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ABSTRACT

Presented in this paper is a mathematical model to calculate the probability of the sediment incipient motion, in

which the effects of the fluctuating pressure and the seepage are considered. The instantaneous bed shear velocity and the

pressure gradient on the bed downstream of the backward�facing step flow are obtained according to the PIV measure�
ments. It is found that the instantaneous pressure gradient on the bed obeys normal distribution. The probability of the

sediment incipient motion on the bed downstream of the backward�facing step flow is given by the mathematical model.

The predicted results agree well with the experiment in the region downstream of the reattachment point while a large dis�
crepancy between the theory and experiment is seen in the region near the reattachment point. The possible reasons for

this discrepancy are discussed.
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1. Introduction

The critical condition of sediment incipient motion is important for the study of sediment transport

and local scouring process and it has been concerned by numerous researchers. Most work about sedi�
ment transport connected the sediment incipience with bed shear stress. The critical incipient shear

stress can be well defined for the unidirectional turbulent stream flows. Up to now, there are a large

number of empirical formulae developed ( van Rijn, 1984; Dou, 2000; Cheng, 2004; Cao et al . ,

2006) to evaluate the critical incipient shear stress of sediment with different properties ( cohesive or

cohesionless) . It is noted that these empirical formulae are derived based on the experiments under u�
nidirectional stream flows.

The crit ical incipient condition under complex flows, which have both flow separation and reat�
tachment associated with large scale vortices, has attracted many investigators� attent ion. At present,

most researches on the local scouring under complex flows or waves still adopt traditional formula ob�
tained under unidirect ional flow to describe the critical condit ion of sediment incipience ( Zhou et al . ,

2001; Zhao and Teng, 2001; Chen et al . , 2004; Liang et al . , 2005) . However, Lyn ( 1995) and

Liu and Huhe ( 2003) studied sediment incipience under turbulence generated by oscillating grid and

reported that sediment grains could be picked up under the condition of zero mean bed shear stress.

These studies imply that the sediment incipience can not be only attributed to bed shear stress under

complex flows.
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Pickup probability of sediment incipience, which can account for the random nature of the sedi�
ment entrainment , is a desirable quantity to evaluate the sediment incipient mot ion under complex

flows. Einstein ( 1942) def ined the pickup probability for a bed particle as that of the instantaneous lift

force larger than the effective weight force of the particle. And later on, the formulae to calculate the

pickup probability were proposed by some researchers ( Engelund and Fredsoe, 1976; Cheng, 1998) .

These formulae are related to the pickup probability with bed shear stress, while the effects of fluctuat�
ing pressure and the seepage are not considered. The works above did not mention the method to mea�
sure the pickup probability and the measured results. Recently, Dancey et al . ( 2002) presented an

approach to measure the probability of bed particle moving quantitat ively. In the study of Dancey et

al . ( 2002) , the concepts of observation period and the average period between the two adjacent turbu�
lent events are introduced. However, the average period between the two adjacent turbulent events in

the complex flow is difficult to be obtained.

In the present study, flows over a backward�facing step, in which separation and reattachment
associated with large vortices can be found, are employed to study the probability of sediment part icles

movement under complex flows. A mathematical model considering the effects of fluctuating pressure

and the seepage on the sediment incipient motion is presented to calculate the probability of sediment

particle movement. A series of experiments are conducted to measure the instantaneous flow velocity

f ields and the probability of sediment particle movement downstream of the backward�facing step. The
probability of sediment part icle movement obtained by the theory is compared with the measured re�
sults. The roles of instantaneous bed shear stress and seepage flows induced by the bed pressure gradi�
ent on the sediment incipient are investigated. The possible scale of the turbulent events period is also

discussed.

2. Mathematical Formulation

The sketch of the studied problem is shown in Fig. 1, x and y are the horizontal and vertical co�
ordinates, z is point ing upward with its origin located at the sediment bed. The step is located at x=

0, the height of the step isH s, the vert ical distance from the sediment bed to the bottom of the porous

medium is H , and the water depth downstream of the step is D .

For the complex flows, the interaction of the large scale vortex with the bed can induce not only

the shear stress but also a high pressure gradient on the bed, resulting in the seepage flow in the bed.

