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Thermo-hyperelastic models for nanostructured materials
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In the framework of continuum thermodynamics, the present paper presents the thermo-hyperelastic models for both the sur-
face and the bulk of nanostructured materials, in which the residual stresses are taken into account. Due to the existence of re-
sidual stresses, different configuration descriptions of the surface (or the bulk) thermo-hyperelastic constitutive equations are
not the same even in the cases of infinitesimal deformation. As an example, the effective thermal expansion coefficient of
spherical nanoparticles is analyzed.
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List of main symbols
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E

identity tensor in 3D Euclidean space
covariant base vectors of the reference con-

figuration
Green deformation tensor defined from the ref-

erence to the current configurations, from the
stress-free to the reference configurations and
from the stress-free to the current configura-
tions, respectively

surface and bulk specific heat at constant vol-
ume

Green stain tensor defined from the reference to
the current configurations, from the stress-free
to the reference configurations and from the
stress-free to the current configurations, respec-
tively

surface Green strain tensor
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F F!

deformation gradient defined from the refer-
ence to the current configurations, from the
stress-free to the reference configurations and
from the stress-free to the current configura-
tions, respectively

surface deformation gradient and its inverse

F, F7'” out-plane terms of F, and F,'

i
I,

N~ SN~

0
q}z

index ranging over the integers 1, 2 and 3
identity tensor on the tangent plane of the sur-
face in the reference configurations

the determinants of F and F', respectively
two invariants of the surface right stretch tensor
surface and bulk thermal conductivities
elasticity tensor defined in the reference con-
figuration

stress-temperature modulus defined in the ref-
erence configuration

covariant base vectors of the stress-free con-
figuration

heat flows entering the surface from the bulk
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defined in the reference configurations

surface and bulk heat fluxes defined in the ref-
erence configuration

initial value of ¢,

radii of nanoparticles in the reference and the
stress-free configurations

surface and bulk heat supply defined in the ref-

erence configuration
first kind Piola-Kirchhoff stress

first kind Piola-Kirchhoff stress of the surface
bulk residual stress in the reference configura-
tion

second kind Piola-Kirchhoff stress of the sur-
face

surface and bulk temperature, respectively
surface and bulk reference temperature, respec-
tively

displacement measured from the reference
configuration

surface right stretch tensor

surface free energy per unit area defined in the

reference configuration
effective thermal expansion coefficient of

nanoparticles
surface and bulk coefficients related to thermal

expansion
surface energy per unit area defined in the cur-

rent configuration

surface tension, surface Lamé constants

surface internal energy per unit area defined in
the reference configuration

surface entropy per unit area defined in the ref-

erence configurations
bulk entropy per unit volume

residual value of 7 in the reference configu-

ration
bulk Lamé constants

surface and bulk temperature change, respec-
tively

Cauchy stress and surface Cauchy stress, re-
spectively

bulk and surface gradient operators defined in

the reference configuration

quantity defined in the stress-free configura-

tion
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1 Introduction

Low-dimensional nanostructured materials, such as nano-
films, nanowires and nanoparticles, have found plenty of
applications as nano components of electronic devices,
sensors, actuators and nanoelectromechanical systems
(NEMS). The mechanical behaviors of aforementioned
NEMS devices at the nanoscale, especially nanostructured
component failure, are inevitably temperature-related [1,2].
Nevertheless, few of the theoretical studies investigated the
size effects on the mechanical properties with temperature
effect [3-5]. As a matter of fact, for the design and fabrica-
tion of reliable NEMS devices, a better understanding is
needed for the temperature-dependent mechanical behaviors
of such materials [6].

To study the temperature-related mechanical properties
of nanomaterials, researchers have developed multiscale
computational models through utilizing the Cauchy-Born
(CB) hypothesis bridging the molecular descriptions of
crystalline configurations and the continuum theories of
crystal mechanics [7-9]. Due to very large surface-to-vol-
ume ratios, surface effects can significantly affect the mac-
roscopic properties of nanomaterials, which prompted the
establishment of models that use a surface and bulk de-
composition to study the coupled thermomechanical behav-
iors of these materials. A temperature-related Cauchy- Born
(TCB) rule has been formulated for multiscale modeling the
thermomechanical behavior and material stability of crys-
talline solids in [8,9]. Recently, surface Cauchy-Born (SCB)
formulations considering thermal effects have been intro-
duced in [10], which extended the traditional bulk
Cauchy-Born theory by augmenting the bulk energy density
with a surface energy density that enables it to capture
nanoscale surface effects. These SCB models have obvious
advantages as they enable the solution of three-dimensional
boundary value problems including surface effects utilizing
traditional nonlinear finite element methods, and make it
computationally tractable, particularly for large systems,
that direct atomistic simulations can hardly model.

