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This paper presents an implementation of an improved smoothed particle hydrodynamics
(SPH) method for numerical simulation of free-surface flow problems. The presented SPH
method involves two major modifications on the traditional SPH method: (1) kernel gra-
dient correction (KGC) and density correction to improve the computational accuracy in
particle approximation and (2) RANS turbulence model to capture the inherent physics
of flow turbulence. In the simulation, artificial compressibility for modeling incompress-
ible fluid and ghost particles for treating solid boundaries are both applied. The presented
SPH has been applied to two dam-breaking problems. We demonstrated that the pre-
sented SPH method has very good performance with more accurate flow patterns and
pressure field distribution.
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1. Introduction

Free-surface flow motions, especially violent wave motions, are common phenomena
in coastal hydrodynamics and offshore engineering. When the violent wave
encounters obstacles, very large impact and pressure oscillating can occur together
with wave breaking and overturning. This can destroy the structure of the nearby
obstacles. If the violent waves occur in coast areas, they may cause potential dam-
ages of property and loss of lives. Therefore, studying the flow mechanism of
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the free-surface flows is of great significance in theory and practice [Mei (1989);
Peregrine (2003); Faltinsen et al. (2004)].

In the past several decades, many scholars have already conducted some
experiments [Buchner 2002; Jánosi et al. (2004)] and numerical simulations about
free-surface problem. However, if the conditions are complex, the experiments will
be expensive, or even cannot be implemented. Numerical simulation has become a
great tool to predict fluid in coast hydrodynamics and offshore engineering.

Conventional grid-based numerical methods such as finite difference method
(FDM) and finite volume method (FVM) have been widely applied to various
areas of computational fluid dynamics (CFD) and currently are the dominant meth-
ods in numerical simulations of domain discretization and numerical discretization.
In addition, many numerical techniques have been proposed to track the free surface,
such as the volume of fluid (VOF) method [Hirt and Nichols (1981)], the Level-Set
method [Sethian (2003)] and the CIP-based method [Hu and Kashiwagi (2004)].
Despite the great success, these numerical methods suffer from inherent difficulties
in many aspects. Constructing a regular grid for irregular or complex geometry
has never been an easy task, and usually requires additional complex mathematical
transformation that can be even more expensive than solving the problem itself.
Moreover, these methods have difficulties in avoiding numerical dissipation.

A recent strong interest has been focused on the development of the next
generation computational methods, mesh-free method, such as molecular dynam-
ics method (MD). [Berendsen et al. (1984)], dissipative particle dynamics method
(DPD) [Groot and Warren (1997)], and smoothed particle hydrodynamics (SPH)
[Gingold and Monaghan (1977); Lucy (1977); Monaghan (2005); Liu et al. (2008)].
SPH is a fully Lagrangian mesh-free technique, it is first introduced to resolve astro-
physical problems in three-dimensional (3D) open space. In the SPH method, the
state of a system is represented by a set of particles, which possess individual mate-
rial properties and move according to the governing conservation equations. SPH
features a remarkable flexibility in handling complex flow fields and including phys-
ical effects. The special advantage of the SPH is the adaptive nature; therefore, the
formulation of SPH is not affected by the arbitrariness of the particles and it can
naturally handle problems with extremely large deformation [Liu and Liu, (2003)].

Despite the great advantages, conventional SPH method also has some problems.
The accuracy and numerical stability are not good enough, especially in the bound-
ary and the domains with uniform particles distribution. Besides, the governing
equations of conventional SPH cannot guarantee the conservation of the total angu-
lar momentum. To resolve these problems, many improved methods are presented
to recover the compatibility of the kernel approximation [Bonet and Lok (1999);
Dalrymple and Rogers (2006)], and some have good effects. However, they only pay
attention to the kernel and overlook the roles of the kernel gradient. A finite particle
method (FPM) [Liu et al. (2005)] is used to modified the kernel gradient. Similar
to FPM, this paper implemented a simplified form that is using a matrix to modify
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the kernel gradient so as to guarantee the second-order accuracy in the whole flow
field. This kernel gradient corrected method can improve the accuracy and stability
of conventional SPH method obviously.