The existence of the seepage enhances the sediment movement. Cheng and Chiew ( 1999) investigated

the effect of upward bed seepage on the critical condition of sediment incipient motion, and gave the

the critical shear velocities for uniform cohesionless sediment particles in the presence of upward sea�
page

u* c( iz0)

u* oc

2

= 1-
iz0
i c
, (1)

where u* oc is the critical shear velocity without seepage, and i c is the critical hydraulic gradient .

The incipient condition is:
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Fig. 1. Definition sketch.

Fig. 2. Instantaneous flow velocity fields downstream of the step.

u * > u* c( iz0) (2)

where u* and u* c( iz 0) are the shear velocity of flow on the bed and crit ical shear velocity with seep�
age, respectively; iz0 is the vertical hydraulic gradient on the bed. For a horizontal bed, the value of

u* oc can be obtained by Shields diagram, and i c is given by

i c =
�s- �
�

(1- �) , (3)

where �s and �are density of sediment particle and water respect ively, and � is the porosity of the

sediment, see Cheng and Chiew ( 1999) for details.

According to critical incipient condition Eq. ( 2) , the probability of sediment incipience can be

expressed as:

P i = �
 

0
P ( u* > u* c( iz0) )f iz ( iz 0)d iz 0, (4)

where P( u* > u* c( iz0) ) is defined as the probability of u* > u* c( iz0) , and f iz( iz0) is the proba�
bility density function of iz0.

For the porous medium consisting of f ine particles, the hydraulic gradient i= � h obeys Darcy�s
law:
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v s = Ki , (5)

where v s is the seepage velocity. Substitut ing Eq. ( 5) into the continuity equat ion �!v s= 0 gives

 2
h = 0. (6)

∀ ∀ The hydraulic head h in the porous medium can be obtained by solving Eq. ( 6) with the follow�
ing boundary conditions:

h = h0, z = 0

 h = 0, z = - H
(7)

where h0 is the hydraulic head on the bed. As the quantit ies are classified into the mean and fluctuat�
ing components, the fluctuating hydraulic head !h must satisfy the following governing equat ion and

boundary condit ions:

 2!h = 0

!h = !h0, z = 0

 !h = 0, z = - H

(8)

where the tilde represents the fluctuating component. The solut ions of Eq. ( 8) can be given as:

!h = �
 

-  �
 

-  

cosh[ ( k
2
x + k

2
y ) (H + z ) ]

cosh[ ( k
2
x + k

2
y )H ]

F ( kx , ky , t ) e
i2 ( k

x
x+ k

y
y ) dkxdky , (9)

F( kx , ky , t ) = �
 

-  �
 

-  
!h0( x , y , t ) e- i2 ( kxx+ k

y
y )
dxdy . (10)

The fluctuating vertical hydraulic gradient in the region near the bed can be obtained with Eq. ( 9) :

∀iz0 = �
 

-  �
 

-  
( k

2
x + k

2
y ) F( kx , ky , t ) e

i2 ( k
x
x+ k

y
y )dkxdky . (11)

The variance of the random variable iz0 can be expressed as:

!
2
i
z
= E �

 

-  �
 

-  �
 

-  �
 

-  
( k

2
x + k

2
y ) F( kx , ky , t )

2

e
i2 ( k

x
x+ k

y
y )
e
- i2 ( k

�

x
x+ k

�

y
y )
dkxdkydk

�
xdk

�
y

(12)

where E [ X ] denotes the mean of X . From Eq. ( 11) , the fluctuating horizontal hydraulic gradient on

the bed can be given as:

∀i x0 = �
 

-  �
 

-  
kxF ( kx , ky , t ) e

i2 ( k
x
x+ k

y
y )
dkx dky ; (13)

∀i y0 = �
 

-  �
 

-  
kyF ( kx , ky , t ) e

i2 ( k
x
x+ k

y
y ) dkx dky . (14)

Substituting Eqs. ( 13) and ( 14) into Eq. ( 12) , one can obtain

!2i
z
= !2i

x
+ !2i

y
(15)

!
2
i
x
= E �

 

-  �
 

-  �
 

-  �
 

-  
k
2
x F( kx , ky , t )

2

e
i2 ( k

x
x+ k

y
y )
e
- i2 ( k

�

x
x+ k

�

y
y )
dkxdkydk

�
xdk

�
y (16)

!2i
y
= E �

 

-  �
 

-  �
 

-  �
 

-  
k
2
y F( kx , ky , t )

2

ei2 ( kxx+ k
y
y ) e- i2 ( k

�

x
x+ k

�

y
y )dkxdkydk

�
xdk

�
y (17)

where !
2
i
x
and !

