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The instability of the thermocapillary flow in liquid layers is studied in the present paper using the linear stability analysis. 
Based on the two-dimensional steady flow state, the three-dimensional disturbance with a wave number in the spanwise direc-
tion is considered. The effects of the aspect ratio and free surface shape of the liquid layer on the flow instability are studied, 
and the results are compared with the case with the two-dimensional disturbance. 
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Instability of thermocapillary flow in liquid layers has re-
ceived considerable attention [1,2]. Smith et al. conducted a 
linear stability analysis for thermocapillary flow in liquid 
layers of infinite extension and revealed the hydrothermal 
wave instability which is a pair of obliquely traveling wave 
toward the hot region [3]. The corresponding instability 
mechanism was also studied [3,4]. Smith further studied the 
slightly supercritical nonlinear behavior and found that pos-
sible waveforms are composed of only one of the unstable 
linear waves for all Prandtl numbers and small Biot num-
bers [5]. For liquid layers of finite extension, there are a 
bunch of two-dimensional theoretical and numerical studies. 
Strani et al. [6] developed an asymptotic theory in the lim-
iting case where the aspect ratio tends to infinity and nu-
merically studied the steady thermocapillary flow in finite 
rectangular cavities. Carpenter et al. studied the steady 
thermocapillary flow in a square cavity for different Prandtl 
numbers, and they also did a linear stability analysis but 

found no instability [7]. A time-dependent numerical simu-
lation was made by Peltier et al. and a stability diagram of 
the critical Marangoni number versus the aspect ratio was 
given [8]. There are also a couple of three-dimensional nu-
merical simulations, e.g., the steady thermocapillary flow in 
a cubic container was studied, and the flow and temperature 
field structures were provided [9–11] which exhibit dramatic 
complexity compared with the two-dimensional case. Xu et  
al. [12] studied the two- and three-dimensional thermocapil-
lary flow and the corresponding instability by numerical 
simulation. They pointed out that sidewalls have a damping 
effect on the flow oscillations and hence increase the critical 
Reynolds number. However, the existence of spanwise 
waves can reduce the critical Reynolds number.  

In the present paper, we conducted the linear stability 
analysis on two-dimensional liquid layers with infinite ex-
tension in the spanwise direction as used by Schimmel et al. 
[13]. Although the basic flow field is still two-dimensional, 
the three-dimensional disturbances with a wave number in 
the spanwise direction were considered. With this approach, 
the spanwise waves arising in a three-dimensional system 
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can be studied but the complexity of three-dimensional nu-
merical simulation can be avoided. The effects of the aspect 
ratio and the free surface shape of the liquid layer on the 
instability of the steady basic flow state are the focus of the 
present linear stability analysis.  

1  Governing equations and numerical scheme 

Figure 1 shows a schematic diagram of a 2D liquid layer of 
1cst silicone oil (Pr=16.1). The thickness of the liquid layer 
at the sidewall is H and the extension is L. The contact angle 
at the end wall is . The temperatures at the hot end (left) and 
cold end (right) of the liquid layer are TH and TC respec-
tively. The bottom plate and free surface are both adiabatic. 
The length, velocity, pressure and time are scaled by H, 
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Figure 1  Schematic sketch of a two-dimensional liquid layer. 

where /L H   is the aspect ratio, h(x) is the vertical 
position of the free surface, n is the normal vector of the 
free surface, tx and ty are the tangential vectors of the free 
surface in the (x, z) plane and the (y, z) plane respectively. 

For the linear stability analysis, the basic two-dimen- 
sional steady state: 

  { ( , ) , ( , ), ( , )}x zX x z U W P x z T x zU e e  

is first determined for a given set of parameters (Re, Pr,  
and ). Then small three-dimensional disturbances are im-
posed on the basic state, and the corresponding equations 
are linearized by neglecting high orders of the disturbances. 
The disturbances are assumed to be in the normal mode: 
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where m is the wave number in the spanwise direction.  
The linearized disturbance equations are as follows: 
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The corresponding boundary conditions are: 
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For curved free surface liquid layers, a curve-fitting co-
ordinate is generated by an algebra transformation: 
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With this transformation, the previous equations are 



686 Xun B, et al.   Sci China-Phys Mech Astron   April (2012)  Vol. 55  No. 4 

transformed from the curved physical domain (  0 x , 
 0 ( ))z h x  into the rectangular calculating domain 

(      0 , 0 1 ). 

