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The CFD/CSD coupling method is turning into the main research direction for the static/dynamic aeroelastic analyses. If one 
wants to use the method for the complex engineering aeroelastic problems, he needs to investigate the relative aeroelastic algo-
rithms, such as the numerical computational method of unsteady aerodynamic forces, equivalent low-dimensional structural fi-
nite element model and the solution method of structural dynamic equations, data transfer technique between fluid and struc-
ture, the moving grid method, etc. Besides, he also needs to improve the computational efficiency by such as massive parallel 
CFD algorithm, reduced-order model (ROM) of unsteady aerodynamic forces, etc. In this paper, based on the authors’ recent 
investigations, the research progresses in computational aeroelastic methods and their applications to engineering problem are 
summarized.  
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1  Introduction 

Along with the progress of CFD techniques, in the 90’s of 
last century, the CFD/CSD coupling method began to be 
used for investigation of aeroelastic problems [1–3]. For the 
calculation of unsteady aerodynamic forces, Euler equations 
based on unstructured grid and Euler or Navier-Stokes 
equations based on multi-block structured grids were main-
ly used. For the calculations of structural deformation, the 
generalized structural equations of motion based of linear 
structural modes were adopted. For the coupling method 
between fluid and structure, the loosely method was mainly 
used and the computational time accuracy was only 
first-order. For data transfer between fluid and structure, the 
two-dimensional surface interpolation method from linear 
aeroelastic analyses was mainly adopted and only the sin 

gle-directional structural deformation was considered. For 
the adaptive dynamic grid techniques, the grid regeneration 
or trans-finite interpolation (TFI) was used to get the new 
CFD grid for the structured grid of simple configurations, 
and the linear-spring method or additional twist-spring net-
work for unstructured grid. For the geometrical models, 
only simple configurations such as two-dimensional airfoils, 
sole wings, etc. were considered. 

As the extensive investigations of computational aeroe-
lastic methods, Gordiner et al. [4] put forward an implicit 
tightly coupling CFD/CSD method to improve computa-
tional time accuracy. Wendland et al. [5] developed a 
three-dimensional data interpolation method between fluid 
and structure based on radial basis function (RBF). Clar-
ence [6] deduced a three-dimensional formation with linear 
and twist spring networks based on linear spring model of 
Batina [7] and two-dimensional twist spring model of 
Fahart [8]. These research achievements indicate that the 
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static/ dynamic aeroelastic simulation methods are becom-
ing mature. 

For the CFD/CSD coupling method to treat complex 
static/dynamic aeroelastic engineering problems, there are 
still some technical challenges. The first is the unsteady 
flow solver for extra complex configurations. Single- and 
multi-block structured grids are hard to be generated and 
unstructured grid cannot simulate the viscous flow due to 
grid isotropy. In order to satisfy the requirement of viscous 
flow simulation, anisotropic grid cells need to be generated 
in boundary layer and unsteady flow solver based on hybrid 
grid needs to be developed. The second is the lower com-
putational efficiency with the CFD/CSD coupling method 
which is mainly limited by the flow calculation. The mas-
sive partition parallel algorithm for the hybrid grid-based 
CFD solver is necessary, which is confronted with the tech-
nical hindrances of load balance and data communication. 
The third is how to extend the traditional spring network 
method to dynamic grid deformation of hybrid grid and 
have a higher deformation efficiency. Only these hindrances 
are settled one by one, aeroelastic analysis tool for aeronau-
tical and astronautical engineering problem can be estab-
lished. 

To further improve aeroelastic computational efficiency 
and extend the CFD-based aeroelastic analysis method to 
the applications of multidisciplinary optimization design, 
servo-aeroelastic analysis, flutter active suppression, and the 
gust alleviation, etc., reduced order models (ROMs) of un-
steady aerodynamic forces need to be developed to con-
struct state-space analytical models. At present, the ROMs 
of Arma [9], Volterra [10], Pod [11], Anns [12] and so on 
are being investigated extensively. These ROMs are mainly 
validated with two-dimensional airfoils and three-dimen- 
sional simple wing shape. It is believed that ROMs can be 
used for aeroelastic integrated design for complex engi-
neering problem. 

