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Abstract: The flow through a single fracture is numerically studied by means of the Fluent Software. The results show that the
roughness of the fracture significantly affects the hydraulic conductivity in the fracture as compared with the cubic law model widely
used to describe the flow between two smooth parallel plates. A new model is proposed in this paper, the non-symmetric sinusoidal
fracture model, to simulate the flow in a real fracture. This model involves two sinusoidal-varying walls with different phases to
replace the flat planes in the cubic law model. The relationships between the effective hydraulic apertures and the phase retardation
for different relative amplitudes and wavelengths are numerically investigated. A simple expression of the effective hydraulic
aperture of the fracture is obtained, together with the law of the effective hydraulic aperture against the amplitude, the phase

retardation and the wavelength of two sinusoidal-varying walls.
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Introduction

Landslide is a kind of natural disasters commonly
related with severe damages. Due to fractures widely
existing in geologic bodies, the water seepage through
fractures is commonly known as one of the major
triggers for landslide failures. In fact, the fracture-
dominated flow is important in many areas, such as in
naturally fractured petroleum reservoirs, radioactive
waste storages, hydropower projects and geological
media. In general, the flow in these media usually
takes place through a network of fractures!?. The
flow through a single fracture is a key to model the
transport phenomena in fractured geological media.
Therefore, many studies were focused on the single
fracture seepage. It is shown that three aspects of see-
page researches in a single fracture are involved as
follows": (1) the behavior and the velocity distribu-
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tion of the fluid flow in a single fracture[4’5], (2) the
main factors controlling the fluid flow in a single fra-
cture, including stress, aperture, roughness, filling
material, multi-field coupling and so on'®") (3) the
fracture flow numerical simulations™”. Various rela-
ted phenomena were considered, such as anisotropy,
contact area, scaling laws, stress effects, and inertial
flow effects. The present paper makes no claims of
presenting a unified model for all aspects of the single
fracture flow, instead, it is our aim merely to develop
a model that physically captures more geometric cha-
racteristics of a rough-walled fracture as compared
with previous geometrical models.

In the earliest time, Lomize, Romm and Louis
experimentally investigated the flow through a fra-
cture between a pair of smooth parallel plates. Their
experimental results indicate that the flow rate through
a fracture is proportional to the cube of the joint aper-
ture, known as the cubic law. Because the fracture
walls are considered as a pair of smooth parallel plates,
the model is named the parallel plate model. This
model is widely used in engineering practice because
the cubic law is simple and convenient for applica-
tions. Natural joints, however, usually have rough
walls, asperity areas, and finite extensions. For large
apertures, fracture roughness can be neglected, and a
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parallel plate model is a fairly good approximation.
When the roughness is of the same order of magnitude
as the mean aperture, the effect of the wall roughness
and the change of the fracture aperture due to the see-
page cannot be ignored. Experimental observations
show that the flow through a fracture decreases its
speed more rapidly than that predicted by the cubic
law of the mean aperture. It means that the cubic law
overestimates the flow in a real fracture with irregular
rough surfaces. Therefore, the deviation of a real joint
from the ideal conditions has made it necessary to
modify the cubic law by introducing the concept of
the equivalent hydraulic aperture“o’”], or in other
similar ways.

On the basis of the concept of the equivalent
hydraulic aperture and experimental obsviations, some
empirical relationships, analytical methods and nume-
rical simulations were proposed to consider the influe-
nces of fracture aperture and roughness on the hydrau-
lic conductivity. Jiang et al.'*! developed an empirical
relationship between surface roughness and mechani-
cal properities for rock %'oints. According to experime-
ntal data, Qian et al.!"”! indicated that the average
flow velocity in a fracture could be approximated by
an empirical exponential function of the hydraulic gra-
dient and the power index in the exponential function.
Konzuk and Kueper!' evaluated and examined the
application of the cubic law for the flow through a
rough-walled fracture. Sun and Zhao''”, Larsson et
al.l" studied the influences of fracture aperture and
roughness on the hydraulic conductivity in the fractu-
red rock mass.