2
i
y
are the variances of the random variables ix0 and iy0, respectively.
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Assuming that the probability distribution of iz0 obeys normal distribution

f iz ( iz0) =
1

!iz 2 
e- i

2

z0
/ !

2

tz . (18)

The probability of sediment incipience can be obtained with Eq. ( 4) as !2i
x
, !2i

y
and u * are known.

The values of !
2
i
x
, !

2
i
y
and u* can be derived from the instantaneous flow velocity fields above the

bed, which will be discussed in the following section.

3. Analysis of Experimental Data

The flow field experiments were carried out in a perspex flume, which had a test section of 6 m

long, 0. 4 m wide and 0. 4 m deep. In our experiments, the working water depth was fixed at 0. 3m.

Turbulent intensity at the inlet of the flumewas lower than 0. 3% and the adjustable flow velocity could

vary cont inually from 0. 05 m/ s to 1. 0 m/ s. A step with the height of 2. 5 cm was placed in the cen�
tral region of the flume. The instantaneous velocity fields were measured by the PIV ( particle image

velocimetry) . The resolution of the CCD camera used in the PIV system was 640 # 480 pixels and the

grabbing speed was 200 frames per second. Separate sets of experiments were also carried out to study

the probability of sediment incipience. To prepare the sediment bed, a sediment container was ar�
ranged downstream of the step and uniform glass beads with density 2500 kg/ m3 and diameter 0. 165

mm were f illed in the sediment container. The porosity of the sediment bed was about 0. 41. For the

measurement of the number of moving part icles in the observat ion period, a CCD camera of resolution

768 # 576 pixels was placed above the flow to record images of sediment particles through a horizontal,

transparent plate whose lower surface was adjusted to touch the water surface. The CCD camera used in

the sediment incipient experiment can grab up to 25 frames per second. Details of the experiments were

given in Liu et al . ( 2008) . The instantaneous velocity fields measured in the horizontal plane near the

bed are used to calculate the instantaneous bed shear velocity and horizontal hydraulic gradient on the

bed. The number of moving particles in the observation period is used to analyze the sediment incipient

probability.

3. 1 ∀ Bed Shear Velocity

As the instantaneous flow velocity in the horizontal plane above the bed are given, the bed shear

velocity u* can be obtained by solving the following equations ( Zhou et al . , 1993)

ub
u*

=
u* z b
∀

, ∀ ∀ ∀ ∀ ∀ ∀
u * z b
∀

< 5

ub
u*

= 5#0ln
u* z b
∀

- 3#05, 5 <
u* z b
∀

< 30

ub
u*

= 2#5ln
u* z b
∀

+ 5#5, ∀
u* z b
∀

> 30

(19)

where z b is the vertical distance of the measured plane away from the bed and ub is the flow velocity

magnitude in the measured plane. Eq. ( 19) is valid only if u * z b/ ∀is smaller than a certain value,
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which depends on flow cases. For the backward�facing step flow, where the intensity of the vortex is
high, a small z b must be chosen. In the experiment of Liu et al . ( 2008) , z b= 0. 5 mm, which en�
sures u* z b/ ∀< 30.