In the paper, our recent progresses on the analysis meth-
ods and partial engineering applications in static/dynamic 
aeroealstic investigation are emphatically depicted. 

2  CFD/CSD coupling computational method 

2.1  Hybrid grid-based parallel fluid solver  

For complex engineering configurations, hybrid grids can 
be generated with ICEM or Gridgen software, which con-
tain the four cell types of tetrahedron，hexahedron，prism 
and pyramid. To guarantee the simulation of viscous 
boundary layers, in the inner region of near surfaces, aniso-
tropic grid cells of prim or hexahedron are utilized. In the 
outer region, tetrahedron grid cells are generated and with 
pyramid grid cells for the transition between the two re-
gions.  

By adopting cell-vertex finite volume discretization, the 
fluid solver is developed based on unsteady Reynolds aver-

aging Navier-Stokes equations and two-equation eddy vis-
cosity turbulence models. The control volume consists of 
grid line center, grid surface center and grid volume center 
of adjacent cells. The convective terms of fluid equations 
are dicretized by a series typical second-order schemes such 
as Roe [13], Hllew [14], Ausm [15], Hllc [16], etc. and the 
limiter of Venkatakrishnans [17] is adopted to reconstruct 
the left and right primitive flow variables. In these schemes, 
comparatively speaking, the HLLEW scheme possesses 
more robustness and lower diffusion. The viscous terms are 
discreted by the second-order center difference scheme and 
k- and k- SST two-equation turbulence models are 
employed in the solver [18, 19]. To save computational time, 
it is suggested to use this model for the turbulence simula-
tion due to no distance function used in k- model. 

Implicit time-marching scheme without the limitation of 
stability condition is the main method to improve computa-
tional efficiency. For the serial fluid solver, the implicit 
LU-SGS scheme of Sharov et al. [20] is used by unstruc-
tured grid reconstruction. For the difficulty of parallel 
treatment with LU-SGS scheme which needs to transfer the 
additional inner boundary variables，the LU-DPR scheme of 
Michael et al. [21] which is suitable of partition parallel 
computation of unstructured grid is adopted. For these two 
implicit time-marching methods, the diagonal-dominated 
matrix decomposition and the inner iteration method of 
Jameson [22] are adopted to improve computational effi-
ciency and time accuracy. Theoretically, the second-order 
real time accuracy can be attained when the inner iterations 
tend to infinity. In the same way, the generalized structural 
equations are also discretized with the inner iteration 
scheme. In the calculation process, for each real time step, 
the fluid and structural solvers are iterated synchronously 
for a steady solution. The time accuracy of the coupling 
solution can achieve second-order. However, in practical 
calculation, we usually take the number of inner iteration 
steps as 20. 

Partition parallel strategy is adopted for the solution of 
unsteady CFD solver. The traditional multi-series K-way 
method of Pmetis [23] is used for grid partition, which can 
approximately guarantee the load balance and less inner 
boundary nodes. A new MPI communication way of layered 
coloration developed by the authors [24] is used, which can 
decrease the communication stems and improve communi-
cation efficiency. By validation, the parallel computational 
efficiency can achieve above 90%. 

2.2  Structural deformation solver  

It is very burdensome and complex for vehicles to construct 
the static finite element models in detail, which have several 
millions of structural freedoms. For the structural dynamic 
analysis, it is necessary to simplify the finite element model 
to several hundreds of freedoms based on the stiffness 
equivalent principle to match the important structural fre-
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quencies, structural modes and mass distributions with its 
real structure. At present, the Nastran software is mainly 
employed to construct the structural finite element model. 
For static/dynamic aeroelastic calculations, the structural 
flexibility matrix and generalized mass, structural modes 
and natural frequencies are outputted respectively. Due to 
the three-dimensional surface interpolation between fluid 
and structure used, it is necessary that the distribution of 
surface structural points can reconstruct the real vehicle 
shape, whose number is less than 1000 in general. In the 
paper, three-dimensional structural deformation is consid-
ered, the structural flexible matrixes and modes in the three 
coordinate directions need to be given. If only the main di-
rectional deformation is considered, the structural data in 
the other two directions can be taken as zero. 