In the other aspect, in order to study the fluid
flow in fractures theoretically, the mathematical des-
cription of the flow in the fractures should be based on
the Navier-Stokes equation''”. Attempts to solve the
two-dimensional Navier-Stokes equation analytically
were made for simple fracture walls!'"®2". Because of
the complexity of the surface of the natural fracture
and the changeability of the aperture, it is not easy to
obtain a simple law by the direct analysis. Instead, the
natural fracture is reduced to a geometrical model
reflecting some main characteristics of the fracture.
One of the most representative models is the sinusoi-
dal fracture model in which the profile of the fracture
walls varies sinusoidally. Based on the Reynolds
equation, Zimmerman et al."® obtained an analytical
solution of the equivalent hydraulic aperture for sym-
metrical sinusoidal seepages. Sisavath et al.*” used
the perturbation theory and the creeping assumption to
correlate the mean pressure drop with the mean flow
rate and to make the estimation of the conductance or
transmissivity of a fracture. A simple expression rela-
ting the effective hydraulic aperture with the mean
aperture and with the amplitude and the wavelength of
the sinusoidal wall profiles is obtained.

Clearly, these empirical and analytical methods

can capture some of the effect on hydraulic conducti-
vity caused by the wall-roughness and mechanical
aperture. However, they are still limited in applica-
tions because the walls of the real fractures are very
complex. Therefore, the object of this study is to fur-
ther examine the influences of the fracture aperture
and the roughness on the fracture flow based on the
cubic law. A new model called the non-symmetric
sinusoidal fracture model is developed by adding the
phase retardation to the symmetric sinusoidal fracture.
And by means of numerical simulations, a fitting for-
mula of the equivalent hydraulic aperture is obtained.
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Fig.1 Simplified sinusoidal fracture models

1. Influences of fracture roughness and aperture
on the hydraulic aperture

The roughness and the aperture of a fracture are
the most important factors governing the fluid flow
through the fracture. Many experimental observations
show that the flow through a actual fracture does not
follow accurately the cubic law with respect to the
mean mechanical aperture. The cubic law often overe-
stimates the flow in a real fracture. In order to obtain
an in-depth understanding of the fluid flow in rock fra-
ctures, the creeping flow through a fracture is numeri-
cally simulated in this paper. For convenience, the
sinusoidal fracture model is selected. Although this is
not an accurate representation of any specific actual
fracture, it does capture some important features of
real fracture profiles. Figure 1 shows two kinds of
sinusoidal fracture models: (1) a parallel sinusoidal
model, and (2) a symmetrical sinusoidal model. 2H,

is the mechanical aperture of the fracture, which is
defined as the average point-to-point distance between
two fracture surfaces, 6 and A are the magnitude
and the wavelength of the sinusoidal wave, respe-



ctively. & and A are the normalized quantities.
The numerical calculations were carried out
using the Fluent Software. The equivalent hydraulic
aperture, h, was calculated for two kinds of sinusoi-
dal fracture models with the following amplitudes and
wavelengths: 5=02,04and0.6,and 1=2,4,6,8
and 10. For analyzing the effects of the fracture rou-
ghness and the aperture on the fracture flow, the rela-
tionships between 4, /(2H,) and A/2H, are

plotted in Fig.2, with comparisons between the equi-
valent hydraulic aperture and the mechanical aperture
for different 6 and A.
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Fig.2 Relation between hydraulic and mechanical aperture for
different magnitudes and wavelengths of the sinusoidal
wave (which represents the different fracture roughnesses
and apertures)

The results show that the hydraulic aperture
decreases dramatically with the increase of the relative
magnitude and the decrease of the wavelength.
Namely, the hydraulic aperture decreases as the rou-
ghness increases and the mechanical aperture decrea-
ses. Obviously, the mechanical aperture is usually
larger in magnitude than the hydraulic aperture due to
the roughness of the fracture in the rock joints. It
means that the cabic law related to the mechanical
aperture remarkably overestimates the flow in a natu-
ral rough-walled fracture, even for the parallel sinu-
soidal fracture model. The deviation increases with
the increase of the relative magnitude and the decrease
of the wavelength.

