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ERERENE: 8-DPS /) Lo f L2 575115 4-DPS
B Lo 1 Lo #3E, AREZGEE (X N = 320),
BEBERFHf— SR, WIPEXRE = =05 L
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& 1 2-CDS, 4-DPS #1 8-DPS {+# Burgers FI2HIBKIRE Lo AR L2 iRE
Table 1 Maximum error L, and mean square root error Ly of 2-CDS, 4-DPS and

8-DPS solving Burgers equation

N 2-CDS 4-DPS 8-DPS
L error Lo error Lo error Lo error Lo error L+ error
40 — — 0.581 50 0.14282 0.703 59 0.35940
80 — — 0.609425 0.083 58 0.515178 0.116 082
160 — — 0.802481 0.0651318 0.869026 0.069 2375
320 0.646 67 0.0515445 0.004 264 2 0.000375 375 0.0315352 0.00249175
640 0.127819 0.007 805 53 0.0403525 0.00237591 0.0422261 0.0024999
1280 0.0243933 0.001 57757 0.0097397 0.000 6008 0.009 8386 0.000607 5
2560 0.0057826 0.000377 46 0.0024385 0.0001473 0.0024437 0.0001477
@, 4-DPS #1 8-DPS & 2-CDS #fl b ity B K BE R 4 N K
BERHE TR (BILT 0. 1 1 AR i
B B (z = 0.5) MK Burgers ;i f2f#, #t—% - - exact it

BT 2-CDS #z%. 4-DPS #1 8-DPS AR F K4+
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# 2 gt—F4 1 3-DPS 5 5 Brks /% WENO(5-
WENO) #3{it 5 Burgers 78 (14) I HLAB S,
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Fig.1 Solutions near discontinuous location (z = 0.5) of

various schemes solving Burgers equation
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# 2 2-CDS, 3-DPS #1 5-WENO i+ # Burgers 51HBRIRE Lo MHRIRE Lo (LB
Table 2 Maximum error Lo, and mean square root error La of 2-CDS, 3-DPS and 5-WENO solving Burgers equation

Re N 2-CDS 3-DPS 5-WENO
Loo Lo Loo Lo Lo Lo
20 — — 0.2300 0.3087 x 107! 0.9388 x 10~!  0.9522 x 10~2
40 — — 0.7812 x 10~ 0.4350 x 10~2 0.1310 0.7276 x 102
80 — — 0.3288 x 10-1  0.8569 x 10~3 0.8761 x 10~} 0.3325 x 1072
100 160 0.6978 x 10~} 0.1899 x 1072 0.2686 x 10~ 0.5975 x 103 0.1494 x 1071 0.5572 x 10~8
320 0.1431 x 10-1  0.4386 x 103 0.5908 x 10~2  0.1433 x 10~3 0.2892 x 1072 0.1057 x 103
640 0.3180 x 10~2  0.9435 x 104 0.1106 x 10~2  0.2625 x 10~4 0.7987 x 10~3  0.3229 x 10~¢
1280 0.4231x10~%  0.1200 x 10™¢ 0.2195x 1073 0.1027 x 10~* 0.4442 x 1073 0.1812 x 10~4
20 — — 0.6328 0.1983 0.5089 x 10~1  0.4939 x 10—2
40 — — 0.4754 0.5554 x 10~1 0.6180 x 10~1  0.3104 x 10~2
80 — — 0.2884 0.1120 x 107! 0.8334 x 1071 0.2166 x 10~
500 160 — — 0.1216 0.1794 x 102 0.1208 0.1657 x 10~2
320 — — 0.3723 x 1072 0.4160 x 104 0.1170 0.9597 x 10~3
640 0.1270 0.6249 x 103 0.3973 x 101 0.1745 x 10~3 0.2782 x 10~ 0.2224 x 103
1280 0.2386 x 10~*  0.1407 x 1073 0.9222 x 1072 0.4660 x 10~* 0.3136 x 10~

0.3596 x 10—2

B 3-DPS M@ BB A TR R A R
H2%; T 5-WENO #& M T KISy Bk, "Ll
\A 3-DPS H, 5-WENO #& X 5 17

— Y AR MR REONAR BT I Y BAE R
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de 1 0%
_—= = <z<
Ur = Reag? 0S%S! (15)
1\ O¢ 1\ Op
(y_§)8m+<w_2>6y_
) ) (16)
(8_‘6 a_w) O<azy<l
a$2 8y2 ) _ 7y_