3. 2 ∀ Bed Horizontal Hydraulic Gradient

The pressure gradient can be obtained by solving the Navier�Stokes equation:

 p = - �(
∃%u
∃ t + %u ! �%u + g&k ) + #�2%u , (20)

where %u is the instantaneous flow velocity. Landau and Lifshitz ( 1987) conclude that, for the large

eddies which are the basis of any turbulent flow, the viscosity is unimportant. As the pressure gradient

is calculated in the high Reynolds number turbulent flow, the viscosity can be ignored:

�p = - �(∃%u∃t + %u ! �%u + g&k ) . (21)

∀ ∀ The horizontal hydraulic gradient on the bed can be approximately calculated by the horizontal

pressure gradient near the bed:

ix0 =
1
�g

∃p ( x , y , z b, t )
∃ x

iy0 =
1
�g

∃p ( x , y , z b, t )
∃ y

(22)

∀ ∀ As a result of flattening of eddies near the bed, the horizontal velocity is amplified and the vert i�
cal velocity is sharply attenuated. The horizontal velocity can be much larger than the vertical velocity

when the distance apart from the bed is much smaller than the length scale of eddies ( Hannoun,

1988) . Ignoring the vert ical flow velocity near the bed and substituting Eq. ( 22) into Eq. ( 21) , the

following formulae can be obtained:

ix0 = -
1
g
(
∃ u
∃ t + u

∃u
∃x + v

∃ u
∃ y )

iy0 = -
1
g
(
∃v
∃ t + u

∃v
∃x + v

∃v
∃ y )

(23)

where u and v are x� and y�components of the flow velocity at the horizontal plane z = z b.

3. 3 ∀ Definition of the Incipient Probability

According to the argument of Dancey ( 2002) , the sediment incipient motion is due to the turbu�
lent events. Denoting the fraction of sediment moving in the observation period T o as ∃m , Dancey

( 2002) gives the sediment incipient probability P i

P i =
∃mT t

T o
, (24)

where T t is the average period between the two adjacent turbulent events. It must be noted that the ex�

pression ( 24) is suitable for the case of large T o( T o> T t) . For small T o ( T o< T t ) , we have P i=

∃m . Unfortunately, the appropriate scaling of the turbulent events period is unsolved up to now. In the

present study, the fract ion of sediment moving in the observation period T o= 0. 04 s ( due to the limi�
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tation of the hardware) obtained by Liu et al . ( 2008) is presented and compared with the sediment in�
cipient probability obtained with Eq. ( 4) . The possible scale of the turbulent events period is dis�
cussed.

4. Results and Discussion

4. 1 ∀ Flow Fields

The velocity fields for backward�facing step with three different Reynolds numbers Re ( Re =

U0H s/ ∀, U0 being the mean velocity at inlet of the fluid) have been studied by PIV. The instanta�

neous velocity field at Re= 5000 ( U0= 0. 2 m/ s) is reported here. Over a t ime interval of 3 s, 600

image frames are grabbed so that the instantaneous velocity fields at 600 times can be obtained. Fig. 2

shows the instantaneous velocity fields in the vertical and horizontal plane. The complex vortex struc�
tures can be observed in both vert ical and horizontal plane, which implies three dimensional vortex

structures exist downstream of the step.

For the verification of the validat ion of the PIV measurements, the measured velocity and the root

mean square velocity are compared with the DNS ( direct numerical simulation) results of Le et al .

( 1997) . Fig. 3 shows the mean streamwise velocity profiles on the vertical plane at three different lo�
cat ions downstream of the step. A good agreement of our PIV measurements with the DNS results of Le

et al . ( 1997) can be obtained. The statistic average reattachment length in our experiments is found

to be about 6H s, which agrees with the results of Armaly et al . ( 1983) and Le et al . ( 1997) .

The root mean square velocity profiles of longitudinal and vertical velocity fluctuat ions ( ( u
�2
)
1/ 2

,

( w
�2
)
1/ 2

) at three different locations downstream of the step ( x / H s= 4, 6, 10) are shown in Fig. 4

and Fig. 5, respectively. A comparison of the root mean square velocity obtained by our PIV with that

of Le et al . ( 1997) at locations of x / H s= 4 and 6 shows that our PIV results agreewell with the DNS

results of Le et al . ( 1997) in the region near the bed ( z< 0. 3H s) . However, a large discrepancy

between our PIV results and the DNS results occurs in the region far from the bed ( z> 0. 3H s) , which

can be explained by the long time interval of two image frames used in PIV measurements. The time

interval of two image frames that is suitable for the measurement in the region near the bed may lead to

large errors of that in the region far from the bed, as the fluid velocity far from the bed is higher than

that near the bed. Fortunately, the sediment incipient motions are mainly related to the flow character�
ist ics near the bed, which ensure that our PIV measurements can be used to analyze the sediment in�
cipient probability. According to our PIV measurements, it is found that the longitudinal velocity fluc�
tuation intensity is higher than the vertical one and the maximum root mean square velocity near the

bed occurs in the region near the reattachment point.