Based on the symmetrical sinusoidal fracture
model, the equivalent hydraulic apertures are also cal-
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culated for different Reynolds numbers. For constant
values of § and A , the hydraluic aperture against

the flow Reynolds number is shown in Fig.3. The
result indicates that the hydraulic aperture decreases
with the increase of the Reynolds number and that the
cubic law is applicable only for low Reynolds number
flows in fractures.
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Fig.3 Relation of hydraulic and mechanical apertures vs. Re

2. Unsymmetrical sinusoidal model

2.1 A new geometrical model for rough-walled fra-

cture

As a kind of simplified geometrical models refle-
cting the main characteristics of the natural fracture,
the sinusoidal fracture model is the most representa-
tive one. Generally, it includes two kinds of forms: the
parallel sinusoidal model and the symmetrical sinusoi-
dal model. Though this model is more realistic than
the parallel plate model, it is not realistic enough in
some applications in view of the very complex boun-
daries of a natural fracture. Therefore, in this paper, a
new model called the non-symmetric sinusoidal fra-
cture model is proposed by adding the phase retarda-
tion to the symmetric sinusoidal fracture. Figure 4
shows the geometrical pattern of the fracture descri-
bed by the unsymmetrical sinusoidal model.

Z‘/ ~— 1 5= SH:

Fig.4 Unsymmetrical sinusoidal fracture model

The expressions of the top and bottom walls of
the fracture are as follows:
For the top wall of fracture

H(x):Ho|:

1+i
H

0

w2

(1)
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For the bottom wall of fracture

}{Qﬂ=—f%{l+é?sm[ggf+A¢]} )

0

where H, is the mean half-aperture of the fracture,
0, A,and Ag are the magnitude, the wavelength

and the phase retardation of the sinusoidal wave, res-
pectively. This model can better reflect the main cha-
racteristics of the real fracture than the symmetrical
and parallel ones.

2.2 Theoretical analysis
The laminar, steady, incompressible flow in the
fracture is governed by the Navier-Stokes equation:

Ox 0Oz
ua_u+wa_u:_ %4-‘/ 62_”4-82_” (4)
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where # and w are the velocity components in x
and z directions, respectively, v is the viscosity
coefficient of water, g is the gravity acceleration,

h s the total hydraulic head. The x direction is defi-
ned as the flow direction in the fracture and the z
direction is vertical to the x direction.

For a slow flow, the velocity gradient in the flow
direction is very small and can be ignored when the
change of the fracture aperture is smooth. Then Eqgs.(4)
and (5) can be simplified into the following forms:

oh o’u

“or o ©
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85, Var (7

Integrating above equations and combining with
the continuity Eq.(3), we obtain the following equa-
tion, i.e., the Reynolds equation

V [H(x,6,2)Vh]=0 ®)
where H(x,0,4) is the function of the fracture aper-

ture.
As the pressure condition is known and the velo-

city is unknown for the fracture in the experiments, it
is reasonable to use the pressure boundary conditions
here:

x=0, h=h, )
x=1, h=h (10)

where / is the fracture length, 4 and A are the

heights in the entrance and in the exit, respectively. In
order to keep the cubic law, the equivalent hydraulic
aperture is introduced here. For the same pressure
difference Ap and the flow rate @, the distance

h, between the two parallel plates of length / is

defined as the equivalent hydraulic aperture.

Based on the Reynolds equation, the analytical
solution of the equivalent hydraulic aperture for a
symmetrical sinusoidal seepage is as follows!' "

5/2

2H,) (1-5°
1+[]
2

Considering the effect of the wavelength and the
amplitude of the fracture walls, Sisavath et al.*"
obtained the second-order perturbation solution of the
equivalent hydraulic aperture for the symmetrical
sinusoidal fracture model by using the Stokes equa-
tions

-1

(12)

where A is the normalized wavelength of the top
and the bottom boundaries, A =1/ H, is the half of
the average distance between the top and the bottom
boundaries in the symmetrical fracture, & is the nor-
malized magnitude, & =5/ H,, h, is the equiva-
lent hydraulic aperture.

