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Smoothed particle hydrodynamics (SPH) is a popular meshfree, Lagrangian particle method with attrac-
tive features in modeling liquid sloshing dynamics, which is usually associated with changing and
breakup of free surfaces, strong turbulence and vortex, and ‘‘violent’’ fluid–solid interaction. This paper
presents an improved SPH method for modeling liquid sloshing dynamics. Firstly, modified schemes
for approximating density (density correction) and kernel gradient (kernel gradient correction, or KGC)
have been used to achieve better accuracy with smoother pressure field. Secondly, the Reynolds Averaged
turbulence model is incorporated into the SPH method to describe the turbulence effects. Thirdly, a cou-
pled dynamic solid boundary treatment (SBT) algorithm has been proposed to improve the accuracy near
the solid boundary areas. The new SBT algorithm consists of a kernel-like, soft repulsive force between
approaching fluid and solid particles, and a reliable numerical approximation scheme for estimating field
functions of virtual solid particles. Three numerical examples are modeled using this improved SPH
method, and the obtained numerical results agree well with experimental observations and results from
other sources.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Sloshing refers to the movement of liquid inside a partially-
filled container due to external excitations. When the amplitude
of an external excitation is very large or its frequency is close to
the natural frequency of the liquid sloshing system, the liquid in-
side the container can exhibit violent oscillations, and exert strong
impact load on the container [1]. Liquid sloshing can be frequently
observed in daily life and in engineering and sciences, and can be of
great importance both in theory and practices. For example, large
liquid sloshing in an oil or liquefied natural gas (LNG) ship can re-
sult in local breakages and global instability to the ship, and can
then further lead to leakage of oil, and capsizing of ship. The move-
ment of water in a reservoir when experiencing an earthquake can
produce tremendous impact pressure on the dam of the reservoir.
The sloshing of liquefied fuel inside the fuel tank in an aeronautic
or astronautic craft can disturb or even breakdown normal naviga-
tion of the craft.

Due to the ever-increasing interests on liquid sloshing dynam-
ics, many researchers have conducted theoretical, experimental
and numerical simulation works in this area. Theoretical re-
searches are usually valid for simple cases with linear or weakly
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nonlinear liquid sloshing dynamics. Experimental works are gener-
ally expensive and sometimes certain physical phenomena related
to liquid sloshing cannot be scaled in a practical experimental set-
up. Recently more and more researches on liquid sloshing are fo-
cused on numerical simulations with the advancement of the
computer hardware and computational techniques. A number of
researchers have provided comprehensive reviews on the problem
of liquid sloshing, and the related numerical simulation methods
[2–4]. Most of the numerical simulations are focused on grid-based
methods, such as finite difference method (FDM) [5,6], finite ele-
ment method (FEM) [7,8], and boundary element method (BEM)
[9–12]. As a complex fluid motion, sloshing usually involves chang-
ing and breakup of free surfaces, strong turbulence and vortex, and
violent fluid–solid interaction. It is therefore difficult for traditional
grid-based numerical methods to model liquid sloshing problems.
For example, traditional FEM cannot treat large fluid deformation
very well, and mesh adjustment or rezoning can be necessary in
model liquid sloshing. Traditional FDM requires special algorithms
such as volume-of-fluid (VOF) [13,14] and Level Set [15] to track
changing free surfaces or moving interfaces when modeling liquid
sloshing.