The discrete form of the linearized equations can be 
written as a generalized eigenvalue problem: 

    g( , , , , , , ) ,x X Re m Pr Ax Bx  (17) 

where 

      { ( , ), i ( , ) , ( , ) ,  ( , ), ( , )}x u x z v x z w x z p x z T x z  (18) 

is the disturbance vector. The eigenvalues and the related 
eigenvectors of the problem are solved by the Arnoldi 
method [14]. The critical Reynolds number (Rec) is obtained 
when the maximum of the real part of (m) for all m is zero, 
and the disturbance frequency is the imaginary part of (m). 
Accordingly, the critical Reynolds number corresponding to 
two-dimensional disturbances (m=0) is indicated as Rec0. In 
order to well resolve the boundary layers at both ends, a 
non-uniform mesh with denser grid points near both solid  

ends and free surface is adopted in this study. A code vali-
dation for the thermocapillary convection in a square cavity 
is shown in Table 1. 

2  Results and discussions 

2.1  Flat free surface (=90°) 

Figures 2 and 3 show the streamlines and isothermals of the 
two-dimensional steady basic flow state in liquid layers 
with flat free surface at the critical states. For the liquid  

Table 1  Code validation for thermocapillary convection in a square cavity 

Pr Re min (×103) core (×102)  

3.22 7.00 Present paper 
1 10000 

3.21 7.01 Xu et al. [10] 

1.59 6.01 Present paper 
30 2000 

1.69 6.27 Xu et al. [10] 
 

 

 

Figure 2  Streamlines of the two-dimensional steady basic flow state at the corresponding critical Reynolds number. (a) =3, Rec=264; (b) =6, Rec=82; (c) 
=18.6, Rec=37. 

 

Figure 3  Isothermals of the two-dimensional steady basic flow state at the corresponding critical Reynolds number. (a) =3, Rec=264; (b) =6, Rec=82;     
(c) =18.6, Rec=37. 
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layers of different aspect ratios, a strong vortex always oc-
curs near the hot end with the vortex center approximately 
located at z=2/3. There is also a weaker vortex in the bulk of 
the liquid layers which laterally elongates with the increas-
ing aspect ratio. For the large aspect-ratio liquid layers, 
=18.6 for instance, the flow in the central region of the 
liquid layers is similar to the plane-parallel flow with nearly 
homogenous temperature gradient. 

Table 2 shows the critical Reynolds number, wave num-
ber and frequency versus the aspect ratio for the liquid lay-
ers with flat free surface where the mesh size Nz × Nx indi-
cates the number of grid points used in the z direction (Nz) 
and x direction (Nx). The Rec slightly increases with the de-
creasing aspect ratio in the range of large aspect ratios and 
then increases sharply in the range of small aspect ratios 
(see Figure 4). On the other hand, the critical wave number 
and frequency only slightly varies in the aspect-ratio range 
studied. Figures 5 and 6 show the distributions of the  

 

Figure 4  Critical Reynolds number versus aspect ratio for liquid layers 
with a flat free surface. 