A (19) I (16) ERIAIRSSITH o = (7 -
1)/(e™ 1) #l (=, y) = exp [;(w— ) (v-3)] it
BB R, BL Re = 200, v = 0.025. % 34

Hy 2-CDS, 4-DPS, 8-DPS F1 12-DPS & 4/ (15)
B TTARIREE Lo RIEFKEEW (Lo error); # 4 441
ER AT E 4T (16) MR KIRE Lo MR
RE L. 3 ¥IEPIA:  2-CDS, 4-DPS #1 8-DPS
KFHE RBON Y BOT2 (15) HaR& AN L,
FEREMT.  2-CDS 7EAA MM BT R S sk ;. RIS B4R
4-DPS #1 8-DPS ¥R 4E %, 4-DPS #18-DPS (9) i
EREE AR SRS SIS — P B EIE S NS
12-DPS 5 8-DPS A HLHMESF T IR, X RE A, AH
JEE & HMREIR RA, 1 RY,, TEIHE BT M#
BIHE Raz (Raz < 1) JEEA, XFABHSTERE D
R0, Bk 12-DPS 5L hrksE s 8-DPS Mk, &
WA 3. 2-CDS ZERH M (W% N < 200) F7EiL
7 (z=1.0) B4R S5 %, SHHE 2.

# 3 2-CDS, 4-DPS, 8-DPS #1 12-DPS {#+E&MRFTHHHIE (15) 899AHIRE L2 error REIEEM (order)
Table 3 Mean square root error L2 and accurate order of 2-CDS, 4-DPS, 8-DPS and 12-DPS solving 1-D linear

convective diffusion equation (15)

N 2-CDS 4-DPS 8-DPS 12-DPS
Ly error Order Ly error Order Lo error Order Lo error Order
20 — — 6.9202x1072  1.5100 0.214603 1.224 0.51585 0.1254
40 — — 1.5748x1072  2.1717 6.0288x10™3  5.1897 1.2761x1073  8.6591
80 — — 1.7906x1073  3.1367 4.1862x107%  7.1701 3.9799x107%  5.0029
160 — — 1.2477x107%  3.8431 1.8111x10~7  7.8526 1.8054x10~7  7.7843
320 1.1886x107% — 7.6455x107%  4.0285 6.9406x10710  8.0276 6.9392x10710 80233
640  2.9035x107% 2.0334 4.7125x10~7  4.0201 2.6749x10712  8.0195 2.6746x10712 80193
1280 7.2112x107%  2.0095 2.9322x1078%  4.0064 1.0328%x10714  8.0211 1.0525x107 14 7.9894
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Fig.2 Solutions near boundary z = 1.0 of various schemes

solving 1-D linear convective diffusion equation

£ 4 MEEER: AR RER
FRITE (16), MM 4-DPS 1 8-DPS HAik
%, i 2-CDS fEM MAEm KfEdk; 4-DPS #l 8-
DPS 7 —#E 1% UL T I mis R A 3 o k8 2 B e
Bl. 4-DPS #11 8-DPS ZE¥M# (N x N =10 x 10,
20 x 20) FHIBEKIRE Loo MBTIRIRE Ly AN
¥ (N x N =100 x 100) F 2-CDS #J Loo Fll Lo iR
YA
F 4 2-CDS, 4-DPS #1 8-DPS {1 E_#xtH i A 2N R
KiRE Lo MIMAIR L2 iRE
Table 4 Maximum error Lo and mean square root error
Lo of 2-CDS, 4-DPS and 8-DPS solving 2-D convective

diffusion equation

N x N Error 2-CDS 4-DPS 8-DPS
—_— -3

10x10 Lo 0.16584 5.354 78 x 10
Ly — 5.57123x10~1 4.38512x10~%
_ -1 -5

0% 20 Loo 7.10012x10~! 8.12541x10
Lo — 6.32148x10~2 7.06837x10~°
5050 Loo 28.29041 6.16652x10™2 6.67173x10~7
Ly 2.81677 5.89201x10™3 6.03354x10~8
-3 -9

100%100 Loo 7.23446 4.108x10 2.87218x 10
Ly 0.719067 3.80151x10~4 3.13308x10~10
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4.1 ETBEHEINEXRE
EIGESBEESEAT R 2 PO
X, WEHRRY BRI EREEARY 3 4 A4
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KW RAAE HRTERSRAEERT T m
GREEING S RBEFERE (BB ; W
BARGHENRAALRE, BERHESHE