For the unsymmetrical sinusoidal fracture walls,
we introduce a function of the phase retardation in the
formula (12). When the Reynolds number is low and
the change of the fracture wall is smooth, the equiva-

lent hydraulic aperture can be given as in Eq.(13) for
the unsymmetrical sinusoidal fracture model.

hy = f(2.0)g(Ap) (13)
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g(Ap) is the function of the phase retardation A¢.
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With the seepage model of a single fracture, the
determination of the equivalent hydraulic aperture is
the key if the cubic law is still used in the new model.
As the boundaries of the unsymmetrical sinusoidal
fracture are complex and there are many parameters in
the flow equations, it is difficult to find an analytical
solution for the equivalent hydraulic aperture. Instead,
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the numerical simulation is employed here and the
equivalent hydraulic aperture is obtained by fitting of
the numerical results based on the formula (13).
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3. Numerical simulation and analysis

By means of the Fluent Software, the flows in a
fracture with different 6 and A are simulated for
different phase retardations A¢. From the numerical

results, g(A¢@) can be obtained as shown in Fig.5, in
which Ag@ ranges from 0 to 4n and & =0/H, =

02, A=A4/ H,=2 . Actually, the geometrical

pattern of the fracture walls in Fig.6 shows that when
Ap=0, it is degenerated to the symmetrical sinusoi-

dal fracture model, that means: g(0)=1, g(Ap)=
g(Ap+2m) . Consequently, based on the results

shown in Fig.5, we can approximately assume that
2 (Ap) takes a sinusoidal form. Then we have

g(Ap)=1+a[sin(A@ + b)—sinb] (14)

In order to verify the assumption and get the
values of a and b in Eq.(14), Fluent software is
used for simulating the fracture flow in the low
Reynolds number condition. In the simulations, &
ranges from 0.2 to 0.9 with interval 0.1, A ranges
from 2 to 8 with interval 1, and A¢ ranges from 0 to
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Table 1 Values of a for different wavelengths and magnitudes

o A
2 3 4 5 6 7 8

0.2 —0.0372 —0.0507 —0.0558 —0.0581 —0.0594 —0.062 —0.0628
0.3 —0.0868 -0.1247 —0.1405 —0.1483 -0.151 -0.1517 -0.1536
0.4 —0.1682 —0.2473 —0.2861 —0.3027 -0.3137 —0.3165 —0.321
0.5 —0.3138 —0.4687 —0.534 -0.5766 -0.6017 —0.6145 —0.6375
0.6 -0.5729 —0.8598 -1.015 -1.095 —-1.145 -1.176 -1.198
0.7 -1.134 -1.736 -2.094 -2.298 -2.421 —2.504 —2.548
0.8 —2.738 —4.342 —5.375 —6.058 —6.452 -6.7 —6.872
0.9 -11.82 —20.12 —26.43 -30.34 -32.58 —34.64 -35.67

47 with interval 0.257. Flow rates ¢ in the fra-
cture can be obtained for a given pressure difference
Ap and different values of 5, A and V¢. There-
fore, the equivalent hydraulic aperture /4, can be
obtained according to the cubic law. And g(A¢@) can
be calculated from Eq.(13). Then the values of a
and b in Eq.(14) can be obtained by fitting Eq.(13).
Figure 6 shows the variation of function g(Ag) for
different wavelengths and magnitudes of the sinusoi-
dal function wall. The results show that g(A@) does

behave like a sinusoidal function although with diffe-

rent parameters for different § and A . Figures 7
and 8 show the fitted results of the parameter b agai-
nst the wavelength and the magnitude of the sinusoi-
dal function wall.

Based on the results shown in the Figures 7 and 8,
we can see that b is equal to m/2 approximately.
Substituting b=n/2 into Eq.(14), the equivalent
hydraulic aperture for the unsymmetrical sinusoidal
fracture model takes the following form

-1

2
<2 2 <2
L0236 (1-5%)

i = 5 FENTI 2

1+— 1+

2 2
{1+a[cos(Ag)-1]} (15)

where a is related to the wavelength and the magni-
tude and is given in Table 1.
The results in Table 1 show that a is not a con-

stant but a function of 4 and & . Assuming that the
relation of awith 4 and & is in the form,

a=ko" /1+Zk3k (16)
+ iy

we can obtain the fitted parameters k, =—-207.5443,
k, =—-13.0044, k, =-7.2663, k, =5.6400.

The equivalent hydraulic aperture of the unsym-
metrical sinusoidal fracture seepage is then

-1

3 —\5/2 _ _
i (2m,) (1-67) 148036 (1-6%)
= = = Te =
e D S
2 2

Shk2 k3 _
{1 +k8% 1 +ZTk4[cos(A¢) 1]} (17)

The Reynolds number used in the simulation in this
paper is smaller than 10, so Eq.(17) is applicable
under the conditions of 4 >2 &<09 and Re<
10.