Recent developments in so-called meshfree and particle meth-
ods provide alternatives for traditional numerical methods in mod-
eling free surface flows such as liquid sloshing dynamics [16,17].
Among the meshfree and particle methods, smoothed particle
hydrodynamics (SPH) [18–20] is unique and has some obvious
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advantages. In SPH, the state of a system is represented by a set of
particles, which possess individual material properties and interact
with each other within a certain range defined as a support domain
by a weight function or smoothing function [21]. Flow field vari-
ables (such as density, velocity, acceleration) can be obtained
through approximating the governing equations which are discret-
ized on the set of particles. The SPH method was originally in-
vented to solve astrophysical problems in the open space such as
binary stars, stellar collisions and motion near black holes. Later,
it has been extensively studied and extended to different problems
in engineering and sciences, such as multi-phase [22,23] and mul-
ti-scale [24] flows, high strain hydrodynamics with material
strength [25–28], explosion and underwater explosion [29–31],
and many others [32–34]. As a comparatively new computational
method, SPH combines the advantages of meshfree, Lagrangian
and particle methods. Particles are used to represent the state of
a system and these particles can freely move according to internal
particle interactions and external forces. Therefore it can naturally
obtain history of fluid motion, and can easily track material inter-
faces, free surfaces and moving boundaries. The meshfree nature of
SPH method remove the difficulties due to large deformations
since SPH uses particles rather than mesh as a computational
frame to approximate related governing equations. These features
of SPH make it fairly attractive in modeling free surface and multi-
phase flows with violent fluid–solid interactions, especially in
ocean and coastal hydrodynamics and offshore engineering. Typi-
cal applications of SPH method in this area include dam breaking,
wave dynamics (waver generation, wave breaking, and wave inter-
action with other structures), water filling and water discharge (to
and from a water tank or reservoir), and water entry.

There are a few literatures addressing the application of SPH
method to liquid sloshing dynamics. For example, Iglesias et al.
[35] simulated the anti-roll tanks and sloshing type problems. Rhee
and Engineer studied liquid tank sloshing with Reynolds-averaged
Navier–Stokes [36]. Souto-Iglesias et al. [37] assessed the liquid
moment amplitude in sloshing type problems with smooth particle
hydrodynamics. Anghileri et al. [38] investigated the fluid–struc-
ture interaction of water filled tanks during the impact with the
ground. Delorme et al. [39] simulated the sloshing loads in LNG
tankers with SPH. These works have demonstrated the feasibility
of SPH method in modeling liquid sloshing dynamics. It is noted
that previous works are generally based on traditional SPH meth-
od, which is believed to have poor computational accuracy. Also
previous works usually did not incorporate turbulence models into
SPH equations of motion. While when modeling turbulence and
vortex in liquid sloshing, turbulence models can be very important.

In this paper, an improved SPH model for numerical simulation
of liquid sloshing dynamics shall be presented. The SPH model in-
cludes an improved approximation scheme with corrections on
kernel gradient and density, an enhanced solid boundary treat-
ment algorithm, and the Reynolds Averaged Navier–Stokes (RANS)
turbulence model [40]. The effectiveness of the SPH model shall be
validated by three liquid sloshing problems.
2. SPH methodology

2.1. SPH equations of motion

The conventional SPH method was originally developed for
hydrodynamic problems in which the governing equations are in
strong form of partial differential equations of field variables such
as density, velocity, and etc. There are basically two steps in
obtaining an SPH formulation, kernel and particle approximations.
The kernel approximation is to represent a function and its deriv-
atives in continuous form as integral representation using the
smoothing function and its derivatives. In the particle approxima-
tion, the computational domain is discretized with a set of parti-
cles. A field function and its derivative can then be written in the
following forms [34]

< f ðxiÞ >¼
XN

j¼1

mj

qj
f ðxjÞWðxi � xj;hÞ; ð1Þ

< r � f ðxiÞ >¼
XN

j¼1

mj

qj
f ðxjÞriWij; ð2Þ

where < f(xi) > is the approximated value of particle i; f(xj) is the va-
lue of f(x) associated with particle j; xi and xj are the positions of
corresponding particles; m and q denote mass and density respec-
tively; h is the smooth length; N is the number of the particles in
the support domain; W is the smoothing function representing a
weighted contribution of particle j to particle i. The smoothing func-
tion is sometimes referred to as kernel or kernel function, and it
should satisfy some basic requirements, such as normalization con-
dition, compact supportness, and Delta function behavior. This con-
ditions are needed to ensure convergence and reproducibility of
function approximation A detailed discussion on the smoothing
function, its basic requirements and constructing conditions can
found in [20,21]. In this paper, the frequently used cubic spline is
employed for general purposes.

