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Abstract A modified SIMPLEC method which can solve
compressible flows at low Mach number is introduced and
used to study thermoacoustic waves induced by a rapid
change of temperature at a solid wall and alternating-
direction flows generated by thermoacoustic effects in a ta-
pered resonator. The results indicate that the algorithm
adopted in this paper can be used for calculating com-
pressible flows and thermoacoustic waves. It is found that
the pressure and velocity in the resonator behave as stand-
ing waves, and the tapered resonator can suppress high-
frequency harmonic waves as observed in a cylindrical res-
onator.

Keywords Compressible flow - Thermoacoustic wave -
Resonator - SIMPLEC

1 Introduction

Algorithms for computational fluid dynamics (CFD) have
been divided into two categories: the density-based method
and the pressure-based method. The former, which treats
the set of governing equations in a coupled way, is usu-
ally used for compressible flows and the latter refers to a
segregated algorithm, developed for incompressible flows.
The ratio of the flow speed to the speed of sound in the
fluid (the Mach number) determines whether exchange be-
tween kinetic energy of the motion and internal degrees
of freedom needs to be considered [1]. Actually, com-
pressible and incompressible flows are mathematically dif-
ferent, and are distinguished by their respective hyper-
bolic and elliptic governing equations systems. Some
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problems such as poor convergence and deteriorated accu-
racy occur when dealing with incompressible flows by adopt-
ing technologies developed for compressible flows directly.
However, the compressible effects need to be considered in
many practical problems even with a very low fluid speed,
such as flows involving a strong heat source and flows gen-
erated by some thermoacoustic effects.

With preconditioning, the density-based methods can be
used to solve low-Mach-number flows [2—5]. But this tech-
nology confronts an obvious problem of computational sta-
bility, especially for viscous flows. This problem has been
discussed by Turkel [6] and Lee [7] and is considered dif-
ficult to overcome. Meanwhile many researchers devote
themselves to extending methods designed for incompress-
ible flows to the compressible regime [1, 8-10].

In this paper, we present a modified SIMPLEC method
which can solve compressible flows at low Mach number
and use this method to study the thermoacoustic waves in-
duced by a rapid change of temperature at a solid wall and
alternating-direction flows generated by thermoacoustic ef-
fects in a resonator.

2 Numerical strategy

The continuity, momentum, energy and state equations for
compressible ideal gas are written as

dp _

P v v =0, W
a(gtV) YV (VV) = -Vp+ V- (uVV) + ;V @), @
6(6pte)+v'(pev)zs:(VV)_pV.V+V~(kVT), (3)

p =pRT, “
where p and & are the dynamic viscosity and the thermal con-
ductivity, respectively. The internal energy per unit mass,
e = CyT, Cy is the specific heat at constant volume, and R
is the specific gas constant. S is the viscous part of the stress
tensor.
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In this paper, the SIMPLEC algorithm [1] is extended
by correcting density and velocities simultaneously in the
pressure-correction equation with the help of state equation.
The mass flux correction at the e face of a control volume
(CV), P, can be expressed as

e = ("Svi)e + (VaSp)e » ®)

where p’ and v, represent corrections of the density and the
contravariant velocity (i.e., the velocity normal to the CV
face), S is the area of the e face. The first term in Eq. (5)
refers to the gradient of pressure correction, p’, and can
be considered as a diffusive term in the pressure-correction
equation

’
Voo = —AQ( lvn) (6p ) : (©)
Ap ) \on /.
where Ap is the coefficient of v, in the algebraic equations
for velocities, and AL is the volume of the control volume.
The second term in Eq. (5) is due to the compressibility and
involves the correction to density at the CV face. It can be
expressed in terms of the pressure correction as

, _(Op\ , P
= = . 7
p ( op )Tp RT (N

This term needs to be handled as a convective term.

The governing equations are discretized using the con-
trol volume method. We use the deferred correction ap-
proach for the estimation of flow variables at the e face of
a control volume

old
Fe=Fy+(Fd-F) ™, (8)

where FL stands for the approximation of convective and dif-
fusive fluxes by a lower-order scheme, and F!! is the higher-
order approximation. The term indicated by the superscript
“old” is evaluated explicitly. The convective flux at the CV
face is evaluated using the SMART scheme [11], and the
diffusion flux is estimated by a second-order central scheme.
For the time integration, we choose a fully implicit three time
level scheme

(a¢)"“ L5 = 2¢" + 0.5

ot At ’ ©)

where the superscript denotes the time level.