4. Discussions

An approximate expression of the equivalent
hydraulic aperture is derived to describe the flow
through a fracture with sinusoidally-varying walls.
This solution improves the results obtained by using
the symmetrical sinusoidal model, by accounting for
the effect of the phase retardation between two sinu-
soidally-varying walls. In Eq.(17), the third term in
the bracket represents the effect of the phase retarda-
tion between two walls, that is missing in the symme-
trical sinusoidal model. Obviously, the approximation
obtained in this paper provides a substantial improve-
ment over the perturbation solution derived by
Sisavath et al.”" on the basis of the symmetrical sinu-
soidal model. In fact, when the phase retardation Ag

goes to zero formula (17) will be degenerated to the
the perturbation solution derived by Sisavath, when

A goes to infinity, formula (17) will be degenerated



to Eq.(11) (derived by Zimmerman et al.'®), and

when & goes to zero, it will be degenerated to the
cubic law.

In order to verify Eq.(17), numerical calculations
were carried out using the Fluent Software. The equi-
valent hydraulic aperture was calculated for two sets

of amplitudes and wavelengths: 6 =0.2, 2 =2 and

6 =0.8,1 =4 and with following phase retardations:

Ap=0, n/4, n/2, 3n/4, n, 5n/4, 3n/2,

7n/4and 2m. Three wavelengths (unit cells) were
used for each simulation. It is shown that the flow
becomes fully-developed by the third wavelength.
Good agreement is obtained between the numerical
results and the approximation solution (17) (see
Fig.9).
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- * This study %
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g 041

Fig.9 Comparison of the results obtained with the approxima-
tion solution (Eq.(17) ) The symbols o correspond to the
the perturbation solution (Eq.(12)) by Sisavath et al.*")

The symmetrical sinusoidal model does not con-
sider the phase retardation between two sinusoidally-
varying walls, and consequently, the perturbation
solution’s range of acceptable accuracy is restricted to
small phase retardations. Nevertheless, the perturba-
tion solution provides a useful lower bound, which is
the value obtained as A¢ — 0. Figure 9 also shows

that when the amplitude is small, the effect of the
phase retardation between two walls is small and neg-
ligible. It means that the perturbation solution based
on the symmetrical sinusoidal model is in the range of
acceptable accuracy for a small phase retardation
between two walls. However, when the phase retarda-
tion between two walls increases, its effect must be
considered as done in this paper. The simulated results
also indicate that the flow velocity in the fracture
decreases with the increases of the amplitude and the
frequency of the sinusoidal walls of the fracture. For a
fixed amplitude and frequency, the velocity takes the
minimum value when the top and bottom walls are
fully symmetrical, and the maximum value in the case
of fully consistent top and bottom walls.
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5. Conclusions

The flow through a single fracture is studied by
numerical simulations.The following conclusions are
drawn from this study:

(1) The roughness and the aperture of a fracture
are the most important factors governing the fluid flow
through the fracture. The hydraulic aperture based on
the cubic law, in general, is not equal to the mechani-
cal aperture for rough-walled fractures. The mechani-
cal aperture is usually larger in magnitude than the
hydraulic aperture due to the roughness of the fracture.
Generally, the hydraulic aperture decreases dramatica-
Ily as the roughness increases and the mechanical
aperture decreases.

(2) A new geometric model called the non-sym-
metric sinusoidal fracture model is developed to des-
cribe the flow in a rough-walled fracture. By adding
the phase retardation to the symmetric sinusoidal fra-
cture, this model can reflect the main characteristic of
the real fracture much better than the symmetrical
model.

(3) On the basis of the concept of the equivalent
hydraulic aperture and the cubic law, a expression
relating the effective hydraulic aperture of the fracture
to the mean aperture and to the amplitude, the wave-
length and the phase of the sinusoidal wall profiles is
obtained through numerical simulations.

(4) Very good agreement is obtained between the
numerical results and the solution of the model propo-
sed in this paper. The approximation in this paper pro-
vides a substantial improvement over the perturbation
solution derived by Sisavath et al. on the basis of sym-
metrical sinusoidal model. This result also demonstra-
tes that the new model extends the application range
of the cubic law to more general fractures with com-
plex geometry boundaries.
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