For incompressible viscous hydrodynamic problems, the
Lagrangian form governing Navier–Stokes (N–S) equation can be
written as

dq
dt
¼ �qr � v ; ð3Þ

dv
dt
¼ � 1

q
rpþ l

q
r2v þ g; ð4Þ

where, v, p, g and l denote velocity vector, pressure, gravity and dy-
namic viscosity respectively. Substituting the SPH approximations
for a function and its derivative to N–S equations, after some trivial
transformation, the SPH equations of motion for N–S equations can
be obtained as

dqi

dt
¼
XN

j¼1

mjv ijriWij; ð5Þ

dv i

dt
¼�

XN

j¼1

mj
pi

q2
i

þ
pj

q2
j

 !
�riWijþ

XN

j¼1

4mjðliþljÞxij �riWij

ðqiþqjÞ
2ðx2

ijþ0:01h2Þ
v ijþ g:

ð6Þ
2.2. Modeling incompressible flow with artificial compressibility

In the SPH method, an artificial compressibility technique is
usually used to model the incompressible flow as a slightly com-
pressible flow. The artificial compressibility considers that every
theoretically incompressible fluid is actually compressible. There-
fore, it is feasible to use a quasi-incompressible equation of state
to model the incompressible flow. The purpose of introducing the
artificial compressibility is to produce the time derivative of pres-
sure. In this work, the artificial equation of state is

p ¼ c2q; ð7Þ

where c is the sound speed which is a key factor that deserves care-
ful consideration. If the actual sound speed is employed, the real
fluid is approximated as an artificial fluid, which is ideally incom-
pressible. Monaghan argued that the relative density variation d is
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related to the fluid bulk velocity and sound speed in the following
way [41]

d ¼ Dq
q0
¼ jq� q0j

q0
¼ V2

b

c2 ¼ M2; ð8Þ

where q0, Dq, Vbo and M are the initial density, absolute density var-
iation, fluid bulk velocity and Mach number respectively.

Morris, through considering the balance of pressure, viscous
force and body force, proposed an estimate for the sound speed
[42]. He argued that the square of the sound speed should be com-
parable with the largest value of V2

b=d, tVb=dl and Fl/d, i.e.

c2 ¼max
V2

b

d
;
tVb

dl
;
Fl
d

 !
; ð9Þ

where t(t = l/q) is the kinetic viscosity, F is the magnitude of the
external body force, and l is the characteristic length scale.

2.3. Density and kernel gradient correction

It is known that the conventional SPH method has been hin-
dered with low accuracy as it cannot exactly reproduce quadratic
and linear functions, and even cannot exactly reproduce a constant.
The accuracy of the conventional SPH method is also closely re-
lated to the distribution of particles, selection of smoothing func-
tion and the support domain (described by the smoothing length
h multiplied by a scalar factor). During the last decade, different
approaches have been proposed to improve the particle inconsis-
tency and hence the SPH approximation accuracy. Some of them
involve reconstruction of a new smoothing function so as to satisfy
the discretized consistency conditions. However, these approaches
are usually not preferred for hydrodynamic simulations because
the reconstructed smoothing function can be partially negative,
non-symmetric, and not monotonically decreasing. Recently, one
popular way is to construct improved SPH approximation schemes
based on Taylor series expansion on the SPH approximation of a
function and/or its derivatives. Typical examples include the cor-
rective smoothed particle method (CSPM) by Chen et al. [43] and
the finite particle method (FPM) by Liu et al. [44,45]. Both CSPM
and FPM do not need to reconstruct smoothing function. It is noted
that in the conventional SPH method, a field function and its deriv-
atives are approximated separately. Instead, in CSPM, the deriva-
tives are approximated through solving a coupled matrix
equation while the field function is approximated separately. In
FPM, both the field function and its derivatives are coupled to-
gether and can be approximated simultaneously through solving
a general matrix equation.

Liquid sloshing is usually associated with changing and break-
up of free surfaces. When wave front violently impacts onto solid
walls of the container, water particles can first be splashed away
from bulky fluid, and then fall onto the bulky fluid. The changing
and breakup of free surfaces as well as splashing and fall of
water particles lead to highly disordered particle distribution,
which can seriously influence computational accuracy of SPH
approximations. Hence an SPH approximation scheme, which is
of higher order accuracy and is insensitive to disordered parti-
cle distribution, is necessary for modeling liquid sloshing
dynamics.

