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The prediction of catastrophic rupture of heterogeneous brittle material has been investigated by researchers in the past. In this
work, the acoustic emission generated by marble samples under compression was analyzed to verify a power law singularity of
index —1/2 as a catastrophe precursor. It is found that prior to catastrophe, the variation of the system response to the control-
ling parameter follows a power law of negative index, which proves the power law singularity as a common precursor of ca-
tastrophe. However, the power indexes vary with variables and samples. The uncertainty reflects sample specificity of an evo-

lution induced catastrophe (EIC) process.
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The prediction of catastrophic rupture in heterogeneous
brittle material such as large earthquake events has eluded
generations of seismologists, physicists, and mechanical
engineers [1-3]. However, the fundamental difficulties are
evident. Heterogeneous brittle material, like rock, has in-
trinsically complex structure and numerous microdamages
at the mesoscopic scale. The catastrophic failure actually
results from a cascade evolution of microdamages from
small to large scales in the case far from equilibrium, which
magnifies the effects of microstructures on failure and in-
duces trans-scale sensitivity [4-7]. Hence it is imperative
that we develop new models or methods to deal with the
trans-scaled sensitivity.

Motivated by the above-mentioned facts, researchers
have proposed various statistical models to study the cata-
strophic failure of brittle material. Some models character-
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ize the collective effects of microdamage with the formula-
tion of statistical microdamage mechanics [8,9]. Some
models compare the fracture to either the critical point at a
phase transition or the percolation phenomenon. Others
have suggested the attractor in a self-organized critical sys-
tem [10,11]. In addition, experimental observations prove
that there are some precursors prior to a catastrophic rupture
or major earthquake, such as accelerating moment release or
power law increase in the number of intermediate-size
events, anomalously high values of load/unload response
ratio (LURR) and critical sensitivity [12—-17].

Based on statistical microdamage mechanics, Rong [18]
suggested that the power law singularity with index —1/2 be
an effective precursor before catastrophic rupture. To verify
the universality of power law singularity, in this paper, the
damage evolution during the catastrophic rupture of marble
samples under uniaxial compression is analyzed. The results
prove power law singularity as a universal precursory fea-
ture of catastrophe, but with uncertainty in the power index.
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1 Precursor of power law singularity

The catastrophic rupture of a brittle material stems from
random spatially distributed microdamage evolution in-
cluding nucleation, growth and coalescence. If the discrete
nature of the microdamage evolution process is negligible,
the collective effects of microdamage evolution could be
described with a continuous model of statistical micro-
damage mechanics. Hence, in the case of quasi-static and
monotonic loading, the accumulative response of the system
Z can be denoted with a continuous function of the control-
ling parameter A (dA/dt>0) as Z=Z(A), or inversely, A=A(Z).
Here, Z can be the accumulative damage, strain, energy re-
lease of the loading system. Assuming that the controlling
parameter and accumulative response of the system at the
catastrophic rupture be Ar and Zp, respectively, we can ex-
pand the function in the vicinity of the catastrophic rupture,

dA
R
%“2 (Z-2,) +0iZ~2,)}. 1)

Catastrophic rupture is a self-sustainable process. That is,
during a catastrophic rupture, even if the controlling param-
eter is fixed, the accumulative response of the system varies

and presents a finite jump. Thus, dZ/d4| = or di/
dZ| =0 and d*A/dz 2|F < 0. With that and omitting the

higher order terms in eq. (1), we obtain
1
Z,—Z o (A, —A)? 2

and

1
R, = diff) (A, —-A) %, (in the vicinity of 1), (3)

where R; denotes the derivation of the accumulative re-
sponse (Z) of system to the controlling parameter (1) [18].
Eq. (3) physically means that, in the vicinity of the cata-
strophic rupture, the variation of the system response to the
controlling parameter follows a power law with index —1/2.