Another important issue concerning free-surface flow is the turbulences in the
surf zone. Direct numerical simulation (DNS) [Moin and Mahesh (1998); Moser
et al. (1999)] has very high accuracy; however, this method needs so many meshes
or particles and it is unrealistic to simulate complex flow fields with large compu-
tational domain. Therefore, in order to describe the turbulence effects in the flow
field, suitable turbulence models [Chen and Jaw (1998)] are necessary. In this paper,
the Reynolds averaged Navier-Stokes (RANS) are used to simulate the turbulence
effects in the flow field [Anderson and Wendt (1995); Catalano and Amato (2003)].
The N-S equations are averaged over the time, and a suitable eddy viscosity assump-
tion is used to satisfy the condition of closure of the Reynolds equation. It is shown
that this method can lead to good results with less computational time.

2. Methodology

SPH is a meshfree, Lagrangian particle method for modeling fluid flows. SPH was
first invented to solve astrophysical problems in 3D open space. The SPH method
has also been applied extensively to a vast range of problems in either computa-
tional fluid or solid mechanics because of relatively strong ability to incorporate
complicated physical effects into the SPH formulations. SPH has been extended to
dynamic response with material strength as well as dynamic fluid flows with large
deformations.

In the SPH method, the state of a system is represented by a set of particles,
which possess individual material properties and move according to the governing
conservation equations. The particles represent the problem domain and to act as
the computational frame for field variable approximations. The SPH approxima-
tion does not require a predefined mesh to provide any connective of the particles
in the process of computation, and it work well even without any particle refine-
ment operation. Besides, SPH can combine the Lagrangian formulation with particle
approximation harmoniously.

2.1. The PDE equations in conventional SPH

The continuity and momentum equations for a Newtonian fluid flow in Lagrangian
coordinate system are

dρ

dt
= −ρ∇ • ν, (1)

dv

dt
= −1

ρ
∇p +

µ

ρ
∇2ν + g, (2)

where, ρ, ν, p, g , and µ denote density, velocity vector, pressure, gravity, and
dynamic viscosity, respectively.
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In SPH method, the values of a particular quantity at any point can be obtained
using the following interpolation:

〈f(xi)〉 =
N∑

j=1

mj

ρj
f(xj)W (xi − xj , h), (3)

〈∇f(xi)〉 =
N∑

j=1

mj

ρj
f(xj)∇iWij , (4)

where, 〈f(xi)〉 is the approximate value of particle i, f(xj) is the value of f(x)
associated with particle j, xi and xj are the positions of corresponding particles, h

is the smooth length, N is the number of the particles in the support domain, and
W is the smoothing function and represents a weighted contribution of particle j to
particle i. Therefore, the SPH forms of N-S equations can be obtained. It is given by

dρi

dt
=

N∑
j=1

mj νij • ∇i Wij , (5)

dνi

dt
= −

N∑
j=1

mj

(
pi

ρ2
i

+
pj

ρ2
j

)
∇i Wij +

N∑
j=1

4mj (µi + µj)xij • ∇iWij

(ρi + ρj)2(x2
ij + 0.01 h2)

νij + g, (6)

2.2. Kernel function in conventional SPH

The kernel function (also called smoothing function) is an important part in SPH
simulation. It not only determines the pattern for the function approximation and
defines the dimension of the support domain of particles, but also determines the
consistency and hence the accuracy of both the kernel and particle approximations.

In the simulation, we use the cubic spline [Monaghan (1985)], because this kernel
has continuous second-order derivative, and it is not sensitive to particle disorder.

W (R, h) = ad ×




1 − 3
2

R2 +
3
4

R3, 0 ≤ R < 1

1
4
(2 − R)3, 1 ≤ R < 2,

0, R ≥ 2

(7)

where ad is 3/2h, 10/7πh2, and 1/πh3 in 1D, 2D, and 3D spaces, respectively,
so that the condition of unity can be satisfied for all the three dimensions. R is
the relative distance between two particles at point i and j, R = |xi − xj |/h. The
support domain of this kernel has a radius of 2h, when R > 2, the interactions
are zero.