Theoretically, based on the Gibbs approaches and con-
tinuum mechanics, thermodynamic models of the elastic
surfaces have been established, e.g., by Murdoch [11],
Rusanov [12], Javili and Steinmann [13] and references
therein. By combining thermoelastic models for surface and
bulk, the size-dependent thermomechanical properties of
nanomaterials have been investigated [14—17]. Usually, in
the absence of external mechanical or thermal loadings, the
surfaces of a nanostructure will be subjected to residual
surface stresses, and an elastic field in the bulk materials
will be induced by such residual surface stresses from the
point of view of equilibrium conditions [18-22]. This self
equilibrium state without external loadings is usually cho-
sen as the reference configuration, from which nanostruc-
tures will deform. That is to say, both the surface and the
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bulk deform due to the residual stress states. The elastic
models of the surface and the bulk with residual stresses for
nanostructures have been investigated by the present au-
thors recently [21]. It is pointed out that even in the case of
infinitesimal deformation, the referential and current con-
figuration descriptions of surface elasticity should be dis-
criminated due to the existence of surface residual stresses
[19, 21].

Motivated by the above circumstances, we generalize our
work [21] to temperature-dependent cases in this paper, and
take thermal effects into account in the thermomechanical
analyses of low-dimensional nanostructured materials under
the framework of thermodynamics.

2 Surface thermo-hyperelasticity

From Gibbs’ point of view, surface energy is an excess
quantity, which is dependent on not only the surface strain
but also the temperature. In this section, we investigate the
temperature-related surface elastic model.

2.1 Thermodynamics of solid surfaces

Under the action of external loadings or changing the envi-
ronmental temperature, nanostructured materials will de-
form from the stressed reference configuration. In the ref-
erence configuration, the local forms of solid surfaces en-
ergy balance and Clausius-Duhem inequality hold [11]:

T :E -V, q +q +r’=¢ (1)
and
0 0 0
q, q T -0
Vo, | = [+==+=<7,, 2)
[TJ n, 1, "

where T, is work conjugate to E_, and T, and E, are

the second kind surface Piola-Kirchhoff stress tensor and
the surface Green strain tensor, respectively. qf is the sur-

face heat flux vector, g, denotes the heat flow entering
the surface from the bulk, r” is the surface heat supply,
T. and 7, are the temperatures of the surface and the

bulk, &’ and 7] denote respectively the surface internal

energy and surface entropy per unit area, dot ( ) repre-
sents the rate of a quantity, and V  is the surface gradient

operators defined in the reference configuration. In the
thermodynamic restrictions (2), “=" and “<” hold for re-
versible and irreversible processes, respectively.

Introduce surface free energy per unit reference configu-
ration area

Sci China Phys Mech Astron

May (2011) Vol.54 No.5

wl =g -T n,. 3)

The surfaces energy balance and Clausius-Duhem inequal-
ity can be written as:

0 0
ow, -T, |:E, + ow, +n’ |T,
aEJ aT\'

+T.s 77? +V()x 'q.(: —6]: _’}0 =0 4
and
a 0 . a 0 )
Wx _Tv :Es + &"'77? T; +R? <0’ (5)
where
T -T
RO =q) (Vo T, )+a) =" ©)

b

Since E, and T, are chosen arbitrarily, we have

0
T, = ZZ : )
o’
n o=- s (8)
T.7 +V,, -4, —q, -1 =0, )
and
R! <0. (10)

Egs. (7)-(10) are the thermo-hyperelastic models of the
surface. Correspondingly, we can define the surface specific
heat at constant volume C, as

0 0 2.0
CSE:agj T on, _ S azwj‘
oT, oT, o°T

s K s

(1)

Substituting eq. (8) into eq. (9), we get the surface heat
conduction equation

VOS q;) :T; as :Ex _CSE’TS +ql(2) +r50’ (12)

ow’

K

in which the second-order symmetric tensor a, =
oT, OF,

S

oT, . .
= represents the surface thermal expansion properties.

