plane. The lock-in domain is shown in 
Fig.2, the parameter A may now be chosen by 
matching the model response (4) to experimental data 
on the lock-in extension in the literature, which can be 
expressed as: 
 

= 10A  for 0 1ω≤ ≤ ,     
 

= 4A  for 1ω >                           (5)   
 
For a given set of model parameters, the 

amplitude of the cylinder vibration is a function of the 
structural damping factor, the mass ratio, as well as 
the ratio of the nominal vortex shedding frequency to 
the natural frequency of the cylinder structure. 

However, the maximum structure displacement 
amplitude at the lock-in is typically expressed in the 
literature as a function of a single combined 
mass-damping parameter, namely the Skop-Griffin 
parameter GS  ( 3 2= 2 St μξπ ). Recently, Sarpkaya[1] 
devised a new and relatively simple curve-fitting 
given by 
 

1.05
0max = 1.12e GSy −                         (6) 

 
for a rigid cylinder, as is plotted in Fig.3. 

Facchinetti et al.[10] defined a reference resonance 
state by letting = = 1ω δ  at = 1 /rU St , the 
maximum structure displacement amplitude is 
obtained and can be written as:  
 
 



 384

 

0 0

0max 3 2 3 2
2 4= 1+

+ +

L L

G G

C C
Ay

S St S Stγ ε γπ π
     (7) 

 
The direct substitution of Eqs.(5) and (6) into Eq.(7) 
gives the empirical parameter ε . In fact, ε  depends 
on the material properties of the structure, instead of 
being a universal constant. 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 Experimental measurements of the modally normalized 

maximum amplitude versus the Skop-Griffin parameter 
GS  and the proposed curve-fitting: Eq.(6) (Sarpkaya[1]) 

 
 
4. Numerical results and discussion 

In this section, firstly, comparisons of the 
calculations based on the present wake oscillator 
model, experiments by Khalak and Williamson[15] and 
the precious wake oscillator model by Facchinetti et 
al.[10] are made. The circular cylinder is subjected to 
an incident uniform flow, and supported by a spring 
and a damper. The same mass and damper coefficients 
used in Khalak and Williamson[15] were used in the 
present numerical investigation. They are: 

3= 5.42 10ξ −×  and = 2.4μ  with the reduced 
velocity varying from 1 to 16 

Figure 4 shows the amplitude of the oscillation as 
a function of the reduced velocity obtained in the 
present work and other numerical, experimental data. 
It can be seen that the present model can be used to 
capture the initial, upper and lower branches reported 
in Khalak and Williamson[15]. The numerical results 
obtained for the upper branch are quite close to the 
experimental data. However, those obtained by 
Facchinetti’s model[10] obviously deviate from the 
experimental data. The vibration frequency is plotted 
in Fig.5. The new wake oscillator model results seem 
to agree fairly well with the experimental data at low 
values of the reduced velocity, but underestimate  the  

 
 

vibration frequency at high values of the reduced 
velocity.  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4 The oscillation amplitude of the elastically supported 

rigid circular cylinder as a function of reduced velocity 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.5 The oscillation frequency of the elastically supported 

rigid circular cylinder as a function of reduced velocity 
 
A striking phenomenon was found by Govardhan 

and Williamson[16] who studied the transverse VIV of 
a cylinder of low mass and low damping with no 
structural restoring force. The mass ratio μ  was 0.52, 
which is less than the“critical mass ratio” (0.542 as 
obtained by a group of free excited vibration tests), 
with the reduced damping = 0.0052ξ . Present wake 
oscillator model and the previous model by 
Facchinetti et al.[10] are both able to describe the 
phenomenon of the persistent lock-in, as is illustrated 
in Fig.6, where the structural oscillation amplitude 

0y  is plotted as a function of the reduced velocity 
rU . It appears that, our model results agree better with 

experimental data, while the predicted results by 
Facchinetti’s model are lower than experimental 
results. The evolution of frequency is plotted in Fig.7, 
where the results of the present wake oscillator model 
and Facchinetti’s model results are both consistent 
with experimental data.  
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Fig.6 The oscillation amplitude of the elastically supported 

rigid circular cylinder as a function of reduced velocity. 
3= 5.2 10ξ −×  and = 0.52μ  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.7 The oscillation frequency of the elastically supported 

rigid circular cylinder as a function of reduced velocity. 
3= 5.2 10ξ −×  and = 0.52μ  

 
From the case studies described above, it can be 

seen that the new wake oscillator model can predict 
the rigid cylinder VIV qualitatively and quantitatively.  

 
 
5. Conclusions 

A new wake oscillator model is presented for the 
vortex induced vibration of an elastically supported 
cylinder. It is different from the wake oscillator model 
proposed Facchinetti et al. [10], with a set of relations 
postulated between the empirical parameters and the 
mass ratio and damping parameters that govern the 
oscillatory response. These relations are used to 
calculate empirical parameters which were assumed 
constants by Facchinetti et al.. 

The model was successfully used to predict 
quantitatively the resonant response amplitude and 
frequency for elastically supported cylinder. The 
predicted results are compared to  the  experimental  

 
 
 
 

data and Facchinetti’s model results, with a good 
agreement with experimental data. The model has 
overcome some shortcomings in Facchinetti’s model. 
These results show the applicability and usefulness of 
the present model for predicting vortex induced 
vibration of engineering structures. 

Finally, as a challenging task, it is desirable to 
extend the present model to elastic structural elements 
such as risers, cables, etc.. 
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