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Abstract The main purpose of this paper is to prove the well-posedness of the two-dimensional Boussinesq
equations when the initial vorticity wo € L' (R?) (or the finite Radon measure space). Using the stream function
form of the equations and the Schauder fixed-point theorem to get the new proof of these results, we get that
when the initial vorticity is smooth, there exists a unique classical solutions for the Cauchy problem of the two

dimensional Boussinesq equations.
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1 Introduction

In this paper, we consider the following two-dimensional Boussinesq equations

ug — pAu+u-Vu+ Vp =0f, (z,t) € R? x [0,T),

Oy —vAO+u-Vo =0, (z,t) € RZx [0,T), (1.1)
div u =0, (r,t) € R? x [0,T), ’
U |t=0= uo, 0 |t=0= 00 x € R2.

The unknown functions here are u = u(z,t) = (u1(x,t),u2(x,t)), § = 6(z,t) and p = p(z,t),
which stand for the velocity field, the temperature function and the pressure of the flow, re-
spectively. The given functions ug = wug(x), g = 0g(x) are the initial velocity and the initial
temperature, respectively. Moreover, p > 0 is the constant coefficient of fluid viscosity and
v > 0 is the constant coefficient of heat conduction. For simplicity, we assume that y = v = 1.

Taking the curl on both sides of the first equation in (1.1), and denoting by w = curlu the
vorticity, we get

wr — Aw + u - Vw = curl(0f), (x,t) € R? x [0,T),

Oy — A0 +u-VO =0, (x,t) € R? x [0,T), (1.2)
divu = 0, (z,t) € R? x [0,T),
with the initial data
w(z,0) =wg, O(z,0) =0, x € R%. (1.3)
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When 6 = 0 in (1.1), it is clear that (1.1) becomes the incompressible Navier-Stokes equa-
tion. Since then, in the case that uy € L2(f2), the uniqueness and the regularity of the
weak solutions and the global (in time) existence of strong solutions have been extensively
investigated (see [1, 7-9, 11-13] and references therein). The strong well-posedness is only
local in time if n=3. F.J. McGrath proved the existence and uniqueness of classical so-
lutions of the non-stationary Navier-Stokes and Euler equations in the entire plane R? when
wo(x) € LY(R*)NC?**(R?), 0 < A < 1. M. Ben-Artzil®! constructed the unique smooth solutions
to the Navier-Stokes equations of incompressible flow in the whole plane under the assumption
that the initial vorticity belongs to L'(R?) or the finite Radon measure space. Moreover, the
large-time behavior was investigated in [3].

In the case that ug(z) € L?(R?), 6p(z) € L?(R?), the well-posedness of the problem (1.1)
was proved in [6]. Chae and Nam!*! proved the local existence of classical solutions in H™ (R?)
with g = v = 0. The main purpose of this paper is to prove the well-posedness of (1.1) when
the initial vorticity wy € L'(R?) (or the finite Radon measure space). Since the equations in
(1.1) have more coupled nonlinear terms between the velocity and the temperature function,
the problem becomes more difficult. In this paper, we use the stream function form of the
equations and the Schauder fixed-point theorem to get the new proof of these results. The use
of the stream function equations results in stronger differentiability requirements on the initial
data.

The main result of this paper can be stated as

Theorem 1.1. Assume that for some 0 < X\ < 1, wo(x) € LY(R?) N C?N(R?), Oy(x) €
C?MNR?), f € Wh(Qp) NWHY(Qr). Then there exists a solution (w,0) of (1.2)-(1.3) such
that
(a) The solution is classical: all derivatives appearing in (1.2) are continuous in R?x (0, c0).
(b) w(z,t),0(x,t),u(z,t) are continuous and uniformly bounded in R? x (0, 00).
(c) w(z,t),0(x,t) € L>=(0,T; L' (R?)).
(d) For any T > 0,
sup lu(z,t)| — 0, as R — oo.
0<t<T,|z|>R
sup |6(z,t)| — 0, as R — oo.
0<t<T,|z|>R

Moreover, under conditions (a)—(d) the solution is unique.