Relations between the surface heat flux and the surface
temperature can be modeled as in ref. [11]

) =4) (T, .E.V,T,), (13)

which should satisfy the thermodynamic restriction (10).
Introduce the surface energy y per unit current configura-
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tion area, which is the function of the surface temperature
T, and two invariants (J,andJ,) of surface strain E

for an isotropic solid surface. Hence, we obtain
T aWS(]; 5]1’]2> a|:‘]27(71 ’JI’JZ)]

= 14
OE oE (14)

and

n, == . (15)

Eq. (14) is similar to that given in ref. [18], but here we
emphasize that the surface energy also depends on the tem-
perature.

Surface heat flux can be expressed as

¢ =(k'I, +kE,)-V, T, , (16)

where k! and k! are the functions of the invariants of
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vV,T. -V, T and V,T. -E_-V,T. . Especially, if g, =
0 and k! =-k k! =0, then eq. (16) can be simplified as
the Fourier’s law

q, =—kV,T,, (17)

where k_ is the isotropic surface heat conductivity.

2.2 Infinitesimal surface thermoelasticity
In the cases of infinitesimal deformations, surface strain

E, can be approximately expressed as E, =%(§0‘\,u0

+u0§05) [21]. The invariants J, and J, of right surface
stretch tensor U, can be written as J, =2+uE , J,=1
+trtE, +detE. [19,21]. Note the change of the surface tem-
perature &, =T, —T. is also not very large, where T'is

the reference temperature. Hence, the temperature-related
isotropic surface energy » may be expressed as the fol-

E, and VT , namely the functions of J,, J,, T, , lowing series form
=" n(r)
initial surface energy
1 1
+7,(J, =2)+,(J, —1)+E)/“(J1 -2Y +y,(J, =2, —1)+E;/22(J2 -1’ (18)

strain-contirbution surface energy [19,21]

+7,0. +73,0.(J, =2+ 7,0.(J, =)+ 7,07 + ...,

temperature-contribution surface energy

where only second-order small quantities are considered.
Substituting eq. (18) into eq. (14), and only keeping the
first-order quantities, we get

T =y, +<7g +}/f)tr(Es)I0
+<7/1_27/;>Ex+ﬂx9x10’ (19)

N=0 A2, A2+
[19,21]; B, =y, +y,; +75 is the coefficients related to

where yy =y, +7 +7, .

isotropic surface thermal expansion. Eq. (19) is the linear
surface thermoelasticity described in the reference configu-
ration.

The first kind surface Piola-Kirchhoff stress S =F_ -T,

[18,21], thus

S, = 7/310 +<7/g +}/1*>(UE.\-)IO _73(60.‘-”0)
+7/1 Es +7/;F5(0) +ﬂ59510' (20)

The first kind Piola-Kirchhoff surface stress without tem-
perature effects has been used by Huang and Sun to predict
the effective moduli of nanocomposites [19].

Under Euler descriptions, surface Cauchy stress is de-

fined as o, = JLF; -T.-F [18,21]. Under the basis of the

2
reference configuration, the surface Cauchy stress can be
represented as
O'S :ygIO+y:(trEs)IO+7/1Es
+75(F +F )+ B.O,. 1)
Egs. (19), (20) and (21) imply that even in the cases of

infinitesimal deformation, surface thermoelastic models
described in different configurations are not the same due to

the existence of surface tension y, .
When 6, is not very large, the surface temperature in eq.
(12) can be chosen as T, a,=p.1I,, and the surface

specific heat C, ~2T'y,,. Hence, the surface heat con-

duction equation is reduced to

CuT, =kT ,, + BT, w(E,)+q) +r’. 22)

s

The term BT, tr(ES) in eq. (22) implies that only the

change of surface area can induce the couple phenomenon
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of the deformation and thermal effects. This couple behav-
ior can be regarded as one kind of heat supply.

The aforementioned surface heat conduction equations
are based on the Fourier’s law and of parabolic type, in
which the heat propagation speed is assumed to be infinite.
However, if the heat propagation time is comparatively
equivalent to the time of phonon mean free path, the finite
speed needs to be considered. Correspondingly, the surface
heat conduction equations should be modified.