2.3. Modeling incompressible flow with artificial compressibility

In the SPH method, an artificial compressibility technique is used to model the
incompressible flow as a slightly compressible flow. The artificial compressibility
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considers that every theoretically incompressible fluid is actually compressible.
Therefore, it is feasible to use a quasi-incompressible equation of state to model
the incompressible flow. The purpose of introducing the artificial compressibility is
to produce the time derivative of pressure. In this work, the artificial equation of
state is

p = c2ρ, (8)

where c is the sound speed which is a key factor that deserves careful consideration.
If the actual sound speed is employed, the real fluid is approximated as an artificial
fluid, which is ideally incompressible. Monaghan argued that the relative density
variation δ is related to the fluid bulk velocity and sound speed in the following way
[Monaghan (1994)]:

δ =
∆ρ

ρ0
=

|ρ − ρ0|
ρ0

=
V 2

b

c2
= M2, (9)

where ρ0, ∆ρ, Vb, and M are the initial density, absolute density variation, fluid
bulk velocity, and Mach number, respectively.

Morris, through considering the balance of pressure, viscous force, and body
force, proposed an estimate for the sound speed [Morris et al. 1997]. He argued
that the square of the sound speed should be comparable with the largest value of
V 2

b /δ, υVb/δl, and Fl/δ, i.e.

c2 = max
(

V 2
b

δ
,
υVb

δl
,
F l

δ

)
, (10)

where υ(υ = µ/ρ) is the kinetic viscosity, F is the magnitude of the external body
force, and l is the characteristic length scale.

2.4. Artificial viscosity

Artificial viscosity can diffuse sharp variations in the flow and dissipate the energy
of high-frequency term. Here, Monaghan type artificial viscosity is added to physical
pressure term.

dνi

dt
= −

N∑
j=1

mj

(
pi

ρ2
i

+
pj

ρ2
j

+ Πij

)
• ∇iWij + F , (11)

∏
ij

=




−αΠcijφij

ρij
, νij • xij < 0

0, νij • xij < 0,

(12)

where

φij =
hij vij xij

|xij |2 + ϕ2
, cij =

1
2
(ci + cj), ρij =

1
2
(ρi + ρj),

hij =
1
2
(hi + hj), vij = (νi − νj), xij = (xi − xj).
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2.5. KGC SPH model with density correction

In the SPH simulation, the computational accuracy is sensitive to the distribution
of the particles. In some domains, the consistency conditions are no longer satisfied
exactly and the characters of kernel function will not be satisfied.

If the density is not suitable, through the state equation, strong pressure shocks
will appear in the pressure field. Therefore, using the original kernel function cannot
obtain the accurate results. Therefore, a density correction is necessary.

ρnew
i =

N∑
j=1

ρj W new
ij

mj

ρj
=

N∑
j=1

mj W new
ij , (13)

Here, we use two methods to modify the density. The first is renormalizing the
kernel function every 20 time steps. The new kernel function can be described as
follows:

W new
ij =

Wij∑N
j=1 Wij

mj

ρj

. (14)

The second is Moving least square (MLS) method. Here,

WMLS
ij = WMLS

j (ri) = β(ri) • (ri − rj)Wij , (15)

WMLS
ij = [β0(ri) + βx(ri) (xi − xj) + βy(ri) (yi − yj)]Wij , (16)

where, xi, yi and xj , yj are the coordinates of particle i and j in x and y directions
separately.

β(ri
→) =




β0

βx

βy


 = A−1



1
0
0


, (17)

A =
N∑

j=1

Wj(ri)A′Vj , (18)

A′ =




1 xi − xj yi − yj

xi − xj (xi − xj)2 (xi − xj)(yi − yj)
(yi − yj) (xi − xj)(yi − yj) (yi − yj)2


 , (19)

Equation (4) shows that the kernel gradient has a significant influence on the accu-
racy. Considering the interaction between particles, a new kernel gradient model is
used in the simulation. Based on Taylor series expansion on the SPH approximation
of a function,∫

Ω

f(r′)∇Wdr′ = f(r)
∫

Ω

∇Wdr′ +
∂f(r)

∂x

∫
Ω

(x′ − x)∇Wdr′

+
∂f(r)

∂y

∫
Ω

(y′ − y)∇Wdr′ + O(h2), (20)
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Connecting Eq. (20) with the kernel approximation equation