2 The Case of Smooth Initial Data

It is known that the velocity can be recovered by

u(e,t) = (Kxe)(w.t) = | K=yl (2.4)
where )
K(z) =, [o](=22,21). (2.5)

The relation (2.5) is called Biot-Savart law. Note that V - K = 0, which implies the
incompressibility condition V -« = 0.
Define

B = {w:we CQr) NL¥(Qr) N L¥(0,T5 L (R2), @]y g ) + Il e (r (o)
1
< llwoll = (az)) + Nwollza ) + Tl6ollz= ) 1V 1l g,y + T2 1l pr o
3
+ T3l gy + M0l =y IV L2}
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We should note that B is a closed convex subset of C(Qr). We will construct a mapping A
which maps B into itself in such a way that a fixed point of A is a solution of (1.2) .
To this end, for w € B, we first define Ajw = a in the following way

a(w,t) = ; /R W& ;i__gg de
for all (z, t) € Qp and i =1,2.
Then, for each a € A1 B, let L, be the linear parabolic operator
L,=0;—A+a-V.
Define the operator N by Na = 6 where 0 € C(Qr) is the solution of

{ Lo0(x,t) =0,

0(x,0) = Op(x) (2:6)

for all z € R%, t > 0.
Once 6 is defined by (2.6), we define the operator As by Asa = v where v € C(Qr) is the

solution of Luv(z.t) 67)
v(x,t) = cur ,
{ o(a,0) = wo(a), (21)

for all z € R%, t > 0.
Finally, we define the operator A by A = A3A;. Then, we have

Theorem 1.2. For each a € A1 B, there exists a unique fundamental solution T'n(z,t;€, )
corresponding to L, which has the following properties:

i) Ty is defined if (z,t), (§,5) € Qr and t > s.

ii) For any fived (£,8) € Qp, Ty satisfies Lyl = 0 as a function of (z,t) (v € R?, s <t <
7).

i) If f is continuous on R?, then

lim [ To(z,t&,5)f(£)dS = f(x).

t—s R2
) Doz, t;€,8) >0, fort > s.
v) / Doz, t;€,8)dE =1, fort > s.
R2

vi) v = Asa is given by

v(z,t) = /122 Co(z,t;€,0)wo(€)dE —/0 /R2 Lol t; €, s)curl(8f) (€, s)dEds.

And 6 is given by
Olart) = [ Talot:€0)60(€)ds
R2

vii) The second derivatives of v are bounded on Q.

Proof.  The proof can be found in [10] and we omit it here. O
Now we state some properties of the fundamental solution.

Lemma 1.1. Let L} =0, + A —a -V be the adjoint operators of L, and T'%(x,t; &, s) be the
fundamental solution for L. Then we have

Loz, :€,8) = To(2, 1€, 9)
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foralla € AyB;x,§ € R? and 0 <s <t <T.
Moreover,

[Ca(e, 56, 8)| < C(t — 5) " exp[=Cla — £2/(t - ),

O, 156,9)] < Ot — ) expl=Cla — /(¢ — o),
T (z,t;€,8)| < Ot — s) "L exp[~Cla — €2/ (t — 5)],
O 2, 156,9)] < Ot — ) expl=Cla — /(¢ — o)

In these estimates the constants C,C' can be chosen independently of a € A1 B.

Proof. The proof can be seen in [10] and we omit it here.
By the maximum principle for parabolic equations, it is easy to get

10l (@r) < |00]l Lo (R2),
and

vl Lo (@r) <llwollzoe(rey + TIIVOflLoc(@r) + TNOV fll Lo (r)

<lwoll oo g2y + TINVO| Loo (@)l fll oo (@) + TNON oo (@) IV Fll Lo (@)
<wollno=(r2y + TIVO| Lo @) | fll oo (@) + TlOoll oo (r2) IV f || Lo (@)

Lemma 1.2. Ifa € A1B,6y € C**(R?), then ||VO|| 1) < M.
Proof. For a = Ajw with w € B, we write
Q(x,t) = el(xvt) + 90(x7t)

where 61 (z,t) satisfies
Lael(x,t) = —Laeo(x), 91(%,0) =0.