The instantaneous velocity f ields in the horizontal plane 0. 5 mm away from the bed for 600 t imes

are used to calculate the instantaneous bed shear velocity by Eq. ( 19) . Analyzing 600 velocity fields

in the region x 0- 5 mm< x< x 0+ 5 mm, we obtain about 84000 values of u* . By counting the

number of u
* > u0 in these 84000 values, the probability that the bed shear velocity is larger than
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u0, P ( u* > u0) at x= x 0 can be obtained. Fig. 6 shows the value of P( u
* > u0) at the locat ions

x /H s= 2, 6, 8, 12, respectively. The instantaneous bed shear velocity has a large value far down�
stream of the step ( x / H s= 12) and the probability of a low bed shear velocity occurrence is not large

in this region. In the region near the reattachment point ( x / H s= 6, 8) , the probability of a low bed

shear velocity occurrence becomes large, however, a high bed shear velocity can also be found. In the

region near the step( x / H s= 2) , the bed shear stress becomes very low and the probability of a high

bed shear velocity occurrence is very small. The probability distribution of the bed shear velocity ob�
tained by this study can be explained by the characterist ics of the backward�facing step flow. The large
probability of the high bed shear velocity occurrence far downstream of the stepmay be attributed to the

high mean flow velocity near the bed. Near the attachment point, the mean flow velocity near the bed

approaches zero, while the velocity fluctuation intensity reaches its maximum value, both high and low

bed shear velocities can occur. The low mean flow velocity near the bed and also the low velocity fluc�
tuation intensity in the region near the step may account for the low bed shear velocity in this region.

Fig. 3. Mean streamwise velocity profiles on the

vertical plane.

Fig. 4. Root mean square velocity profiles of longitudinal

velocity fluctuations.
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∀ ∀ Fig. 5. Root mean square velocity profiles

of vertical velocity fluctuations.

∀ ∀ Fig. 6. Probability of the bed shear velocity

being larger than u0 .

The instantaneous velocity fields in the horizontal plane 0. 5 mm away from the bed at 600 t imes

were also used to calculate the instantaneous horizontal hydraulic gradients on the bed by Eq. ( 23) .

The velocity fields at two times with interval of 0. 005 s were used to calculate
∃ u
∃ t and

∃v
∃t , and the ve�

locity fields with 38 # 28 velocity vectors in the region of 80 mm # 60 mm at one time were used to cal�

culate u
∃ u
∃ x , u

∃v
∃x , v

∃ u
∃ y , and v

∃ v
∃y . Then the instantaneous horizontal hydraulic gradients ix0 and

iy0 on the bed were obtained. Analyzing 600 velocity fields in the region x 0- 5 mm< x< x 0+ 5 mm,

we can obtain about 84000 values of ix0 and iy0. By counting the number of ix - 0. 02< ix0< ix +

0. 02 ( or iy - 0. 02< iy0< iy+ 0. 02) in region x 0- 5 mm< x< x 0+ 5 mm, the probability density

function ( PDF) of the random variable ix0 ( or iy0) at the posit ion x= x 0 can be given approximately.

Fig. 7 shows the PDF of the horizontal hydraulic gradients on the bed at the posit ions x / H s= 2, 6,

8, 12, respectively. It is found that the experiment probability distribut ion of ix0 and iy0 obeys normal

distribution, which verify the validation of the assumpt ion about the probability distribut ion of ix0 given

in Eq. ( 18) . According to the PDF of the horizontal hydraulic gradients, the values of !2i
x
and !2i

y
are

given ( as shown in Fig. 7) . The maximum values of !2i
x
and !2i

y
occur at a location 6H s away from the

step, which is the location of the reattachment point . Recalling the discussion above, the maximum
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velocity fluctuations near the bed also appear in the region near the reattachment point, which implies

larger velocity fluctuations may induce larger fluctuations of hydraulic gradients.