Table 2  Critical Reynolds number versus aspect ratio for liquid layers with a flat free surface 

 Mesh size Rec mc fc Rec0 fc0 

3 51×201 264 0.9 3.01 356 10.2 

4 51×201 130 0.9 2.85 143 2.56 

5 51×301 99 1.1 3.03 124 2.75 

6 61×351 82 1.1 3.05 87 2.77 

10 51×501 54 1 3.04 56 2.86 

18.6 51×751 37 1 3.06 38 2.89 

 

 

Figure 5  Critical temperature disturbance distribution on the free surface. (a) =3, Rec=264; (b) =6, Rec=82; (c) =18.6, Rec=37. 
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Figure 6  Critical velocity disturbance distribution on the free surface. (a) =3, Rec=264; (b) =6, Rec=82; (c) =18.6, Rec=37. 

three-dimensional critical temperature and velocity distur-
bances on the free surface of the liquid layers of different 
aspect ratios. For the large aspect-ratio liquid layers, = 
18.6 for instance, the disturbance near the cold end is much 
weaker than that in the rest region. For the liquid layers of 
intermediate and small aspect ratios, however, the distur- 
bance develops in the whole liquid region. For the small 
aspect-ratio liquid layers, =3 for instance, the three- 
dimensional disturbance is a traveling wave in the spanwise 
direction. With the increasing , the three-dimensional dis-
turbance behaves in a more complex way. It behaves as a 
traveling wave in the spanwise direction near the hot end. In 
the remaining region, however, it behaves as an obliquely 
traveling wave from the cold region to the hot region, and 
the angle between the traveling direction of the wave and 
the negative x direction is small (about 20 degrees seen 
from Figures 5 and 6), which is similar to the analytical 
predictions on the infinite liquid layers by Smith et al. [3]. 

The critical boundary for the two-dimensional tempera-
ture and velocity disturbance which is a special type of the 
three-dimensional disturbances is also shown in Table 2. 
The critical Reynolds number Rec0 is slightly larger than 
that for the three-dimensional disturbances except in the 
range of small aspect ratios (see Figure 4). Figure 7 shows 
the distributions of the critical two-dimensional temperature 
and velocity disturbances for the liquid layers of different 

aspect ratios. For the large aspect-ratio liquid layer, the 
two-dimensional disturbance mainly develops in the central 
region and behaves as a wave traveling from the cold region 
to the hot region. For the small aspect-ratio liquid layer, 
=3 for instance, the disturbance oscillates with a much 
higher frequency. Note that for the liquid layer of =3, the 
critical three-dimensional disturbance as a traveling wave in 
the spanwise direction, is not allowed in the linear stability 
analysis with the two-dimensional disturbance. Therefore, the 
two-dimensional oscillatory disturbance occurs at a much larger 
critical Reynolds number instead. For the long aspect-ratio liquid 
layers, the critical two-dimensional disturbance is not much dif-
ferent from the case of the three-dimensional disturbance, 
and Rec0 is only slightly larger than Rec.  

2.2  Curved free surface (90) 

Effects of the curved free surface on the flow instability in 
the liquid layer of =6 were studied. The mesh size Nz × Nx 
used in this subpart is 61×351. Figure 8 shows the stream-
lines and isothermals of the two-dimensional steady flow at 
the critical states for different contact angles. For the liquid 
layer with a small contact angle, the concave free surface 
only allows the liquid thickness in the central region less 
than unity (see Figure 8a) which restricts the weaker vortex 
near the cold end. For the liquid layer with a large contact  
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Figure 7  The critical two-dimensional velocity and temperature disturbance distribution. (a) =3, Rec=356; (b) =6, Rec=87; (c) =18.6, Rec=38. 

 

Figure 8  Streamlines and isothermals of the two-dimensional steady basic flow state at the corresponding critical Reynolds number. (a) =70, Rec=179;        
(b) =80, Rec=113; (c) =90, Rec=82.3; (d) =100, Rec=70.7; (e) =110, Rec=62.3. 
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angle, the convex free surface allows the liquid thickness in 
the central region larger than unity. With the decreasing 
“effective” aspect ratio, the basic flow state is similar to the 
small aspect-ratio liquid layer with a flat free surface, =3 
for instance. 

Table 3 shows the critical Reynolds number Rec versus 
the contact angle . The Rec decreases with the increasing 
contact angle  (see Figure 9). The critical wave number 
and frequency also decreases with an increasing contact 
angle. Note that with the increasing contact angle, the liquid 
thickness in the central region increases. In other words, the 
“effective” aspect ratio decreasing. Figure 10 shows the 
distributions of the critical three-dimensional disturbance on 
the free surface of the liquid layers with different contact 
angles. The critical three-dimensional disturbance in the 
central region for liquid layers with different contact angles  

 

Figure 9  Critical Reynolds number versus contact angle for the liquid 
layer of =6. 