In this work, we used two modified schemes for approximating
density (density correction) and kernel gradient (kernel gradient
correction, or KGC). As to the density correction, a re-normalization
approach is used, in which the density can be approximated as

qnew
i ¼

XN

j¼1

qjW
new
ij

mj

qj
¼
XN

j¼1

mjW
new
ij ; ð10Þ
Wnew
ij ¼ WijPN

j¼1Wij
mj

qj

: ð11Þ

As to kernel gradient correction, from Eq. (2), it is known that the
approximation accuracy of the derivatives is closely related to the
accuracy of the gradient of the smoothing function (or kernel gradi-
ent). It is possible to use a corrective kernel gradient rather than the
conventional kernel gradient in Eq. (2) to obtain better approxima-
tion accuracy. For example, in a two-dimensional space, based on
Taylor series expansion on the SPH approximation of a function, it
is possible to get the following formulationZ

X
f ðr0ÞrW dr0 ¼ f ðrÞ

Z
X

f ðr0ÞrW dr0 þ of ðrÞ
ox

Z
X
ðx0 � xÞrW dr0

þ of ðrÞ
oy

Z
X
ðy0 � yÞrW dr0 þ Oðh2Þ: ð12Þ

Considering the following equation,

hrf ðrÞi ¼
Z

X
f ðr0ÞrW dr0 � f ðrÞ

Z
X
rW dr0; ð13Þ

a new formulation for approximating derivatives can be obtained

hrf ðrÞi ¼ of ðrÞ
ox

Z
X
ðx0 � xÞrW dr0 þ of ðrÞ

oy

Z
X
ðy0 � yÞrW dr0 þOðh2Þ:

ð14Þ

It is can be further written as follows in terms of particle
approximation

hrf ðriÞi ¼
of ðriÞ
oxi

X
j
ðxj � xiÞriWijV j|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

X

þ of ðriÞ
oyi

X
j
ðyj � yiÞriWijV j|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Y

þOðh2Þ; ð15Þ

where Vj (=mj/qj) is the volume of particle j. From Eq. (15), it can be

concluded that if X ¼ 1
0

� �
and Y ¼ 0

1

� �
, the SPH particle approx-

imation scheme for a gradient (expressed in Eq. (15)) is of second
order accuracy. However, for general cases (e.g., irregular particle
distribution, variable smoothing length, and/or truncated boundary
areas), these two requirements cannot be satisfied, and therefore
the accuracy of Eq. (15) can be seriously reduced. It is possible to re-
store the accuracy for general cases with the following correction
on the kernel gradient,

rnew
i Wij ¼ LðriÞriWij; ð16Þ

LðriÞ ¼
X

j

xji
oWij

oxi
yji

oWij

oxi

xji
oWij

oyi
yji

oWij

oyi

0
@

1
AVj

0
@

1
A�1

; ð17Þ

where xji = xj � xi, yji = yj � yi. If replacing riWij on the RHS of Eq.

(15) with rnew
i Wij, it is easy to verify that X ¼ 1

0

� �
and

Y ¼ 0
1

� �
. Therefore, for general cases with irregular particle distri-

bution, variable smoothing length, and/or truncated boundary
areas, the SPH particle approximation scheme for a gradient based
on kernel gradient correction is of second order accuracy. It is noted
that for both density correction, and gradient correction, since only
kernel and its gradient are corrected, there is no need to signifi-
cantly change the structure of SPH computer programs and proce-
dure of SPH simulations. It is therefore convenient to implement
SPH equations of motion.



Fig. 1. Illustration of the coupled dynamic SBT algorithm.
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2.4. RANS turbulence model

Liquid sloshing usually involves strong turbulence and vortex,
and a turbulence model is necessary to be incorporated into SPH
equations of motion. Early SPH works did not include turbulence
models. Recently a number of researchers gradually incorporated
turbulence models into SPH equations of motion [46,47]. It is dem-
onstrated that turbulence modeling is important for problems or
areas with strong turbulence and vortex.

In this work, the Reynolds Averaged method is used to deal with
Navier–Stokes equations. In the equations, a new variable can be
obtained by time averaging,

/ ¼ lim
1
t

Z t0þt

t0

/dt: ð18Þ

The transient volume / is divided into two parts, the average vol-
ume / and the pulse volume /0ð/ ¼ /þ /0Þ. Therefore, the Reynolds
Average equations can be described as follows

dq
dt
¼ �qr � V ; ð19Þ

dV
dt
¼ � 1

q
rP þ l

q
r2V þ g þ 1

q
rðqRÞ; ð20Þ

where V and P are the new averaged volume of the original velocity
and pressure, and R is the Reynolds strain tensor. As Eq. (20) is no
longer closed, an eddy viscosity assumption is used [48].