For the static aeroelastic calculation, structural static 
balance equations are solved. For the flutter calculation, in 
general, the generalized structural equations of motion are 
solved. Under the assumption of linear structure, the struc-
tural modes and their frequencies are unchangeable in the 
structural deformation processes, and the generalized aero-
dynamic forces are obtained by the unsteady CFD calcula-
tion instantaneously. Similar to CFD time discretization, the 
inner iteration scheme is also used to improve the time ac-
curacy of CSD [25]. As the number of inner iteration tends 
to infinite, the time accuracy can be arrived at second-order. 

2.3  CFD/CSD coupling method  

Because both of fluid and structural equations are discre-
tized with inner iteration schemes, to improve the coupling 
time accuracy, CFD and CSD are iterated at each real time 
step, so-called tightly coupling method, the coupling time 
accuracy can attain the second-order. 

Due to the independent model constructions of CFD and 
CSD, the surface grids between fluid and structure cannot 
correspond to each other on the surface; in general, the 
structural surface nodes are one-order less than the fluid 
nodes. We need to transfer the CFD loads to structural sur-
face nodes and the structural deformation determined to 
CFD surface nodes. For flutter calculations, based on 
three-dimensional RBF interpolation [5], the structural 
modes can be pre-interpolated to CFD surface grid nodes in 
advance to improve computational efficiency. However, for 
the static aeroelastic calculation, it is necessary to interpo-
late the structural deformation to CFD surface nodes with 
RBF instantly and obtain the aerodynamic loads on the 
structural nodes by the transfer matrix based on the virtual 
work principle.  

After the CFD surface node deformations are known, it 
needs the CFD volume grids to move with the structural 
deformation, namely the dynamic grid technique. For the 
structured grid deformation, TFI interpolation [26] is usual-
ly used. For unstructured grid deformation, the spring net-
work method is usually used. For hybrid grid deformation, 

there is still no any direct dynamic grid deformation method. 
By combining the spring network method [6] with the alge-
braic interpolation method [27], a new dynamic deformation 
method for hybrid grid was developed by the authors [28]. 
It contains two steps. The first is to generate a coarser un-
structured background grid in both fluid and solid regions 
for the dynamic deformation with the traditional spring 
network method. Since the number of background grid cells 
is one-order less than that of CFD grid, its grid deformation 
efficiency can be improved largely. The second is to inter-
polate the deformation of each CFD grid node one by one 
with the background grid cell containing the CFD grid node 
by volume weighted average. Since the relation between 
CFD grid and background grid can be predetermined and 
the time consuming of the above algebraic interpolation can 
be ignored, the new developed method has a higher defor-
mation efficiency and is suitable to the grid deformation of 
any topological CFD grid. The background grid is generated 
in the solid region, which can guarantee any CFD node to 
locate in the interior of one inner background grid cell to 
avoid extrapolation. 

3  ROMs of unsteady aerodynamic forces  

Much computational time is still needed for the direct 
CFD/CSD coupling calculation even both the massive par-
allel algorithm and implicit time discretization method are 
adopted. The large part of computational time is consumed 
in the CFD calculations, which limits the engineering ap-
plication of fast aeroelastic evaluations and time-domain 
servo-aeroelastic analysis and integrated aeroelastic opti-
mization. To solve these problems, ROMs were put forward 
for the replacement of real time calculation of unsteady 
aerodynamic forces. At present, ROMs are divided mainly 
into two kinds. The first is to consider the CFD/CSD model 
as a system and ROMs are constructed based on systemic 
identification by the input-output characteristics of excita-
tions and responses, whose typical models are ARMA [9] 
and Volterra series models [10]. The second is to reduce the 
order of fluid discretization matrix by characteristic analysis 
to obtain the main flow modes, whose typical model is 
POD-based ROM [11]. All of these ROMs are established 
based on the assumptions of static flow nonlinearity and 
dynamic flow linearity.  

3.1  ROMs based on systemic identification 

For the ARMA ROM, the generalized aerodynamic forces 
of the kth time step are expressed with the linear function of 
previous na input values and nb output values. In general, 
the typical 3211 signal having a broad frequency range is 
taken as the input excitation signal for the unsteady CFD 
model and generalized aerodynamic forces as output. The 
best fitness approximations for the coefficients of na, nb and 
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constant coefficient matrix are evaluated by the least-square 
method. The established ARMA ROM model can be re-
placed by the unsteady CFD calculation for the flutter and 
servo-aeroelastic calculation. 