3 Results and discussions

3.1 Thermoacoustic waves in a nitrogen-filled cavity

Thermoacoustic waves can be generated in a nitrogen-filled
cavity by rapidly heating or cooling a sidewall. When a part
of compressible fluid is rapidly heated (cooled), this part of
fluid expands (contracts) and gives rise to a fast increase (de-
crease) in the local pressure. The local pressure perturbations
lead to the occurrence of pressure waves, which are called
thermoacoustic waves. The propagation of thermoacoustic
waves is simulated in the cavity as shown in Fig. 1.
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Tr

Fig. 1 Geometry and boundary conditions of a cavity where ther-
moacoustic waves are generated

The fluid is maintained at a constant temperature 7, =
300 K and pressure py = 0.1 MPa. The horizontal walls are
thermally insulated. On the left sidewall of the cavity is im-
posed a time-dependent temperature, and the right side wall
is kept at a constant temperature

Ti(t) = To + AT (1 —e™/™),

Tr = To, (10)
where A is the overheat ratio, 7, = C - 7, is a time constant
indicating the speed of temperature change at the left side-
wall, and C is the time-constant coefficient. 7. = L/cy, is the
travel time of sound waves over the length of the cavity, and
co denotes the sound speed at the initial condition.

To avoid non-physical oscillations at boundaries [12],
the densities at the walls are treated with a transport equa-
tion derived from the continuity equation [13],
op 10dp v

+ +p, =0,

ot con on (1D

where the local sound speed, ¢ = \/(8p/6p)s, n is the nor-
mal pointing to the fluid, and the subscript “s” denotes the
isentropic process.

For the mesh independence verification, we study a case
under three different grids with 401x51, 501x61 and 601x71
and a time step At = 3.6 x 1078 s. The overheat ratio is
A =033 and C = 0.1. When we use a grid with 501 x 61
control volumes, the curve of the pressure versus time at the
center of cavity does not change under further refined grid
(Fig. 2).

The thermoacoustic waves are generated inside the cav-
ity by the rapid temperature change at the left sidewall. Fig-
ure 3 depicts the pressure and velocity variations with time at
the middle point of the cavity with different overheat ratios,
A =0.1,0.33 and 1.0, and C = 0.1. The first pressure peak
corresponds to the thermoacoustic wave which propagates
forward inside the cavity and the second pressure peak cor-
responds to the thermoacoustic wave which is reflected from
the right sidewall of the cavity. The amplitudes of the pres-
sure oscillation and velocity oscillation at the middle point
increase with the overheat ratio (Fig. 3). The thermoacoustic
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waves have a very sharp front and a long tail of decay, which
is similar to those observed by Brown and Churchill [14] in
their experiments.
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Fig. 2 Pressure evolvements with time at the center of cavity with
different grids. The curves with grids of 501 x 61 and 601 x 71
overlap
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Fig. 3 Variations of a pressure and b velocity with time at the
middle point of the cavity with different overheat ratios

When the left sidewall is rapidly cooled thermoacoustic
waves can also be produced. Figure 4 shows the variations
of pressure and velocity with time at the middle point of the
cavity with a negative overheat ratio A = —0.33 and C = 0.1.

There is a phase shift of pressure and velocity at the middle
point of the cavity as compared to the variations shown in
Fig. 3. Figure 5 shows variations of pressure with time at
the middle point of the cavity with A = 0.33 and different
time-constant coefficients, C = 0, 0.1, 0.5, 1 and 3. When the
time-constant coefficient increases, the amplitude of the ther-
moacoustic wave decreases. A bigger time constant leads to
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Fig. 4 Variations of a pressure and b velocity with time at the
middle point of the cavity with a negative overheat ratio
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Fig. 5 Variations of pressure with time at the middle point of the
cavity with different time-constant coefficients
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a slower temperature change at the left sidewall, and the en-
ergy input from left sidewall would diffuse into the surround-
ings rather than generate thermoacoustic waves.

3.2 Alternating-direction flows in a large-size tapered res-
onator

Thermoacoustic waves can be generated in a thermoacoustic
engine. Here we consider compressible flows in a large-size
tapered resonator as shown in Fig. 6. The initial pressure is,
po = 30 bar, and temperature is 300 K. A time-dependent
pressure at the inlet of the resonator is imposed,

p(t) = po + A, sin2m f1), (12)

where Ap, and f are the amplitude of pressure oscillation and
the frequency at the inlet of the resonator respectively.

x=0m

Fig. 6 Configuration of a large-size resonator

A grid with 482 x 32 is used for calculating waves and
the time step is Az = 1.5 x 107> s. A pressure sensor was ar-
ranged at the position x = 5.1 m in the experiment [15]. Lo-
cal pressure ratio pyax/pPmin can be obtained by the Fourier
analysis. Table 1 shows the comparison of pressure ratios
between computational and experimental results at different
average pressures and pressure ratios at the inlet. The com-
putational results agree well with the experimental results.