〈∇f(r)〉 =
∫

Ω

f(r′)∇Wdr′ − f(r)
∫

Ω

∇Wdr′. (21)

A new expression of the kernel gradient will be obtained

〈∇f(r)〉 =
∂f(r)

∂x

∫
Ω

(x′ − x)∇Wdr′ +
∂f(r)

∂y

∫
Ω

(y′ − y)∇Wdr′ + O(h2). (22)

The particle approximation model can be written as:

〈∇f(ri)〉 =
∂f(ri)

∂xi

∑
j

(xj − xi)∇iWijVj +
∂f(ri)

∂yi

∑
j

(yj − yi)∇iWijVj . (23)

Finally, the kernel gradient correction model is obtained

∇new
i Wij = L(ri)∇iWij , (24)

L(ri) =



∑

j




xji
∂Wij

∂xi
yji

∂Wij

∂xi

xji
∂Wij

∂yi
yji

∂Wij

∂yi


Vj




−1

. (25)

2.6. Solid boundary treatment

In the simulation, free-slip condition will be enforced over solid boundaries. To
achieve the purpose, ghost particle method [Takeda et al. (1994); Morris et al.
(1997)] is used. When the distance between the solid boundary particle and the
fluid particle reaches some value, a ghost particle will be generated. The tangential
velocities of the two particles are same, and the normal velocities are reverse.


xg = 2xw − xf yg = 2yw − yf

vg,t = vf,t vg,n = −vf,n

pg = pf ρg = ρf

, (26)

where f is the fluid particle, g is the ghost particle, and w is corresponding wall
particle. vg,t and vf,t are the tangential velocities of the ghost particle and the fluid
particle and vg,n and vf,n are the normal velocities. The sketch is given in Fig. 1.

Fig. 1. The sketch of the fluid, boundary, and ghost particles.
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3. RANS Turbulence Model

In many case, the viscosity term is too dissipative and affects the shear in the
fluid. When capturing the turbulence structure in SPH simulation, this problem is
particularly important. Therefore, the RANS equations, obtained by time averaging
the N-S equation, are employed in the simulation. First, new variables are obtained
by time averaging,

φ = lim
1
t

∫ t0+t

t0

φdt. (27)

The transient volume φ in the turbulence is divided into two parts; the average
volume φ and the pulse volume φ′, φ = φ + φ′. Using this method, the Reynolds
average equations can be described as followed:

dρ

dt
= −ρ∇ • V , (28)

dV

dt
= −1

ρ
∇P +

µ

ρ
∇2V + g +

1
ρ
∇(ρR), (29)

where V and P are the new averaged volume of the original velocity and pressure
and R is the Reynolds strain tensor. In the Eq. (29), a new variable R is introduced,
and the equations are no longer closed. To resolve the problem, an eddy viscosity
assumption is used [Lo and Shao (2002)].

Rij = 2νt Sij − 2
3
kδij , (30)

νt = l2
√

2Sij Sij , (31)

Sij =
1
2

(
∂V j

∂xi
+

∂V i

∂xj

)
, (32)

where νt is the turbulence eddy viscosity, Sij is the average strain rate tensor, and
k is the kinetic energy, l is the maxing length, l = Csh, cs is the Smagorinsky
constant, in this paper, cs = 0.12. Finally, the tensor term is represented by

1
ρ
∇(ρR) =

N∑
j=1

(
Ri

ρi
+

Rj

ρj

)
∇iWij . (33)

4. Numerical Examples

In this section, the modified SPH method is used to simulate the dam-breaking
problems. Although it is not a new attempt for SPH to model such problems, the
purpose of the work is to validate the effects of the kernel gradient correction and
the RANS turbulence model, which can lead to in-depth results and findings. In the
simulation, two dam-break models are used; one has a gate controlling the discharge
of water and the other not, as shown in Figs. 2 and 3.
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Fig. 2. The model of dam-break flow against a vertical wall.

Fig. 3. The model of dam-break flow with a controlling gate.

4.1. The effects of KGC-SPH model with density correction

The model in Fig. 2 is used in this case. Here L = 2H, d = 5.366H, H = 0.6m.
The time step is 0.00001 s, the speed of sound is 40m/s, and the coefficient of
artificial viscosity is 0.08. About 15,000 particles are used to represent the fluid. In
the simulation, the ghost particle boundary is used.