3 Thermoelasticity with residual stresses

In the absence of external (mechanical or thermal) loadings,
the residual surface stresses will induce an elastic field in
the bulk materials. This self equilibrium state (without ex-
ternal loadings) is usually chosen as the reference configu-
ration. That is to say, the bulk will deform from the residual
stress states. Hence, the bulk of nanostructures will experi-
ence three configurations during deformations, namely the
stress-free configuration, the reference configuration and
the current configuration (as shown in Figure 1). The above
three-configuration concept was first introduced by Huang
in 2004 and discussed in detail in ref. [18], and the elasticity
with residual stress for the bulk materials was discussed in
ref. [21]. In the following we present the geometrical rela-
tions of different configuration descriptions.

3.1 Geometrical relations

Let P and A, denote respectively the covariant base

vectors of the stress-free configuration and the reference
configuration, and assume that the temperatures of two con-

figurations are the same, denoted by 7, . From the reference

configuration to the current configuration, the displacement

Reference
configuration
< 5
N -~
Stress-free
configuration
Current
configuration

Figure 1 The choice of the reference configuration: the stressed state.
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of the bulk is u, and the temperature change is 6, =T,
—T,. Therefore, the deformation gradients from the stress-

free to the reference configurations, from the reference to
the current configurations and from the stress-free to the
current configurations are defined, respectively, as (see
Figure 1)

F'=AQ®P, (23)
F=(A+u,)®A =1+uV, (24)
and
F=(A+u,)®P
=[(A,+u,)®A ] (A,®P)=F-F", (25)

where P’ and A’ are the contra-variant base vectors of

P and A, respectively. The symbol ( ) denotes the

quantity defined in the stress-free configuration in this pa-
per.

Correspondingly, the Green deformation tensors from the
stress-free to the reference configurations, from the refer-
ence to the current configurations and from the stress-free to
the current configurations are respectively

C'=F"-F =(A-A)P®P, (26)
C=F"-F=1+2E A ®A’, (27)
and
C=F"-F=C +2E,P'®P/, (28)
where
2E; =u, A, +A utu, u,. 29)

The corresponding strain tensors are defined as

S
E ==(C"-1), 30
S -1) (30)
E:l(C—l)zE,.jA’@Af, (31)
and
A 1 JaS * N

E=E(C—1):E +E, (32)

in which
E'=EP ®P'. (33)

Assume the deformation is infinitesimal. Then

1
E, :5(1471. A A ). (34)

)
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from eqs. (31) and (33), it is found that E and E' are
different strain tensors with the same components. Eq. (31)
describes the strain defined in the reference configuration,
but eq. (33) describes the change of the strain defined in the

stress-free configuration, where E " s the residual strain.

3.2 Thermoelasticity with residual stresses

3.2.1 Expressions in the stress-free configuration

Similar to the derivation of surface thermoelasticity, from
the energy balance and Clausius-Duhem inequality [23-25],
we can obtain the governing equations of the bulk in the
stress-free configuration, as follows,

7 EL)
oE
N 8w< A,T,j)
UZ—T, (35)
Tbﬁ-’-@'éb _'A’b =0,

where w is the strain energy function, T and 7 denote
respectively the second kind Piola-Kirchhoff stress and en-
tropy, ¢, is the bulk heat flux, and 7 is the bulk heat
supply.

For infinitesimal deformation cases, the displacement u
and the temperature change 6, are very small. Hence, eq.
(35) can be expressed as the Taylor series form near the

reference state <E T ) , thus

A

T(EA',T,) )zf‘(E +E'T! +¢9b>

(g 70) O B
E=E".T, =T}
or o, +
o, E=E"T, =T}
=T(E".T))+L(E"T)): E'
(B0 4. GO
and
A(ET, )=H(E +E.T,+0,)
oA * 0 a_ﬁ T
=H(E".T, >+aE - )
on o, +
o, 7, =T, '

=A(E".T) )+ L (E".T)): E'

Sci China Phys Mech Astron

May (2011) Vol. 54 No.5 953
+CE(E*,T,,")9

- )+ (37)
b
2

in which the fourth-order tensor I = aAWA is the iso-
OEOE

thermal elasticity second-order  tensor

. 5*

L=—"2"
0T, OE

tensor, the

is the stress-temperature modulus [25],

A *w
Co=-T, 5~
b

In the same way, the heat flux can be represented as

is the bulk specific heat at constant volume.