Volterra model is a functional series, which can approach 
with any accuracy to a nonlinear time-invariant system. In 
general, the step function is taken as the input signal for the 
second Volterra discretization function, by deducing and 
neglecting the second-order terms, the Volterra ROM can 
be obtained. 

The determined ROMs and the generalized structural 
equations of motion are first expressed with the discretized 
state-space forms. Then the aeroelastic state-space model is 
obtained by the combination of these two models. The flut-
ter dynamic pressure and frequencies can be determined by 
the root locus of the characteristic matrix or direct 
time-marching method. Since less time is for the solution of 
aeroelastic state-space model and only several hundreds of 
CFD calculations are needed for each input signal of struc-
tural modes, ROM can improve the computational efficien-
cy by about two orders, as compared with the direct 
CFD/CSD coupling solution. It is more important that the 
ROM models are easy to couple the control system to get 
the areoelastic closed-loop control model, therefore the 
flutter active suppression and servo-aeroelasticity can be 
investigated. 

Relatively, ARMA is sensitive to the input signal. To 
guarantee the excitation of requisite frequency ranges, it 
needs to adjust the time interval of input signal again and 
again for the model training. However, the Volterra series 
model is insensitive to the input signal and is more suitable 
to engineering applications. 

3.2  ROM based on POD 

The construction of POD-based ROM contains two steps. 
The first is to linearize the fluid equations and structural 
equations of motion at the static balance position. The se-
cond is to get POD basis and kern functions, and further to 
obtain the orthogonal sub-space by the calculation of char-
acteristic vector. The POD ROM can be deduced by the 
projection of whole flow-field into the sub-space. In general, 
the triangle pulse signal is used as input signal to excite the 
linearized fluid governing equations to get snapshot matrix. 
It is difficult and expensive to calculate quickly and exactly 
the Jacobian matrixes of the linearized fluid governing 
equations. To improve the computational accuracy, the au-
tomatic differential method of adjoint derivative solutions 
[29] has been utilized successively.   

Compared with the systemic identification models, the 
POD model has a higher accuracy, however, lower effi-
ciency and larger memory requirement. At present, only two 
dimensional airfoils and Euler equations have been investi-
gated, and it is still hard to solve aeroelastic engineering 
problem. 

4  Application examples 

4.1  Flutter of vertical tail with control surface  

The model of vertical tail with control surface is shown in 
Figure 1. The first four structural modes as shown in Figure 
2 are taken for the flutter calculation, in which the first and 
third are the dominated modes of stabilizer and the second 
and fourth are the dominated modes of the control surface. 
Mach number is taken as 0.15–1.1, for each Mach number, 
flutter boundaries are searched by the changes of dynamic 
pressures, namely, for two given dynamic pressures, the 
generalized structural displacements present small diver-
gence and convergence, respectively, then the flutter 
boundary can be interpolated and validated.  

Figure 3 gives the curves of the flutter speed and fre-
quency vs. Mach number. For Mach numbers less than 0.9 
and large than 1, the classical bending/twisting flutter phe-
nomenon appears. However, for Mach numbers between 0.9 
and 1, it behaves an abnormal change. Unsteady pressure  

 

 

Figure 1  The model of vertical tail with control surface. 

 

Figure 2  The first four structural modes of vertical model. 
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Figure 3  Flutter boundaries of the vertical tail. (a) Flutter speed; (b) 
flutter frequency. 

distributions of different times at 50% spanwise position for 
the Mach numbers of 0.8 and 0.95 are shown in Figure 4. 
For the Mach number of 0.8, aerodynamic loads are mainly 
supplied by the structural deformation of the stabilizer. 
However, for the Mach number of 0.95, aerodynamic loads 
are mainly supplied by the control surface deflection similar 
to the phenomenon of aileron buzz, but its frequency is un-
equal to that of the control surface mode, which is a cou-
pling flutter characteristic dominated by the control surface 
modes and partly associated with the second bending mode. 