Rij ¼ 2v tSij �
2
3

kdij; ð21Þ

v t ¼ l2
ffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

q
; ð22Þ

Sij ¼
1
2

oV j

oxi
þ oV i

oxj

� �
; ð23Þ

where vt is the turbulence eddy viscosity, Sij is the average strain rate
tensor, and k is the kinetic energy, l is the maxing length, l = Csh, Cs is
the Smagorinsky constant. In this paper, Cs = 0.12. Finally, the tensor
term in particle approximation form can be obtained as

1
q
rðqRÞ ¼

XN

j¼1

Ri

qi
þ Rj

qj

 !
riWij: ð24Þ
2.5. A coupled dynamic solid boundary treatment (SBT) algorithm

One major challenge in SPH simulation is the solid boundary
treatment (SBT) and implementation of the solid boundary condi-
tions. In SPH, solid boundary conditions are not able to be directly
and rigorously implemented as in the grid-based numerical mod-
els. Since its invention, the treatment of solid boundary has been
a numerical focus, which has been influencing the accuracy of
SPH, and hindering its further development and application in
engineering and sciences.

In this work, we presented a coupled dynamic solid boundary
treatment algorithm. In this coupled SBT algorithm, two types of
virtual particles, repulsive particles and ghost particles (as shown
in Fig. 1), are used to represent the solid boundary. The repulsive
particles produce a suitable repulsive force to the approaching
fluid particles near the boundary, and they are located right on
the solid boundary. Ghost particles are located outside the solid
boundary area. It should be noted that, in conventional SBT algo-
rithms, ghost particles are generated from mirroring or reflecting
fluid particles onto solid boundary areas, and need to adapt with
the fluid particles at each time step. In contrast, this new SBT algo-
rithm can generates ghost particles in a regular or irregular distri-
bution at the first time step, while ghost particle positions do not
need to change during following steps.

The new SBT algorithm consists of a new repulsive force for
repulsive particles, and a new numerical scheme to approximate
the information of the virtual particles. The new repulsive force
is a distance-dependent repulsive force with finite magnitude on
fluid particles approaching solid boundaries

F ij ¼ 0:01c2 � v � f ðgÞ � xij

r2
ij

; ð25Þ

g ¼ rij=ð0:75hijÞ; ð26Þ

v ¼ 1� rij

Dd
; 0 < rij < Dd; ð27Þ

f ðgÞ ¼

2=3 0 < g 6 2=3;
ð2g� 1:5g2Þ 2=3 < g 6 1;

0:5ð2� gÞ2 1 < g < 2;
0 otherwise;

8>>><
>>>: ð28Þ

where r is the distance between two particles, and Dd is the initial
distance of two adjacent particles. The improved soft repulsive
force can prevent unphysical particle penetration without obvious
pressure disturbances as previous boundary treatment algorithms
with highly repulsive forces (such as the Lennard-Jones molecular
force [20]).

In this coupled dynamic SBT algorithm, field variable of the vir-
tual particles (both repulsive particles and ghost particles, see
Fig. 1) can be dynamically evolved and obtained from SPH approx-
imation of neighbor fluid particles within the support domain. The
information of repulsive particles only comes from fluid particles,
and the information of ghost particles comes from both fluid and
repulsive particles. It is known that the support domains of the
fluid particles intersect the solid boundary with insufficient neigh-
bor particles. Therefore, to restore consistency, SPH particle
approximation schemes with higher order accuracy (e.g. Shepard
filter method, moving least square (MLS) method, CSPM or FPM)
can be used in the coupled dynamic SBT algorithm for approximat-
ing both the fluid and virtual particles.