 

 

Figure 10  Critical velocity disturbance distribution on the free surface. (a) =70, Rec=179; (b) =80, Rec=113; (c) =100, Rec=70.7; (d) =110, 
Rec=62.3. 
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is similar, which behaves as an obliquely traveling wave 
from the cold region to the hot region, and the angle be-
tween the traveling direction of the wave and the negative x 
direction is small. The critical disturbance is different near 
both ends for liquid layers with different contact angles. For 
the liquid layer with a concave free surface, the disturbance 
near both ends is much weaker than that in the central re-
gion. For the liquid layer with a convex free surface, the 
disturbance develops in the whole liquid region. In detail, 
the obliquely traveling wave in the central region developed 

into the region near the cold end, and a traveling wave in 
the spanwise direction is developed near the hot end. 

As shown in Figure 9, the critical Reynolds number for 
the two-dimensional disturbance is slightly larger than that 
for three-dimensional disturbance, especially in the range of 
small contact angles. Figure 11 shows the critical two-  
dimensional velocity disturbance which is a traveling wave 
from the cold region to the hot region. The disturbance 
mainly develops in the central region of the liquid layers 
with concave free surface, and in the whole region of the  

Table 3  Critical Reynolds number for a liquid layer of =6 with a different contact angle  

 Rec mc fc Rec0 fc0 

70 179 1.6 12.8 182 12.2 

75 139 1.2 7.71 141 7.36 

80 113 1.1 5.23 114 4.95 

85 93.7 1.2 3.92 99.3 3.63 

90 82.3 1.1 3.05 87.0 2.77 

95 75.5 0.9 2.40 85.7 2.26 

100 70.7 0.8 1.96 94.2 1.75 

105 66.5 0.7 1.61 80.7 1.44 

110 62.3 0.7 1.40 81.3 1.25 

 

 

Figure 11  Critical two-dimensional velocity disturbance distribution. (a) =70, Rec=182; (b) =80, Rec=114; (c) =100, Rec=94.2; (d) =110, Rec=81.3. 
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liquid layers with convex free surface. For liquid layer with 
convex free surface, the traveling wave in the spanwise di-
rection near the hot end which developed in the critical 
three-dimensional disturbance is not allowed in the two- 
dimensional analysis, and the corresponding critical Rey-
nolds number of the two-dimensional analysis is larger than 
that for the three-dimensional analysis. 

3  Conclusions 

Linear stability of the thermocapillary flow in liquid layers 
is studied in the present paper, and the critical states for the 
two- and three-dimensional disturbances are determined. 
The effects of aspect ratio and the free surface shape of the 
liquid layer are also studied.  

For the liquid layers of different aspect ratios, the critical 
Reynolds number decreases with the increasing aspect ratio. 
For the liquid layers of small aspect ratio, the critical dis-
turbance distribution is a traveling wave in the spanwise 
direction, or an oscillation with a relatively high frequency 
if restricted to two-dimensional disturbances. For large as-
pect-ratio liquid layers, the critical disturbance distribution 
behaves as a traveling wave in the spanwise direction near 
the hot end and an obliquely traveling wave from the cold 
end to the hot end in the remaining region. For very long 
liquid layers, the region near the cold end remains nearly 
steady with much smaller disturbance compared with the 
remaining region of the liquid layers.  

For liquid layers with a curved free surface, the critical 
Reynolds number decreases with the increasing contact an-
gle. The critical disturbance in the central region is similar 
for liquid layers with different contact angles, which is an 
obliquely traveling wave from the cold region toward the 
hot region with a small angle between the traveling direc-
tion and the negative x direction. The disturbance develops  

in the whole liquid region in liquid layers with a convex 
free surface, and with much weaker disturbance near both 
ends in liquid layers with a concave free surface. 
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