4.2  Flutter of all moving horizontal tail  

Figure 5 shows the aircraft model with body, wings, all 
moving horizontal tails and twin vertical tails. To investi-
gate the flutter of all moving horizontal tails, the body, 
wings and horizontal tails are assumed to be rigid and only 
horizontal tails are considered as flexible. Its first four 
structural modes are taken as the flutter calculations shown 
in Figure 6. The real line of Figure 7 presents the curve of 
flutter speed vs. Mach number. The flutter speed has no 
obvious transonic dip, however, the abnormal changes oc-
cur in the Mach numbers of 0.8–1.1. Whether the flow field 
interaction of adjacent vertical tail or the main wing influ-
ences this? The dashed lines in Figures 7(a) and (b) depict 
the flutter boundaries without vertical tail and without main 

wing, respectively. It indicates that the abnormal flutter 
phenomenon is caused by the flow interaction between the 
main wing and the horizontal tail. The flows are also ana-
lyzed with and without the main wing. At the transonic 
Mach number, we can find that the normal shock appears on 
the wing surfaces and a subsonic flow region exists ahead of 
the horizontal tail, which results in the abnormal flutter 
boundary. It is also indicated that the flutter analysis for 
aircraft parts needs to consider the interactions of whole 
flows.  

4.3  Jig shape correction with static aeroelastic method 

For the cruise aircraft shape, its jig shape can be obtained by 
unloading its engine trust force, mass force, aerodynamic 
force and structural elastic force. The structural flexible 
matrix is obtained by finite element model and its aerody-
namic load can be calculated if the rigid cruise shape, the 
engine trust force and the mass force of aircraft are known. 
Then the jig shape can be determined by the solution of the 
static balance equation only with one step calculation. The 
comparison of cruise (light color) and jig (saturated color) 
shapes is shown in Figure 8(a). If the jig shape is reasonable, 
by the assumption of flexible matrix fixed with linear struc-
ture, the static aeroleatsic positive calculation can be used  

 

 

Figure 4  Unsteady pressure distributions at 50% spanwise position. (a) 
Mach number 0.8; (b) mach number 0.95. 
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Figure 5  Aircraft model. 

 

Figure 6  The first four structural modes of all-moving horizontal tail. 

for the method of validation of jig shape correction. If its 
static aerelastic performance and shape can be reverted to 
those of the cruise shape, then it is available. Table 1 gives 
the performance comparison between the cruise shape and 
the static aeroelastic shape, which agree very well with each 
other. It indicates that the jig shape correction method is 
reliable. 

According to technical requirement, the rectilinear line of 
wing leading edge is better for product. As we know, the 
main effect factor for the aerodynamic performance is the 
spanwise twist distribution. The modified jig shape can be 
determined again by only modification of twist distribution 
of wing based on the crusie shape. Figure 8(b) shows the 
shape comparison between the cruise (light color) and the 
modified (saturated color) jig shapes. The aerodynamic 
performance of modified jig shape can be calculated with 
the static aeroelastic positive analysis. Table 2 gives the 
comparison between the modified jig shape and the cruise  

 

Figure 7  Flutter of horizontal tail effected by vertical tail and main wing. 
(a) Flutter boundaries with and without the vertical tail; (b) flutter bounda-
ries with and without the main wing.  

Table 1  Performance comparison of cruise and jig shapes  

 Cruise Jig Difference 

Cl 0.56514 0.56510 0.0069% 

Cd 0.04298 0.04299 0.036% 

 

 

Figure 8  Jig shape correction of cruise shape. (a) Comparison of jig and 
cruise shapes; (b) comparison of modified jig and cruise shapes. 

Table 2  Aerodynamic performance of cruise and modified jig shapes  

 Cruise Modified jig Difference 

Cl 0.56514 0.56226 0.051% 

Cd 0.04298 0.04299 0.023% 
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shape, whose performance can be nearly recovered. How-
ever, the lift coefficient decreases slightly and the drag co-
efficient increases slightly, which may be induced by the 
three-dimensional bending effects of the wing. By zooming 
in and out of the spanwise twist distribution with an equiv-
alent scale，the twist distribution can be modified again 
based on the equivalence of lift coefficient with the cruise 
shape. However, it is hard to revert completely to that of 
cruise design. 