In the simulation of catastrophic rupture in brittle materi-
al using the finite element method (FEM), Rong [18] found
the rate of damage and energy release before catastrophe
follows the power law with index —1/2. Hao studied the
sample displacement in rock compression test, and found
the sample displacement demonstrates power law singulari-
ty before catastrophe, and the power index varies from
—0.81 to —0.30 [19].

1) PAC Corporation. PCI-2 Based AE System User’s Manual, 2007
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2 Experiment

Rectangular marble samples of dimension 50 mmx21.5
mmx24 mm were uniaxially compressed with an MTS 810
material testing system. In the test, the crosshead velocity of
the MTS was set as 0.05 mm/min. The displacement of the
sample is measured with an extensometer whose resolution
is 3 pm.

Generally, damage evolution in rock can been observed
in the laboratory via a number of methods, such as acoustic
emission (AE) [20], direct observation with Scanning Elec-
tronic Microscopy (SEM) [21] and optical microscopy [22].
In this paper, the waveform of AEs generated during mi-
crodamage propagation were detected and characterized
with a Physical Acoustic Corporaton (PAC) PCI-2 based
AE system. Two R15 AE sensors are fixed on two sides of
the sample with a specially designed clamp. The resonant
frequency of the AE sensors is approximately 150 kHz. The
sampling rate is 2 M/s"

3 Results and discussion

In Figure 1, the solid curve shows a typical nominal stress-
nominal strain relationship obtained in the experiment.
Generally, in the initial portion of the curve, the slope do/de
increases due to the elastic closing of microcracks in sample.
Thus, we can assume that no damage occurs during this
portion of the curve and firstly we need to find the point of
maximum slope, which is noted as point A in Figure 1 in the
curve. The elastic modulus of intact sample E, is defined as

the slope at point A, that is, E;, =do/ dgA. After that, a

new zero point O' with intersect & =¢,—o0,/E, in the
strain axis is obtained, as shown in Figure 1. The secant

modulus at point B can be defined as:

Op

B = .
O-A
ey=(e0=4% |

Assuming that damage in the sample results in a reduction
in the secant modulus, the damage at point B Dy can be ob-
tained as:

E

o
D, =1-— 4
s gk, —¢,E,+0, @

The dashed curve in Figure 1 shows the calculated dam-
age versus strain.

Figure 2 shows the cumulative AE event counts and en-
ergy release versus time recorded in a typical test. Although
the AE signals are generated due to the stress wave energy
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Figure 1 (Color online) Variation of stress and damage with strain. Point
A has the maximum slope (do/de¢ ) in the stress-strain curve and the

elastic modulus of intact sample E, is defined as do/ dg‘/l . The damage

at point B Dy is calculated as D, =1-0,/(&,E, —¢,E +0T)).

released by the materials, the cumulative energy release is
measured with a voltage-time units (mV-us), which is de-
rived from the integral of the rectified voltage signal over
the duration of the AE waveform. The rates of AE event
counts and energy release with time are shown in Figure 3.
It can be noted that just before the catastrophic point, the
intervals between signals become too short to be resolved. It
induces a decrease in the rate of AE event counts. This por-
tion of data is omitted in the subsequent curve fitting.

Since AE is caused by microdamage evolution, we first
compare the damage evolution with the recorded cumula-
tive AE event counts, as shown in Figure 4. Due to sample
specificity, the value of damage and cumulative AE counts
varies from sample to sample. Hence, in Figure 4, both
damage and the cumulative AE counts are normalized with
the values at the catastrophic point of each sample. It can be
seen that the data almost collapses on the straight line of the
slope 1, particularly in the initial portion of the curve. That
means that the cumulative AE counts are roughly propor-
tional to the damage calculated with eq. (4). Generally
speaking, AE signals reflect the microdamage events di-
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rectly while the macroscopic damage variable characterizes
the collective effect of all the microdamages. Despite that
the evolution of macroscopic damage may sensitively de-
pend on the details of microdamage events, at early stage of
damage evolution, the cumulative number of AE counts is
nearly proportional to the total number of micro-damages.
Based on mean field approximation, the latter is nearly
proportional to the reduction in elastic modulus.