Fig. 7. Probability density function of the horizontal hydraulic gradients on the bed.

4. 2 ∀ Sediment Incipient Probability

The initial shear velocity formula presented by Dou ( 2000) gives the critical shear velocity with�
out seepage u * oc= 0. 016 m/ s ( for little mot ion) and Eq. ( 3) gives the crit ical hydraulic gradient i c

= 0. 885. Fig. 8 gives the sediment incipient probability obtained from Eq. ( 4) and the fraction of

sediment moving in the observation period T o= 0. 04 s given by Liu et al . ( 2008) . In order to study

the effects of seepage on the sediment incipience, the sediment incipient probability in the case that

the effects of seepage are not considered is also presented in Fig. 8.

∀ ∀ Fig. 8. Sediment incipient probability and

the fraction of sediment moving in

the observation period.

It can be seen that the sediment incipient probability in the case that the effects of seepage are

considered is about 50% higher than that in the case that the effects of seepage are not considered.
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Comparing the sediment incipient probability obtained with Eq. ( 4) and the fraction of sediment mov�
ing in the observation period obtained by Liu et al . ( 2008) , we can observe that they are in a good

agreement downstream of the reattachment point ( x /H s> 10) and have a discrepancy in the region

near the reattachment point ( 4< x / H s< 10) , which may be explained by analyzing the flow structure

downstream of the step.

For backward�facing step flow, the free�shear layer shedding from the step forms vortices due to

Kelvin�Helmholtz ( KH) instability. As the free�shear layer rolls up, the vortices continue to grow and
interact with the bed near the reattachment point . Thus, the turbulence has fully developed in the re�
gion near the reattachment point so that high intensity small�scale vort ices will form in this region. Ow�
ing to the existence of the high intensity small�scale vortices, the period between the two adjacent tur�
bulent events may be very short. Furthermore, the high intensity small�scale vortices can induce the
vertical flow velocity near the bed, which is ignored in the calculation of the horizontal hydraulic gradi�
ent on the bed. So the existence of high intensity small�scale vort ices can explain why the fraction of
sediment moving in the observation period may be much higher than the sediment incipient probability

predicted near the reattachment point in theory.

The energy of the small�scale vortices generated in the free�shear layer is dissipated downstream of

the reattachment point, which may result in a long period between the two adjacent turbulent events.

The inner scale of the burst ing period T B, which is obtained by Shah and Antonia ( 1989) in turbulent

boundary layer flow, is used to estimate the period between the two adjacent turbulent events for the

flow downstream of reattachment point in this study. Shah and Antonia ( 1989) gave a normalized

bursting period T
+
B = TBu

2
* / ∀, which ranges from 50 to 250. In the present study, the bed shear ve�

locity u * downstream of the reattachment point ranges from 0. 01 to 0. 02 m/ s. It can be estimated

that the average period between the two adjacent turbulent events is about 0. 125~ 2. 5 s, which is

larger than the observat ion period T o . Thus, the fraction of sediment movement in the observation peri�
od downstream of the reattachment point equals the sediment probability. It is not surprising that sedi�
ment incipient probability obtained with Eq. ( 4) agrees well with the fraction of sediment moving in

the observation period downstream of the reattachment point.

5. Conclusions

The instantaneous bed shear velocity and the pressure gradient on the bed are given and the ef�
fects of the fluctuating pressure and the seepage on the sediment incipient probability are studied in this

paper. The following conclusions can be drawn.

( 1) The instantaneous pressure gradient on the bed obeys normal distribution.

( 2) The sediment incipient probability in consideration of the effects of seepage is about 50%

higher than that without consideration of the effects of seepage. The sediment incipient probability in

consideration of the effects of seepage agrees well with the measured results downstream of the reattach�
ment point.

( 3) In the region near the reattachment point , the sediment incipient probability obtained by the�
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oretical model is lower than the measured results. The reason may be the existence of high intensity

small�scale vortices in the region near the reattachment point. In order to understand the incipient mo�
tion of sediment in the region near the reattachment point , the behavior of the small�scale vortices must
be studied further.
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