Table 1 Comparison between computational and experimental re-
sults [15]

Ambient  Pressure ratio Pressure ratio

Pressure/MPa  attheinlet atx=5.1m
Ref. [15] 2971 1.0629 1.0115
Current result 3.0 1.0629 1.0109
Ref. [15] 2.983 1.0975 1.0177
Current result 3.0 1.0975 1.0185
Ref. [15] 3.01 1.1241 1.0225
Current result 3.0 1.1241 1.0237
Ref. [15] 3.045 1.1698 1.0304
Current result 3.0 1.1698 1.0311

The pressure and velocity histories are probed at points
x=0,3,4and 5 m and r = 0.02 m in the calculations. Fig-
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ure 7 shows that there is a nearly 180° phase-shift of pres-
sure between the locations x = 3 and x = 4 m, but the phase
shift does not appear for axial velocities at the same points
(Fig. 8). The pressure leads the velocity by a phase angle of
90° at the point x = 3 m while the pressure leads the velocity
by a phase angle of —-90° at x = 4 m (Fig. 9).

We define the volumetric flow rate as, U = fs V-ndS =
Ay sin(2nft + ¢), where Ay and ¢ are the amplitude and
phase of U, respectively. Amplitudes of the pressure os-
cillation and volumetric-flow-rate oscillation along the axis
are drawn in Fig. 10 for different pressure ratios at the in-
let, pmax/Pmin = 1.0408, 1.0629, 1.0975, 1.1241, 1.1487
and 1.169 8. The pressure node locates at about the position
x = 3.4 m where the amplitude of pressure oscillation is al-
most zero and the amplitude of volumetric-flow-rate oscilla-
tion reaches a maximum at approximately the same position.
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Fig. 7 Curves of pressure histories at different points
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Fig. 8 Curves of axial velocity histories at different points
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Fig. 9 The phase shifts between the pressure and axial velocity at
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Fig. 10 a Amplitude of pressure oscillation and b amplitude of
volumetric-flow-rate oscillation along the axis for different pressure
ratios at the inlet

The appearance of the pressure node is caused by superpo-
sition of the incoming pressure wave and the reflected wave
from the end of the resonator.

Fourier analyses of volumetric flow rate at different
points show that there is only one frequency in the spectrum
at x = 3m and x = 5 m (Fig. 11). Zaripov et al. [16] ob-
served the occurrence of shock wave caused by harmonics
at high frequencies in a cylindrical pipe in which oscillation
was excited by a reciprocating piston. The suppression of
high-frequency harmonics in the tapered-shape resonator can
be explained by two factors. The first one has been discussed
in Ref. [17] through the analysis of the nonlinear term in the
following one-dimensional inviscid momentum equation for
compressible gas,

0 1
u+u6u__ op

= 13
ot Ox (13

p Ox’

Using a tapered resonant cavity can significantly decrease
the axial velocity and velocity gradient so that the nonlinear
term udu/0x can be decreased. The other is related to the fact
that a specific resonator shape exhibits a unique resonance
modal spectrum which can affect the amplitude and phase of
harmonics of a standing wave excited in the resonator [18].
The tapered-shape resonator is also called energy-focused
resonator.
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Fig. 11 Fourier analyses of volumetric flow rate at points with a
x=3mbx=5m

4 Conclusions

We present here an algorithm which solves the pressure-
correction equation for compressible flows to satisfy the con-
tinuity equation. The algorithm is used to calculate thermoa-
coustic waves in a nitrogen-filled cavity. It is found that
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the amplitude of pressure oscillation inside the cavity in-
creases with the overheat ratio. When the time-constant co-
efficient increases, the amplitude of the thermoacoustic wave
decreases.

Alternating-direction flows inside a large-size tapered
resonator are also simulated. The computed pressure oscilla-
tion amplitudes and pressure ratios compare well with the ex-
perimental results. In the resonator, the pressure and the ve-
locity behave as standing waves, and there is a pressure node
at the position x = 3.4 m for different pressure ratios at the
inlet. The results indicate that the tapered resonator can sup-
press higher-frequency harmonics as observed in the cylin-
drical pipe. The algorithm presented here can be used for
solving compressible-flows involving hydrodynamic waves.
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