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THE INFLUENCES OF RESIDUAL SURFACE STRESS ON

THE THERMo．ELASTIC BENDING OF

SlMPLY SUPPORTED NANOPLATES

ABSTRACT

Z．Q．Wang，and Y．P．Zhao‘

h7hen thickness of plates jS in nanoscale．the SUE／'ace energy eft’ect
wilj become

prominent，which renders the effective mechanical behaviors of plates to be

size．dependent．In this paper，the classical plate theory is modified，by taking the

surface energy'effect into account．to investigate the size—dependent thermal

bending of Simply supported napoplates．Results show that not only the SUFt'ace

elasticitx，but also the surface residual stress has signiticant e{kCtS on the thermal

bending deformations．
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lNTRoDUCl’loN

Nanoplates have been widely used as the building blocks for ultra．sensitive

and Ultrafine resoIution appIications in the fieId of nanoelectromechanical svstems

fNEMS)．due to their potentially remarkable thermal．mechanical properties at nano
scales． which dev iate from macroscopic counterparts and depend on their

characteristic size『11．B3，taking into accounl surface effects，the size．dependent
elastic properties of nanopiates are investigated f2．41；however,f’eW of theoreticai
studies investigated the mechanical responses of nanoplates with temperature et"fect

f51． Recently， in the IframeⅥ，ork of、 continuum thermodynamics，the

thermo—hy，perelastic models fbr both the surface and the bulk of nanostructured

materials are developed，in which the residual stresses are taken into account『6，71．
in this paper,analvtical modeI iS developed f、or the size．dependent thermal

bending of Simpl3'supported nanoplates by modifVing Kirchhoff plate theory．in

which surface elasticity,and surf’aee residuaI stresses are taking into account．First．

the linear thermo—elastic constitutive relations lbr both the surface and the bulk are

presented in the component forms．Then．based on the variationaI method of energY
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CONSTlTUTIVE EQUATIONS

Under the Kirchhoff hypothesis，the linear filaments of the plate in the

reference configuration perpendicular to the middle surface remain straight and

perpendicular
to the deformed middle surface during stretching and bending．The

1displacement components
of a point、、ith coordinates(工l，x2，』3) in the reference

configuration
can be denoted by’

“，，=“：一X314，。，，“1=“；， (1)

where“j。h，』2)(i=1，2，3)is the displacement CG·nponents oi’a point on the

middle neutral surface S∥Then，strains for stretching and bending ol、plates are

￡”I=￡：_一X3ItX3It3。"1． 国
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where

岛=去(以。Ⅷ轧) (3)

are the strain components of the middle surface．

Fhe stress．strain relations for the surface and the bulk of the nano plates
are

given in the following．

Surface thei‘moelasticity

Assuming the surlhce tO be linear isotropic thermo-elastic，the component
lbrm

of surface stress can be written as【4，7】

S0=戎。6印+I兀+戎、s：it!j巧}+贰略jf+0。一2y∞岛+Ao。6叫t，S；。2厅屯㈣
where S{．1 is the first kind Piola．Kirchhoff stress of the surface，atlq designates the

Kronecker delta；the constants厂j，yi and／I are the surface residual stress and the

surf．ace Lame moduli；fi,is the surface thermal expansion coefficient，and幺IS the

change ot、the surface temperature；￡：，，is surface strain，and a subscript preceded by
a

comma indicates difl'erentiation with respect to the corresponding coordinate，口，∥

and r range o、'er the integers 1 and 2，summation convention is used．

Thermoelasticity with Resid ual Stresses for Bulk Materials

In the absence of external mechanical or thermal loading，surface residual

stress will induce residual stresses in the bulk of nano plates[4】

where h iS the

elastically,from

=瓦：=

th ickness of nanoplates

2L。,

h

Thus，the bulk

a residual stressed state．According to

(5)

materials will deform

the plate theory，we
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tbrmulate the thermoelastic stress．strain relations for the bulk
materials with

in—plane residual stress，aS[4，71

S州，=以饥．屯十七[(I_I慨广旧。参“小孱R‰ s¨2％一L-·(6)
in、～，hicn S。is the first Piola—Kirchhoff stress，乙is the residual stress induced

bv surface residual stress in the reference configuration，￡?t_【are the stram

comDonents，)，and I，designate the Young‘S modulus
and the Poisson’S ratio of

the bulk．8h is the bulk thermal expansion coefficient，9b is the change
of bulk

temperature

THERMAL BENDING OF NANOPLATES

Under the action of thermal loadings．nanoplates will detbrm．In the硒1lowing，

We investigate the thermal bending of simply supposed nanoplates．

Governing Equations

Assume that there is no external lateral load acting on the simply．'supported

nanoplates during thermal deformation process．Then，the goveming equations for

thermal bending of nanoplates can be obtained from the principle of potential

energy，which is、～ritten tbr the present problem as tbllows【4】

分u=删￡：s，西。，如I出，出二+Ⅱs：廖t。出。出：， (7)

where、denote the upper and lhe!t)、~，er surthces of nanoplates．which are defined

by x，=±尝，respectI、feI y．
Substituting Eqs．(1)．(4)and(6)into(71．、、e can find that分∥includes the

stretching part分U。。枷and the bending part dL‘咖^。r．In the present paper,We

pay,attention to the latter one．For simplicity+，assume that酿=r(』．Y)二and

酿I+!=g．Through the use of integrations by parts and the Gaussian theorem．、Ve

can get the minimum condition ofthe bending part potential energy,

g{[。+(yj+y，一吉yi)等]“芝一，∥一∥÷三。一}拶l《d一出：+ 。8、

加，+(小¨昝。，+[D(1一．，小一导死)钟艳纠掣⋯，
where￡)=yh3／[1 2(I一．’2)]is flexura|Slm-ness，
expansion coefficient and

8c=p、+坠tl S the effective thenna

啊I=z，；’fi COS2 0+2 zf：。12 sin OcosO十1022 sin
2

0． (9)

Since踟：’are arbitrarily,on surl'ace S。，we obtain the equilibrium equation／br
thermal bend ing
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&---omh2) +7。一)Tz

h3

m12 i,-mz=0， (10)

超I
J

For simply supponed nanoplaces，分“；‘=o and 0(drf；’)／锄≠0。n the boundar)一
C．Theretbre，the coetl]cient ofthe contour integral in Eq．(8)must be zero．For the
cases that xl=±日and秒=0，it becomes

见／／3”．{f一屈去r=0． (1 1)

Eq．(1 0)together with boundary,condition(1 I)call be solved．
From Eqs．(1 O)and(1 1)，it can bc found that the surPace residual stress is
included in the governing equations and boundau conditions．Furthermofe．when
surface parameters vanish Or the thickness becomes large，the correspondin￡

equations
wlll reduce to the claSsicaj ones．

‘

CONCLUSIONS

B)。taking the surface effects into accounts．the size-dependent thermal bending
of simpl)7 supposed nanoplates is discussed in the presem papen Results show that

not only the surface elasticity but also the surface residual stress will effect the

thermal bending of nanop!ates．
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