Take non-slip boundary condition for example, variables of the
boundary particles (both repulsive and ghost particles) can be ob-
tained as follows:

qi ¼
XN

j¼1

qjW
new
ij

mj

qj
¼
XN

j¼1

mjW
new
ij ; ð29Þ

v i ¼ �
XN

j

v iW
new
ij

mj

qj
: ð30Þ

It has been demonstrated that improved SPH particle approxima-
tions with higher order accuracy can lead to much better results
than conventional SPH particle approximation schemes [49]. It
should be noted that existing modifications in SPH particle approx-
imations with Shepard filter or moving least square have only been



Fig. 2. Illustration of the liquid sloshing system.

Fig. 3. Particle distributions at 20, 20.2, 20.4, 20.6, 20.8, 21, 21.2, 21.4 and 21.5 s.

Fig. 4. Wave heights obtained by SPH simulation and experiment.

Fig. 5. Wave heights for two scenarios with hw = 0.6 m, T = 1.3 s (a), and hw = 0.5 m,
T = 1.875 s (b).

22 J.R. Shao et al. / Computers and Structures 100-101 (2012) 18–26
used for approximating information of fluid particles. This is the
first time to extend the idea of using higher order accuracy schemes
to approximate information of virtual particles in treating solid
boundaries. And therefore the improved interpolation scheme
serves to improve the computational accuracy for calculating the
information of virtual particles.

3. Numerical examples

In this section, three numerical examples related to liquid
sloshing shall be simulated. The first example involves liquid slosh-
ing in a rectangular tank with a horizontal excitation and the wave
height near the left wall is tracked. In the second one, a middle baf-
fle is placed in a water tank, and factors influencing liquid sloshing
are investigated. The third example is related to the pitch motion
of water in the rectangular tank. SPH results are comparatively
investigated with experimental observations and results from
other sources.
3.1. Liquid sloshing under horizontal excitation

In this case, the liquid motion in a rectangular tank under a
periodic horizontal excitation is simulated. Fig. 2 shows the geom-
etry of the liquid sloshing system, which is similar to what Faltin-
sen et al. provided [10], i.e., L = 1.73 m, hw = 0.6 m, and H = 1.15 m.
For liquid sloshing with small amplitudes, there is no water impact
on the top of the water tank. Under external excitation, the water
tank moves according to S = A cos (2pt/T), where S is the location of
the tank, A and T are amplitude and period of the external excita-
tion, and are taken as 0.032 m and 1.5 s. The corresponding Rey-
nold’s number (Re = VC � L/t, where VC is the characteristic
velocity from the movement of the tank, and t is the kinetic



Fig. 6. Velocity vector distributions at 6.0, 6.3, 6.6, 6.9, 7.2 and 7.5 s while the
height of the middle baffle (d) is 0.3 m.

Fig. 7. Wave heights with different heights of baffle: (a) d = 0.3 m and (b) d = 0.4 m.

Fig. 8. Liquid sloshing due to the pitch motion of a rectangular tank.
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viscosity of water) is approximately 0.23 � 106. A probe is placed
on the initial free surface, and is 0.05 m away from the left wall.
In the SPH simulation, the time step is taken as 5 � 10�6 s, and
around 40 000 particles are used. The reciprocal movement of the
water tank drives the contained water to and fro in the tank. Fig. 3
shows the flow pattern of sloshing at nine typical time instants
within one period. As the water tank begins to move rightward,
the contained water also starts to move rightward. Due to the
blocking effect of the right wall, water particles will gradually
aggregate and tends to run up along the right wall until a maxi-
mum water height is reached. After then water particles near the
top right corner will then gradually fall down, move leftward, grad-
ually aggregate and tends to run up along the left wall, and finally
reach a maximum water height followed by new period.

Fig. 4 shows the wave heights obtained by SPH simulation and
experiment [10] at the probe point in a 40 s time course. The SPH
results agree well with experimental observations, both in pattern,
period and amplitude. There are some discrepancies in wave
trough areas, which may be due to the sparser particle distribution
when water reaches the lowest point.

Changing initial water height and period of the external excita-
tion can lead to different liquid sloshing phenomena. Fig. 5 shows
the wave heights for two scenarios with hw = 0.6 m, T = 1.3 s, and
hw = 0.5 m, T = 1.875 s. Again for both scenarios, the obtained SPH
results are comparable with experimental observations. Numerical
results obtained using traditional SPH model (with simple repul-
sive boundary treatment, without density and kernel gradient cor-
rection) are also provided for these two scenarios. It is seen that
the improved SPH model can get more agreeable results with
experimental observations.