At first, an initial pressure field is given basing on the height (Pi = ρghi),
because in most conditions, the theoretical solutions of the initial pressure cannot
be obtained Fig. 4.

After several time steps, the pressure field will be similar with the theoretical
values, as shown in Fig. 5, It also validates the adaptive nature of SPH.

Fig. 4. The initial pressure field of the dam-break flow against a vertical wall.
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(a) (b)

Fig. 5. The pressure field of the dam-break problem in 0.01 s: (a) without KGC and density
correction and (b) with KGC and density correction.

(a) (d)

(b) (e)

(c) (f)

Fig. 6. The pressure field of the dam-break problem in 0.2, 0.4 and 0.8 s: (a), (b), and (c) without
KGC and density correction and (d), (e) and (f) with KGC and density correction.

To show the effect of the correction method, here, three flow forms in different
time are given.

In Fig. 6, the left parts show the results from conventional SPH simulation and
the right parts show the results from the improved SPH method, in which KGC-
model with density correction (renormalize the kernel function) is used. It is seen
that the conventional SPH method can predict the pressure field to some extent;
however, the pressure field is not smoothed, with some pressure oscillations. In
the boundary, the pressure is also not accurate, and with the flowing of the fluid,
the pressures of the water front become confused. It is difficult to make sure the
explicit pressure values using conventional SPH method. In contrast, the improved
SPH model with KGC and density correction produces much smoother pressure
field. Using the kernel gradient correction and density correction, the consistency of
the kernel function is restored and the accuracy of the kernel gradient is improved.
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Therefore, the pressure layers are clear, and little oscillations appear in the whole
pressure field.

4.2. The effects of RANS turbulence model with pressure correction

To validate the roles of the RANS in describing the turbulence effects, a new case
like the model in Fig. 3 is simulated; the difference is that no gate is used. Here,
about 70000 particles are used, H= 0.18m, h = 0.15m, l = 0.018m, “a = 0.3m8”,
b = 0.76m. Beside the RANS, KGC with MLS correction are also be used. The
time step is 0.000005S, the speed of sound is 20m/s, and the coefficient of artificial
viscosity is 0.08. At the same time, the Ghost particle boundary is used.

Similar with the last case, the initial pressure field is given based on the height;
after several time steps, it will change like the sketch in Fig. 7.

To validate the accuracy of the simulation results, we compare the simulation
with the experiment results.

In Figs. 8 and 9, it is shown that the flow patterns of the simulation are similar
with the experiment results. In the simulation, the KGC and MLS corrections are
used to smooth the pressure. In addition, the pressure also shows the effects of the
correction. In the free surface, the pressure is stable; the KGC plays an important
role. The layers of pressure are also obvious, and their transition is stable and
suitable.

The two sketches both describe the turbulence effects successfully, especially in
Fig. 9. The cavities are showed from their generations, developments to disappear-
ance, and it is similar with the experiment. However, there is still a problem existed
in the simulation. When the fluid begins to break, the matrix used in the kernel
gradient correction may become singular, and this condition will stop the numerical
simulation. Though the idea of variable smooth length can resolve the problem in
some extent, it will added larger calculated amount. Therefore, a new corrected
matrix will be tried to construct. In the simulation in this paper, in the areas
involving singular matrix, the KGC model are not be used.

5. Conclusions

An improved SPH is introduced to simulate the classical dam-break problems. The
results demonstrated that: (1) both conventional and improved SPH methods can

Fig. 7. The initial pressure field in 0.01S of the dam-break problem with a gate.
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Fig. 8. The flow patterns of the dam-break problem with a gate in 0.156, 0.219, and 0.281 s.

Fig. 9. The development of the cavities of the dam-break problem with a gate in 0.343, 0.406, 0.468,
and 0.531 s.
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obtain acceptable results; they can provide a prediction of the pressure field in
dam-break problems. (2) The KGC-model with density correction can remove the
pressure oscillations and obtain more smoothed pressure field. (3) The use of RANS
model can describe the inherent flow turbulence effectively, especially in the areas
with flow cavities. In future, new work will be done, involving the treatments of
matrix singularity problem and better method for complex solid boundaries.
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