4.4  Comparison and application of ROMs 

The model of AGARD 445.6 wing has become a standard 
example for the transonic aeroelastic validation, which is a 
45° swept wing, has a root chord length of 21.96 inches and 
span length of 30 inches. The first four structural frequen-
cies of its weekend model are 9.6, 38.2, 48.3 and 91.5 Hz, 
which correspond to the modes of the first bending, the first 
twisting, the second bending and the second twisting. More 
detail data can be found in ref. [30]. 

For the fixed test Mach number of 0.96, a comparison for 
ARMA, Volterra, POD ROMs and CFD/CSD was carried 
out. It indicates that the ARMA ROM is sensitive to input 
signal and needs model training again and again, the 
Volterra ROM is relatively exact and effective and is suita-
ble for engineering problem, and the POD ROM is more 

exact but of lower efficiency. Figures 9 and 10 give the 
generalized displacement time histories solved by Volterra 
and POD ROMs and direct CFD/CSD coupling solution at 
Mach number of 0.96 and dynamic pressure of 41.686l b/ft2. 
The real lines in Figures 9 and 10 represent the results of 
Volterra and POD ROMs and the block line is the result of 
CFD/CSD, which agree well with each other. The accuracy 
of POD ROM is a little better than that of the Volterra mod-
el, however, the efficiency of Volterra ROM is about 10 
times of POD ROM. 

The Volterra ROM of unsteady aerodynamic force and 
the generalized structural equations of motion can be writ-
ten as the state-space models. By further introducing the 
close-loop control model of additional unsteady aerody-
namic force of control surface deflection, the flutter active 
suppression state-space model can be obtained. In here, 
since only the flutter suppression method is validated, we 
assume that the rotating axis of control surface locates at 
20% of spanwise position of tailing edge and the structural 
modes are unchangeable. Adopting LQR and LQG control 
rules, the flutter can be suppressed. Figure 11 gives the ac-
tive suppression effect, where LQR is added when the flut-
ter appears at Mach number of 0.834 and dynamic pressure 
of 109.61l b/ft2. Figure 12 gives the active suppression ef-
fect, where LQG control is added at the beginning of flutter. 
Relative to the LQR control, the LQG model is more 

 

 

Figure 9  The generalized displacement histories calculated by Volterra ROM and CFD/CSD at Mach number of 0.96 and dynamic pressure of 41.684l 
b/ft2. (a) First-order; (b) second-order; (c) third-order; (d) fourth-order. 
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Figure 10  The generalized displacement histories calculated by POD ROM and CFD/CSD at Mach number of 0.96 and dynamic pressure of 41.684l b/ft2. 

 

Figure 11  First generalized displacement time history with LQR control 
at Mach number of 0.834 and dynamic pressure of 109.61l bf/ft2. 

suitable for engineering application because all state varia-
bles are given by its state observer.  

5  Conclusions 

The paper summarized our researches in recent years on the 
CFD/CSD-based static/dynamic aeroelastic methods and  

 

Figure 12  First generalized displacement time history with LQG control 
at Mach number of 0.834 and dynamic pressure of 109.61l bf/ft2. 

partly engineering applications and ROM investigations. 
Some new flutter phenomena and mechanisms were ana-
lyzed. At last, the accuracies and efficiencies were com-
pared for the three ROMs and the flutter active suppression 
based on Volterra ROM with LQR, and LQG control rules 
were also investigated. It is indicated that the flutter active 
suppression has good application foreground in the future. 

The developing tends of aeroelastic investigation will 
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aim at two aspects. One aspect is, on the basis of the tradi-
tional static/dynamic aeroelastic investigations, to extend 
the aeroelastic investigation ranges, such as the time- do-
main analysis methods of servo-aeroelasticity, gust allevia-
tion, thermal aeroelasticity, etc. The second is, by develop-
ing the aeroelastic integrated optimization technique and 
applying the primary design phase of aerodynamic/ structur-
al selection, to make the aeroelastic analysis an active de-
sign tool to improve the whole aircraft performance and 
design efficiency. 
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