Figures 5 and 6 show the rates of AE event counts and
AE energy release with time to failure before the cata-
strophic rupture. Similar to Figure 4, all data are normalized
with the maximum value prior to the catastrophic point of
each sample. Again, it can be seen that near the proximity
of the catastrophic point, the curves approximately follow
straight lines in a double logarithmic scale. That indicates
consistency with a power law of diverse power indexes.
Moreover, the negative slope of these lines also suggests
that the singularity behavior of system to the controlling
parameter in the vicinity of catastrophic failure. Table 1 lists
the fitted power indexes for the variables and samples. It is
apparent that the index varies with the variables and sam-
ples. For the rate of AE event count, the indexes vary from
—1.16 to —0.77, while for the AE energy release rate, the
indexes vary from —1.55 to —0.91. The data collected in
0.9t — tr are adopted in the curve fitting, where 75 is the
time of catastrophe rupture.

Figures 5, 6 and Table 1 demonstrate that before cata-
strophic rupture, the variation of the system response to the
controlling parameter follows a power law of negative index.
Here, the system response is AE counts rate and energy
release rate, and the controlling parameter can be time or
the crosshead displacement of the loading apparatus. The
power law relationship seems to be universal for different
parameters, variables and samples. Hence, power law sin-
gularity can be considered as a universal precursor of catas-
trophe. However, the power indexes deviate from the ideal
value —1/2 obviously and present significant diversity. The
uncertainty of the power indexes cannot be explained with
ideal model (eq. (3)) since that the continuity assumption
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Figure 2 Variation of cumulative AE event count and cumulative AE energy release versus time recorded in a typical test.
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Figure 3 Variation of AE event count rate and AE energy release rate versus time in a typical test. Notice that just before the catastrophic point, the inter-
vals between signals become too short to be resolved, which induces a decrease in the rate of AE event count.

Table 1 The fitted power indexes of AE count rate (fy) and AE energy release rate (fx)

Sample number 1 2 3 4 5 6 7 8 9

B -0.89 -0.98 -0.77 ~1.14 -0.92 -0.92 -1.16 -1.12 -1.08

L -1.43 -1.33 -0.91 —-1.33 —-1.46 —1.08 -1.55 —1.40 -1.26

1.0 : ! ' ' ~ adopted in the model cannot be satisfied in our experiments.

The AE signals seem to show that the damage evolution

£ 038 N presents as a discrete and stochastic time-series. Because
8 the size of most micro-damage events is much smaller than
< that of the catastrophe, the continuous and smooth model of
% 81 i damage evolution is approximately applicable, which re-
2 sults in an approximate power-law singularity. However,
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X ; events, in particular the events with larger scale, lead to the
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Figure 4 Variation of normalized AE count with normalized damage. The
scattered points are experimental data. The slope of the solid curve is 1.
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Figure 5 Variation of the normalized rate of AE event count with the
time to failure before the catastrophic rupture.

4 Conclusion

To verify the precursor of power law singularity, we ana-
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Figure 6 Variation of the normalized AE energy release rate with the
time to failure before the catastrophic rupture.
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lyzed the AE signals generated by marble samples under
uniaxial compression. The results show that the accumulat-
ed AE event counts is proportional to damage in the sample.
In addition, prior to the catastrophic rupture, the derivative
of the system response to the controlling parameter follows
a power law of negative index. It is universal for different
parameters, variables and samples. However, the power
indexes vary with variables and samples. It reflects sample
specificity and fluctuations in the evolution induced catas-
trophe (EIC) process. The diversity of the power index
could not be explained based on the continuous model of
statistical microdamage mechanics. Therefore, it is critical
that the power law singularity might be a universal precur-
sor for catastrophe prediction, but with uncertainty in the
power index.
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