&1; (E,Z;) ,@Th )Zﬁh (E*,Th()’@z;o)

+L, (B 1) VT ) B

Lo

+L,(E.1).VT)6,

+L,(ET VT )V 0, +...,  (38)
where

L(E.T).VT))= %,

i

E=ET, =T} VT, =VT}

I ~ 0q

L(E.1.91)) =22 , (39)
oT, E=E" T, =1;) VT, =V1;)

A ~ 0q

L(E1 91 )=—L
VT,
8( b ) E=E" T, =T} VT, V1)

3.2.2 Expressions in the reference configuration
The aforementioned equations are expressed in the stress-
free configuration. However, the given configuration is
usually the reference or the current one. Now, we will pre-
sent the expressions of these governing equations in other
configurations. Firstly, the first kind Piola-Kirchhoff stress
S, defined from the reference configuration to the current
one, is [18]

1

s

J

1

S=c BT FT =k F T, (40)

in which J° :det<F ) Substituting eq. (36) into the

above equation and keeping the first-order terms of defor-
mation gradient, we get

S=T,+uvT, +JLF [L(E 1) B F"
—JI*F*iI(E*,TbO)F*T&b, (41)

1 * * # .
F ~T<E ,T,70>~F " denotes the residual

s

where T, =
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stress measured in the reference configuration. Note that

L(ET)):E'
82
P ®P ®P ®FP, |:(E,P"®P")
OE,0E,
2 (42)
_ow g PP,
" OE,0E,
- *w
E'T')=————PQP,
l‘l( b) a,];} aEl.j i J

where E; are the covariant components of E~ defined in

the stress-free configuration. Thus, the terms in eq. (41) can
be written as

J
2
_1 a*W*Ek,A.@)A.: (E".17):E.
0EQE, "1
X ! (43)
_F'-L(ET°)-F"
J Ll( 1;)
2
= 1* aw*Al®A :LI(E*”TIJO)’
J 0T BE i

2
e )| e

is the isothermal elasticity tensor defined in the reference

A ®A,®A4, ®AJ (44)

configuration, L, (E,Tbo) is the stress-temperature mod-

ulus.
Thus

S =T, +uV-T,+L(E".T)): E-L (E".T,")6,.

, - (45)
The entropy per unit volume in the reference configura-

1 . .
tion, 7 :777, should satisfy

C,(E".T))
T,

b

n=ny+L(E.T)):E+ 6,, (46)

. . | 1 A
in which UR:777<E ,T;) and CEZFCE are the

residual entropy and specific heat at a constant volume in
the reference configuration, respectively.
Next, the heat conduction equation will also be presented

in the reference configuration. Define heat flux ¢, =
1

in the reference configuration, thus
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| B ~
4 =—F 4,(ET,.VT, )
=¢f+L :E+L6 +L,-V0, (47)

~ 1 A # - . e
where g, =J—F -q, (E ,TbO,VTbO> is the initial value of
q,. L, L, and L, are defined as

LF* . 04,

=— A ®A,
L=pF 244,
1 * £
L=—F L, (48)
L= 1*F*.8L .
7 e(T)

whereby, the heat conduction equation can be written as
Eﬁ"'vo'q}?_'}?:o' (49)

The Cauchy stress ¢ may be expressed as

o':lS .FT
J
=[1-tw(E)]T, +uV T, +T, -Vu
+L(E".T)):E-L(E".T,), (50)

where J =det(F)~1-tr(E).

3.3 Linear thermoelasticity with residual stresses

In this subsection, the linear isotropic thermoelasticity with
residual stresses will be considered. Assume that [23]

L(E*,T,,O):u@uzyll (51)
and

L (Ez;f) =41, (52)

where A and p are the bulk Lamé constants, S, is the
bulk thermal expansion coefficient, the fourth-order tensors
1®1 and IXII are defined as (1®1) A= tr(A)] and
(1 X1 ) A=A

ond-order tensor [26]. Substituting eqs. (51) and (52) into
eqgs. (45) and (46), we have

respectively, in which A is a sec-

S=T,+uV T, + Ar(E)I+2uE +f,0,1  (53)

and

C.0
=n,—Bur(E)+ ;O” ) (54)

b
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For isotropic materials, L, =0,L, =0 and L, =—k, 1.