HEFAER BEHABMATERAER, FHTE
3 HRARGEANEEASED 2 b, WES
RIEAFA KRG ABE R %ER ENO J7i%, BIR
P& B 22 R AR BRI B S B S U B IR R 4 A
W77 Rl NR S, R T R AT E A
X, By BE R . A SCEESEh
MY HEBR NS REY: N B ARE
RAEBBENRGHANE™TE BE ISR
BI%HT, EAY HOR U SRGRER SR XA ik
G LESER ZRNYEARRIEYE R
Y BE T AR LT BuEsi A E 2 2 Brd
LS (2-CDS). LR, BARHERAEE
FERIA T B AT M AR, AR AFIA
YRR B MR AN ERBBEGR, F
PERT R XA IR .

4.2 FHRYHEASERNRERAHLER

e eld B, PR ERERS TR
MR, WEBXMRT BN REERKRY 3 4
Arpniakst M, mHRTRESKRS (CPS), B
y]
—7—{ (1 - ';‘RAij_)‘Pi—H_

Az?
[2 - SRac(G ~ G7)] et
(1 + %RAzGi_)%‘—l} =0 (17)

Hp G7 #1 G 312 BRI s B
¥, ‘EAHRFHE Reynolds £ Ra, HYfH B E I,
En

1 1 1
+ 3 5
F = 1F ZRao £ - RY, F o i RA,
G =17 ghas £ 55 Bae F 351 Faet
3 7 5 9
5 x 9!RM 3 % 11!RA1' (18)
KAUH, P EEESEMRE I DPS(9) IR0 B K,
¥ 1
Ag? [(Gd - ERAz)CPiH - 2G a0+
1
(Gd + ERAz>‘Pi—1] =0 (19)
TR, THERIR
Gq— lRA:c =1- ERMG7L
2 2 g
1 1 (20)
Ga + éRAm =1+ iRAmG'z_

1
Ga=1-Ra.(Gf -G7), Gf+G7 =2 (21)
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HERKRRA (17)~(21) A%, 2 BrpoEas
(2-CDS) Wy #kshErHE X (DPS)(9) = (19) §
2-CDS WixtimEsh EMME R CPS(17) Be&—H. X
HMAB, DPS(9) 2 (19) FERILTW AR M _EHHIxT
RBEhAEd e Tk, HEAATE, HX
Ay B B B L R A BB E A ST
EHREY Bk AR AR S RS EN,
& DPS 1 CPS K& $ iz HAR X TR K 5h
EWEREE. Ei DPS“GE” T W L
MXRESIE, CPS“@E” VBB FY #E s
fatig iy Buzshigid, DPS(9) 8 (19) 5 CPS(17)
TE—H, MARLRMLER. DPS 5 CPS HF
Rgie, L RER T HE 12 BraE S IR mor, K
BET 12 Bri& kRS, AEdTRT 125
FEREH) DPS ST SLBRiME, MABEE.

43 b TiHEMSL THEIREEXGDR
(o) &
HxHf sy E g CPS(17) "TH, X i
B b, TUHEMEIEW, S BT Eos e
T L. TiEmBEshER. Rl R, TEUEX
RRshEM R LM T RS HTER, '
I 2-CDS ¥ #igsh Et& X (DPS) WA

Ui
55““”“ —pi-1) =

Gy (pir1 — i) + G (pim1 — wi) (22)
Gy =1+ dfAz" (23)

n=1
#X (23) [ DPS(22), #2 pix1 X454 ¢ B Tay-
lor BFF, 4 DPS(22) BEEMA HEH Az (n =
1,2,3,---) BIRKCH 0 BNATSR i R4 dF, Bk
B, THESEMRL G; M GY, K

Gl =G; =Gy (24)

AT, AN BB E X RiAE ST R A & X s 5h
MAER EWATHIREM, mWHEHSY B R
BT EWFI TR S REM, IEX B, TR HE
B REER AN —ME R EERGT
FREEHRAR P, ZESREEHNTTE, B,

THWARIAZN. £, THIRTERTFLR:

A 3 G5 EX B4 A (0 5 4 Ak 151Y) 3%
BRI IR T WA W W RO RS S AL A AR
ZH, WEBEBEEGERMTLMEX, S
ASCHICER [13-14]. R3RE, HRKE S QR