3.2. Liquid sloshing with a middle baffle

This example involves liquid sloshing in a rectangular tank with
a middle baffle. The baffle can changes the behavior of liquid slosh-
ing, reduces the wave heights, and therefore help to suppress the
impact load of water onto the tank. The geometry and external
excitation are the same as the above case (i.e., hw = 0.032 m and
T = 1.5 s) except for the use of the baffle. In this simulation, the
time step is taken 5 � 10�6 s, the Reynold’s number is approxi-
mately Re � 0.23 � 106, and around 24 000 particles are used.

Fig. 6 shows the velocity vector distribution at 6.0, 6.3, 6.6, 6.9,
7.2, and 7.5 s while the height of the middle baffle (d) is 0.3 m. It is
observed that a number of vortices have been reciprocally gener-
ated and disappeared. There is a large eddy around the top of the
baffle, and it evolves quickly with the movement of the water par-
ticles. This reveals that the improved SPH method with the RANS
turbulence model can effectively describe the inherent turbulence
physics. These vortices and eddies complicate the liquid sloshing
behavior, dissipate energy, and help to alleviate impact and vibra-
tion effects due to liquid sloshing.

To investigate the influence of different heights of middle baffle,
a probe is also placed on the initial free surface, and is 0.05 m away
from the left wall to track the wave height. Fig. 7 shows the wave
heights with different height of baffle (a, d = 0.3 m; b, d = 0.4 m)
obtained using SPH and VOF simulations. The comparative work



Fig. 9. Particle distributions at 1.45, 1.65, 1.85, 1.98, 2.2, 2.45, 2.65 and 2.90 s.

Fig. 10. Pressure field with h0 = 8� at 7.2 s (a) and 8.8 s (b).
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was done using commercial software, Fluent, with the VOF model
to track free surface, while in the VOF model, the geometric recon-
struction scheme is used to calculate the face fluxes [50]. In the
VOF simulation, about 28 000 mesh cells (24 000 particles are used
in the corresponding SPH model) are used, and the time step
0.001 s. Experimental observations of liquid sloshing in the same
rectangular tank without middle baffle are also provided. It is clear
that the obtained SPH results agree well with the results obtained
using VOF to track free surfaces. Compared with experimental data
without middle baffle, it is seen that using a middle baffle greatly
reduces the wave height. Also changing the height of the baffle can
lead to different behavior of liquid sloshing including the period
and amplitude of the wave heights. When d = 0.3 m, the maximum
wave height is around 0.1 m. Increasing the baffle height to
d = 0.4 m can reduced the maximum wave height to around
0.05 m.

It should be noted that though SPH and VOF results are close,
there are some discrepancies. For both cases with the middle baf-
fle, SPH results clearly demonstrate double wave troughs in a per-
iod, a main wave trough with an additional one. The double wave
trough is closely related to the middle baffle. With a middle baffle,
water wave in the liquid tank can be influenced, with a number of
major or small vertices as shown in Fig. 6. The middle baffle can
even lead to second water waves on both sides. The accumulation
of the major wave and the second wave produces a water wave
with double wave trough. While in VOF simulation, there are no
(Fig. 7a) or only ambiguous (Fig. 7b) double wave troughs in a per-
iod. This shows that the improved SPH method is more effective in
resolving inherent complex flow patterns due to liquid sloshing
with separated baffles.

3.3. Liquid sloshing due to the pitch motion of a rectangular tank

In this case, the tank is allowed to rotate around the transverse
axis, and hence the pitch motion of a rectangular tank is studied.
The external excitation can be described as h = h0 sin (xrt + n0),
where h0 is the angular displacement, xr is the circular frequency
of the pitch motion, and n0 is the initial phase. Fig. 8 shows an illus-
tration of the problem geometry.

We firstly used following parameters to model the liquid slosh-
ing due to the pitch motion of a rectangular tank, i.e., h0 = 6�,
xr = 4.34 rad/s, n0 = 0, L = 0.64 m, H = 0.14 m. The water depth
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and (b) h0 = 8�.
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(hw) is 0.03 m, and the center of rotation is 0.1 m below the base-
line. In this case, about 24 000 particles were used, and the Rey-
nold’s number is 0.16 � 106 approximately.