Thus, the Fourier’s law is
ql? :éf _kbvo‘gb- (55)

Assume that the reference configuration is in equilibrium
state. Then, V-gF =0 and 7, =0. Substituting eqs. (54)
and (55) into eq. (49), the heat conduction equation is
reduced to

C, = BT (E)+k, Vo0, + 1. (56)

4 Thermoelastic expansion of nanoparticles

Nanomaterials exhibit many new properties different from
traditional macroscopic materials, such as surface and size
effects, etc. In this section, the proposed equations are used
to analyze the size effect of the effective thermal expansion
coefficient of nanoparticles [27,28].

Consider an isotropic spherical nanoparticle, which is in
the self equilibrium state without external loadings. The
radius is ry, and the temperature of the surface and the bulk
is 7°. Figure 2 shows the structure of the nanosphere and the
corresponding parameters. The stress field in the bulk in-
duced by the surface residual stress will be studied in the
following.

4.1 Residual stresses in bulk

Ignore the change of surface stresses in the self-equilibrium
process, and let the surface residual stress be )/; . Thus, the

generalized Young-Laplace equation implies that

Figure 2  Structure for the isotropic spherical nanoparticle.
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T =-=2 (57)

Assume that in the stress-free configuration, the radius of
this nanoparticle is 7 . Due to spherical symmetry, the dis-
placements under the action of surface residual stress can be
expressed as

u' (r)=f(r)r, (58)
where r is the location vector, and r = ||r|| It follows that

_ f(r)]-i—%—d];(rr)r@r. (59)

#

E

Substituting eq. (59) into classical Hooke’s law and equi-
librium equation, thus

(ﬂ+2y){4%+r%j=0. (60)

Since f(0)=0, we get f(r)=a, where @ is a con-
stant. Therefore, the residual stress in the bulk is
T, =a(34+2u). (61)

Replacing f"ﬂ in eq. (57) with eq. (61), and considering

r,=(1+a)7, we obtain

-1+ fl —@?171’2)
a 62)

_ T
a= .
2

When 7 is very large or 7; is very small, o=

L
F(3A+2u)

4.2 Effective thermal expansion of nanoparticles

If the temperature field is changed, the nanoparticles will
expand or contract. The prestressed self equilibrium state
without temperature change is chosen as the reference con-
figuration. The displacement due to temperature change &
can be assumed as u =ar, where «a is a constant. The

corresponding strain tensors are

E=Vu=al, E =Vu=al,. (63)

Substituting eq. (63) into constitutive eqs. (20) and (53), and
using the generalized Young-Laplace equations, we have

-7 +aly, +2r +n, )+ﬂﬂ]r£

0

=a(3a+2u)(1+a)+(3A+2u)a+B,6.  (64)
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Thus

25,
F(l+a)
2(7y+27, +7,)

F(l+a)

B, +

0. (65)

a=-

+(1+a)(34+2u)

Then, the effective thermal expansion coefficient of nano-
particles is

20
F(l+a)
2(y,+2m +7,)

F(l+a)

B, +

a, =—

e

(66)
+(1+a)(34+2u)

When surface residual stress y, is not very large, eq. (66)
is reduced to [29]

p,+ 2L

T2 . . (67)
(7/0+_71+71)+(3/1+2#)
r

a,=—

e

If the radius is large enough, the present result is reduced to
the classical thermoelastic case [25]:
By

o =—————--. 68
‘ 3A+2u (68)

5 Conclusions

In the absence of external mechanical or thermal loadings,
surface residual stresses will induce a stress field in the bulk
of nanostructured materials. Under the framework of ther-
modynamics, the present study establishes the ther-
mo-hyperelastic constitutive relations of the surface and the
bulk of these materials, respectively. The residual stresses
are taken into account. It is shown that even in the cases of
infinitesimal deformation, different descriptions of the
surface or the bulk constitutive relations should be dis-
criminated due to the existence of the residual stresses. Thus,
in the thermomechanical analyses of nanostructures, we
should choose the appropriate constitutive equations. Fur-
thermore, the example of effective thermal expansion coef-
ficient of nanoparticles indicates that if the surface residual
stress is large or the characteristic length is very small, the
residual stresses should not be neglected.
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