B3, w5 458 3R, KL EiFEEER
A, BEA pir1 RNEEZE ui >0l u; <0 R
t, R BA RO, BB i Fl o
SAEETE ui > 0 il w; <0 KA, BAEBIR
WP 5 & AR LR, X E AR AR ERX
MY EERE. EREL U RAX R T i
KA RIHATESNEN, BEMBEESNEN, M
BREAL, TR TE, FEMEER 3 84 58ME
&R (05 %48 BREARGR L, XREEN
PR E N LR, R BTSSR E Y
Xt BT R B E ROy TR B EE TR
BEMER AN SEERRGER, EATELAT
BRI A LR, BEA T Bt AN 0T 6E 46 A PRl 28,
X A T E SR S L LU E BTN 4 (DG) 8k (%
BERIMATRPEEE AR EI3S) AT WENO # K (%
KA AR 2S) LR T, FImE8 B, T
HITHEREW CFD SRBERNRGHEN— 5
BRGF T, HEKEMEH.

4.4 FHBRHEX (DPS) MY ERBMBRFE
7-¥t DPS(9) B IER 7> HRERTUEH: DPS %
FERUE R, BEGHIULNE. i DPS AL &
A, XF4Fr. 8Bl 12 BirfEE DPS(9), EATHIEME
FER ETUNIE, FREMTASENRRERA. B
Y. $RShEMY K, BRI R T DL 4R
DPS H¥{EFARMEE G, “HERE BEAH,
FH AR 23 K BE BT BORELRE B E TN P 4% Reynolds %
Ras WEBEMALE, RIETHEXEHERRS.

5 HRiE

PP E RS (CFD) S & P it &
BAKWE, BESSEEEISIARREhME
B YR RIS SR B E R s A A 5
¥ E R AR ERAR RS, RS
Mg, BRI AR A T B E R B A
BRKE LT EARNHR T % ShiESH
WA, ARKAEMER, EH% S,
IR b ECE SR R Y R R R E AR
KRG FIARMAESMAEN L, THEBES E
KAALL, HARTIANKBESEWRBULARAD,
MRBEH RN EHN R Gy =1. Gy =1 BWREZ
s =X AY BTN Y SRS EN, ERHT
2 7 RBH N TTRETI AR R AZ XAERT. &
RS =R AN IR BN, Fi
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THER =N R BOTRERY B R 2 4
5 3 AN —4 i EEREE R B R R H AR, X
BEth 2 —/MBA R toh, X B0 BT
BN EWZE, FMUBERAREREMERE,
Hel#rn i gus s Sy B Esiige
BB N ZEREK; B Euler 7R N-S R G
FEaBRuARags+oaM, ERLE—P
KK E.
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HIGHER-ORDER ACCURATE, NON-OSCILLATORY, THREE-NODES
CENTRAL DIFFERENCE SCHEME FOR THE CONVECTIVE-DIFFUSION
EQUATION CONSTRUCTED BY USING PHYSICAL VISCOSITY Y

Gao Zhi?
(State Key Laboratory of High Temperature Gasdynamics, Institute of Mechanics, Chinese Academy of Sciences,

Beijing 100190, China)

Abstract Several higher-order accurate, non-oscillatory, three-nodes central difference schemes for the
convective-diffusion equation are given by perturbationally reconstructing the diffusion scheme in the second-
order accurate central difference scheme(2-CDS). Excellent properties of higher-order accurate and high reso-
lution of the present new schemes (diffusion perturbation schemes, DPS) are verified by theoertical analyses
and three numerical tests which include one-dimensional linear and non-linear and two-dimensional convective-
diffusion equations. In all numerical tests, the 2-CDS oscillates and diverges on coarse grids, while part of
DPS do not oscillates and can capture discontinuities with high resolution. The mean square root Ly errors
of all DPS are greatly less than those of 2-CDS in all numerical tests. The DPS are the results of introducing
diffusion-motion law(i.e. physical viscosity smoothing out space-distribution of diffusion quantities) into 2-CDS.
The present method is obviously different from the well-known those of constructing high-order accurate and
high resolution schemes. In addition, we prove that DPS are completely consistent with those schemes of in-
troducing convection-motion law(i.e. law of that the downstream does not affect the upstream) into 2-CDS, to
show that the perturbational operation to 2-CDS not only raises the scheme’s accurate and stability but also
reveals intrinsic relation between the convective discrete scheme and diffusion discrete scheme, and that the
upstream-downstream splitting is a very useful method for reconstructing high-order accurate, high resolution

CFD scheme without artificial viscosity or limiter.

Key words computational fluid dynamics, numerical perturbation algorithm, high-order accurate and non-

oscillatory scheme, convection-diffusion equation
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