Note that —L,0o(z) € CM(Qr) and || — Lebo(2)| 1 (@) < C, where C is independent of

a € A1 B. Using Theorem 1.2, we obtain

_ / t / To(2, €, 8)[— Lafo] (€, 5)déds.
0 R?

For a € A; B, it follows from (2.9) that

<C/ / t—s) 2 exp[ C|f__f|2}d§ds

:WEA (t— s)*éds
2rC

)

- C
where C, C' are constants and ¢ = 1,2. The proof of the lemma is finished.
By Lemma 1.2, we have

3
vl Lo (@r) < llwollLoe(rzy + T2 fllLo(@r) + T 0ol Lo (r2) IV fll Lo (@r) < 00

(2.12)

(2.13)

O
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This and the following Lemma imply that AB C B.
Lemma 1.3. Ifv € AB, then v € L*>([0,T]; L*(R?)) and

1
vl Loo (jo,77;21 (R2)) < llwollzr(rey + T2 | fllzr@r) + 10ollzoer2) IV fll L1 (1)

Proof. It follows from Theorem 1.2 that

| oteojas

/ Jwol€ |d£/ o(,,€,0)d

+ / / lcurl(0£) (¢, 7)|dedr / Ty (2,4, €, 7)dx
/|w0 |d§/ xthdw+// VO f|dedr
></R2 Fa(x,t,f,r)da:+/0 /R |9w|dng/Rz Tu(2,t,€,7)da

<llwollLr(rzy + VOl Lo (@) I f L1 @r) + 18l L@y IV flI L1 (@r)
1
<llwollLr(rzy + T2 fllLr(@r) + 100l (r2) [V fll L1 (@) < 00 (2.14)

By (2.13), Lemma 1.3, the fact that AB C B has been proved.
Lemma 1.4. There exists a constant M such that for all v € AB and

||VU||L00(QT) <M.

Proof.  The proof is similar to that of [10], and we give the sketch here.
For v = Asa € AB, we write

v(z,t) = vi(z,t) + wo(z),

where v1(x,t) satisfies
Lovi(z,t) = —Lawo(x), v1(2,0) = 0.

Note that —Lewo(z) € C*(Qr) and || — Lawo ()| (gr) < C, where C is independent of
a € A1 B. Using Theorem 1.2, we have

/ / (x,t,&, 8)[—Lawo] (&, s)d&ds.
R2
Then

_c)2
8let <C/ / t—s)” 2exp C|x ¢l }dfds

t—s
:WCC"/O (t—s)*éds
2nC

:, 2.15
<7 (215)
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which implies )
||Vv||Loo(QT) <M=CT:=.

O

In the following, we will prove that AB is a relatively compact subset of C(Q), which is

needed to apply the Schauder fixed point theorem. We first give the following lemma which

extends the usual version of Ascoli’s theorem to a class of continuous functions defined on an
unbounded set (see [10]).

Lemma 1.5. If {u,}52, is equicontinuous and uniformly bounded on Qr, and if given € > 0
there exists P > 0 such that (z,t) € Qp and |x| > P imply |uy(z,t)] < e forn =1,2,3---,
then there exists a subsequence of {un} that convergence uniformly on Q.

Next we prove the equicontinuous.

Lemma 1.6. Fora € B, let v= Asa € AB. Then v is equicontinuous on Qp.

Proof. Due to Lemma 1.4, we only need to prove the continuity of v(z,t) with respect to .
Let 0 <ty <1 <T. Using Theorem 1.2 v) yields

o) = vz, 1) / Tl 1 &, t2)dE.