Fig. 9 shows the particle distribution due to the pitch motion of
a rectangular tank. The improved SPH method can effectively cap-
ture the flow dynamics associated with changing and breaking free
surfaces. At around 1.45 s, water particles run up along the right
wall and then impact onto the right and top side of the tank, with
some particles splashed away from the bulky water. After then,
water particles fall downwards, and propagate leftwards, with
some splashed water particles falling onto the bulky water. With
the leftward propagating movement of water, a number of surge
fronts appear, depending on the geometry and angular velocity of
the water tank as well as water height. Later, water particles aggre-
gate and run up along the left wall and then impact onto the left
and top side of the tank, also with some particles splashed away
from the bulky water. As such, a half period ends, followed by sym-
metric flow pattern during the next half period.

We also studied another liquid sloshing problem with the same
setup as Akyildiz and Erdem [51], in which H = 0.62 m, L = 0.92 m,
h = h0 cos (xrt + n0),xr = 2 rad/s, n0 = p/2, the filled depth is 75%,
and the model rotates around the tank center. on the right wall,
two probes are set to track the pressure values, as shown in
Fig. 8, OP1 = 0.06 m, P1P2 = 0.11 m. In this case, about 20 000
particles were used, and the Reynold’s number is 0.13 � 106

approximately. Two external excitations with different angular
displacement (h0 = 4� or 8�) are simulated.

Fig. 10 shows the obtained pressure field with h0 = 8� at 7.2 s (a)
when the peak pressure values can be observed at the two probe
points P1 and P2, and at 8.8 (b) s, when the minimum pressure va-
lue can be observed. It is noted that different from traditional SPH
models, which usually lead to rough and oscillated pressure distri-
bution, the improved SPH method can produce smooth pressure
distribution with clear pressure layers. Even near the solid bound-
ary area, there are no obvious pressure oscillations.

Figs. 11 and 12 show the pressure values at two probes, P1 and
P2, with two different angular displacement, h0 = 4� and h0 = 8�.
Fig. 11. Pressure values at probe P1 with different angular displacement: (a) h0 = 4�
and (b) h0 = 8�.
It is seen that with the movement of the water tank, the mea-
sured pressure values rise and fall periodically. The obtained SPH
results agree in general with the results provided by Akyildiz and
Erdem [51], who used a VOF model to track free surfaces. This re-
veals that the improved SPH method with kernel gradient and den-
sity correction and coupled dynamic solid boundary treatment
algorithm are effective in resolving pressure field, and in treating
solid boundaries.
4. Conclusions

This paper presented an improved SPH method for modeling
viscous incompressible liquid sloshing dynamics. The improved
SPH method includes corrections on density and kernel gradient
approximation, enhancement in solid boundary treatment, and
incorporation of turbulence model. Density correction and kernel
gradient correction can help to improve computational accuracy
for modeling viscous impressible flows with changing and break-
ing free surfaces. The structure of SPH computer program and pro-
cedure of SPH simulation do not need significant change with
density and kernel gradient correction. The coupled dynamic solid
boundary treatment algorithm uses two types of virtual particles
to describe the solid boundary, either fixed in computational do-
main or moving with the rigid object. The kernel-like, soft repul-
sive force between approaching fluid and solid particles, on one
hand, can effectively prevent particles from unphysical penetra-
tion, and on the other hand, can avoid unwanted numerical oscil-
lations in solid boundary area. The coupled dynamic SBT
algorithm also uses approximation schemes with higher order
accuracy for estimating field functions of virtual solid particles,
and therefore it can enhance computational accuracy in boundary
areas. The incorporated RANS turbulence model is able to model
flows with strong turbulence and vortex,

To demonstrate the effectiveness of the improved SPH method
for liquid sloshing dynamics, three numerical examples are pro-
vided. These examples are associated with different external exci-
tations and different structures. It is seen that the SPH method can
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well capture physics related to changing and breaking surfaces.
The SPH method with RANS turbulence model also can effectively
resolve vortices and eddies, which can dissipate energy, and allevi-
ate impact and vibration on solid walls of water tank. The obtained
numerical results including flow pattern, wave height, pressure
field, and pressure load on solid walls are agreeable with experi-
mental observations or results from other sources.
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