R2

Using Theorem 1.2 v) yields

ty
vt = [ Tate gt = [ [ o tig s dss
Then for any z € R?, we have
|U(.13,t1) - U(x7t2)| S/ |Fa(x,t1;§,t2)||v(£,t2) - U(x7t2)|d€
R2

ty
[ ] IPatetisés)lleunlo)(e, 9 ldeds
ta R2
I + In. (2.16)
Now we estimate [; and I5. Using Theorem 1.2 iv) and v), we have

I < |lcurl(0f)|| poe () (t1 — t2).

By Lemma 1.4 and (2.8), we get
B< O [ (0= ta) o~ €lexp[~Clo — ¢/ (1 ~ )l
R2
where C,C and M are constants independent of v € AB. Noting that
2 ! 1 2
llo = €2/(t1 = t2)] exp | =, Cla— €2/ (11 — t2)] de
uniformly with respect to z,& € R? and 0 < ¢, < t; < T, we obtain
1
L <Cy /g(tl — tg)ié exp |:— 2C|{L‘ — f|2/(t1 - tg)]df = Cl(tl - tg)é.
R

The proof of the lemma is finished. O
Concerning the uniform behavior at infinity, we have
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Lemma 1.7. For any € > 0, there exists a n > 0 such that

/ |v(x, t)|de < e
R2_B(0,n(c))

forallve AB, 0 <t <T.

Proof. Thanks to (2.8) and Theorem 1.2, there exists constants C' and C such that for any
all v € AB and all (z,t) € Qr, we have

|v(x7t)| < C[hl(xvt) + h2(xvt)]a

where

me.t) = [ leo(@lr " expl~Clo - ¢ /tid¢
R2
and .
maGat) = [ [ (0= 97" expl=Cla — €/t = 9)]jewrlO) €. o).

Forn>0and 0 <t <7T, one has

/ hi(z,t)dx
R2-B(0,n)
S G 1 exp[~Cla — & /1)d
R2 R2—B(0,n)
- / de dx + / 3 dx
R2-B(0,n/2) R2—B(0,n) B(0,n/2) R2—B(0,n)
=I + L. (2.17)
Direct estimates yield

ne e o (€)1,
R2—B(On/2)  JR2 C Jr2—B(0,n/2)

n

1 2
p<tten[-c(0) ] [ il [ £~ exp[—Cla — £2/21]da
2 \2 B(0,n/2) R2—B(0,n)

< 8[eCn?]! /R Lo (€)|de /R 1 exp[—Clz — £2/20]dx
< Cn2||woll:- (2.18)

Moreover, one has

/ ha(x,t)dx
R2—B(0,n(e))

-/ t / dox [ (1= 5) " expl=Cli — €/t = )] [curl(6)(6. ) deds
0o JR2_B(0,n) R?
m ¢ r -2
SC/O [/RLB(O’"(E)) lcurl(8£)(€, 5)|dé + Cn }ds. (2.19)

Using the estimates (2.17) and (2.19), we finish the proof of the lemma. a

Lemma 1.8. The operator A : B — B is continuous.
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Proof. Let {w,}32, C B and ||wn—w0|\Loo(QT) — 0asn — oo. Let a* = Ajw, and v, = Aw,.
Then

la”™ = a®|| poe () = IlArwn — Arwoll o,y — O
(Qr) (Qr)

as n — oo.
Let 6,, 60, satisfy

Lyn0, = 0:0, — N0, +a™ -V, =0,
L6y = 0,00 — NOy + a’ - Vb, =0,

respectively.
Then

Lan (0, — 00) =Lan6y, — Lao0o + Laog — Lanby
=Lanbn — (Lan — Lgo)0o — Laoby
=(Lgo0 — Lan)bp = (a® — a™) - Vb, (2.20)

with initial data
(6o — 0n)|t=0 = 0.

By the maximum principle for parabolic equations and Lemma 1.2, one has
(16 — 90||Loo(QT) < T”aO - an”LOO(QT)HVGOHLOO(QT) — 0, (2.21)

as n — 0o.
By Theorem 1.2 vi), integrating by parts over R?, we get

VO, (z) = [ Vilan(2,;€,0)00(€)dE = / Vel gn (2,45 €,0)00(€)dE
R2

R2

:—/ Con (2,85 €, 0) Vel (€)dE, (2.22)
R2

where é;) is the initial data.
By (2.8) and the assumption that 6y(x) € C**(R?), we get

IV0ull () < C [ (0= 5" expl=Cla =€/t = s)d¢ < C. (2.23)

Similar arguments yield
||V90HLOQ(QT) <C.

Let vy, vo satisfy

Orvy, — Avy, + a™ - Vo, = curl(6,, f),
dvog — Ay + a’ - Vg = curl(6y f),

respectively. Then we have

Or(vn, — o) — A(vy, —v9) +a” - V(v —vg) + (a”™ — ao) - Vg
=curl((6,, — 0o) f)- (2.24)



Some Remarks on Planar Boussinesq Equations

Multiply (2.24) by (v, — vo) and integrate over R? to obtain

1d

2dt
<Jlvn = voll2[[Veoll2lla™ = a®[lee + 100 — bollso|| £II2]lV (vn = v0) 2
<Cllvn — woli3lla™ — a°[loe + Cl[Vuoll3]la™ = a°[| oo

I
+Cll0n = olI5 1 113 + 5 1V (vn — v0)lI3-

lvn = voll3 + 1l V(v — vo) 13

Thus

1d

W
gy 1o = voll3 + 519 (00 = w0)l3

<Cllvn = wol3lla" — a’lloc + ClVvol3]la™ — a®|loc + Cll6n — G0l 2| £1I3-

By Gronwall’s inequality, we have

an — UoHLoo(Lz) — O,
Vv, — V”0||L2(QT) -0

as n — oo.
Similar to (2.22), by Theorem 1.2 vi), we get

Vrvn (.13, t) - vrra” (J) - Y t)?}/o (y)dy
R2

t
+ / Vailan(z —y,t — s)curl(0, f)(y, s)dyds
0 JR?
=— / Lon(z —y,t)Vyvo(y)dy
R2
t
+ / Vailan(z —y,t — s)curl(0, f)(y, s)dyds,
0 JR2

where g is the initial data. Then we have

IVavall < @y

t
<C|| V|| + chrl(onf)nm(%)/o /R VoTn (2 — 4.t — 8)dyds
e

Similar estimates give
[Vvoll Lo (@) < C.

By the Gagliardo-Nirenberg inequality, we get that

1 1
”Un - UOHLoo(QT) SHVUn - VUOHEOO(QT)”UTL - UO”Eoo(]ﬁ)

1
<C(IV0ull g, + V00l @) lon = v0ll 2 1)

1
SCHUn - UOHioo(Lz)-

Hence, using (2.27), we get
lon = voll (@) — 0

533

(2.25)

(2.29)

(2.30)

(2.31)
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as n — 0o.
The proof of the lemma is finished. o

Proof of Theorem 1.1. Since A is continuous, the Schauder fixed point theorem yields w € B
such that w = Aw. The uniqueness is shown by a similar argument to [10]. 0

Remark 1.1.  The maximum principle can be applied to (2.6) and its dual since V - u = 0.
We can therefore conclude (for the solution of (1.2)) that

lw(, Ol < llwollr, — 10C, )l < [I6oll1,

and
lw( oo < llwollos + C(T)|0ollw.oc s 10(:)]loe < [0/

for ¢ > 0 and by interpolation,

[w( Dllp < llwollp + C(T)6ollwre, 1 <p<oo,

2.32
160G, < [0oll,, 1< p < . (2.32)

Remark 1.2.  When the initial vorticity belongs to L!(R?) (or the finite Radon measure
space), whether (1.2) has global solution is still unknown. We will study it in future works.
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