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Abstract In this paper, we mainly study the global L? stability for large solutions to
the MHD equations in three-dimensional bounded or unbounded domains. Under suitable
conditions of the large solutions, it is shown that the large solutions are stable. And we
obtain the equivalent condition of this stability condition. Moreover, the global existence
and the stability of two-dimensional MHD equations under three-dimensional perturbations
are also established.
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1 Introduction

Magneto-hydrodynamic (MHD) equations are closely related to many branches of physics,
chemistry, metallurgy, nuclear energy and space flight. In this paper, we mainly consider the
following MHD equations:

w—eDu+ (- 7)u— (B-)B + V(LBP) + 9p= f, (,1) € @ x (0,00),

B, — uAB+ (u-v7)B—(B-v)u=0, (x,t) € Q x (0,00),
V.ou=0,V-B=0 (1.1)
Bli—o = 6o,  ult=0 = uo,

Blaa =0, ulpn = 0,

where  is a domain in R3, unknown vector function u = u(x,t) is the velocity of fluid, B =

B(x,t) and p = p(x,t) are magnetic field and pressure function respectively. f = f(x,t) is the
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given forcing function, ug = ug(z), By = Bo(x) are the initial velocity and the initial magnetic
1

field, e = %, p = 7, Re and Rm are Reynolds of fluid and magnetic field, respectively.

The MHD equations are similar to the Navier-Stokes equations in the structure. In partic-
ular, if B = 0, then equations (1.1) transform to the impressible Navier-Stokes equations. So we
can use the similar method of Navier-Stokes equations to solve the problem of MHD equations.
But there are unknown magnetic function B, more nonlinear terms and strong coupled terms
in the MHD equations. Therefore, it is more difficult to study the MHD equations. In 1994,
Ponce, Racke, Sideris and Titi [5] proved the global stability of large solutions to the 3D Navier-
Stokes equations. They proved the global stability of the strong solutions to Navier-Stokes on
bounded or unbounded domains under suitable conditions. Moreover, they also established the
global existence and the stability of two-dimensional MHD equations under three-dimensional
perturbations. Decaying qualities of solutions about the Navier-Stokes equations can be seen
in [1-3, 6, 12-14, 23], and references therein. Existence, uniqueness and regularity of solutions
about Navier-Stokes are related to [4, 7, 8] and references therein.

Many mathematical studies were made on the MHD equations. Duvant and Lions [21]
proved the existence and uniqueness of the global strong solutions of two dimensional MHD
equations with initial boundary problem. They also proved the existence of the global weak
solutions and existence and uniqueness of the locally strong solutions of three dimensional
MHD equations with e = 1,4 = 1 in (1.1). Based on above arguments, Sermange and Teman
[22] studied the large time behaviors of solutions of MHD equations. Kozono [23] proved the
existence of the global weak solutions to the two dimensional MHD equations on §; x (0,7
(€2 is a bounded domain with smooth boundary in R?) for ¢ = 1, = 1. He also proved the
existence of the local classical solutions in Holder space. Wu [24] considered the convergence
rate of a class of MHD equations by using the method of vanishing viscosity. He and Xin [16]
got the regularity conditions of MHD equations (¢ = 0, = 0). Miao, Yuan and Zhang [25]
studied the well-posedness problem of the MHD equations in the BMO™! space. Some results
about the MHD equations can be seen in [15, 17, 19, 20] and references therein.

We will extend the arguments of global stability of strong solutions to Navier-Stokes equa-
tions studied in [5] to that of MHD equations.

Before we state the main results, we give some notations. Throughout this paper we will
always assume that Q C R3? is a domain with boundary 992 uniformly of class C3. H denotes
a complete space of {u € C§°(),V -u =0} in L?(Q). Let P : L?(2)| — H be the Helmholtz
projection operator. After applying P on the either sides of the equations in (1.1), we obtain

(for simplicity, we choose e = u =1 and || - [|=|| - ||z2)

ug + Au+ P(u-7)u — P(B-v)B = Pf, (z,t) € Q x (0, 00),
B+ AB+ P(u-7)B —P(B-7)u=0, (,t)€Qx (0,00),
u= Pu,B=PB (1.2)

Bli—o = By,  ult=0 = uo,

Blaa =0, ulaq = 0,

where A = —PA\ is the Stokes operator with domain D(A) = H2(Q) NV, V = H} N H, where
H?(Q) and H}(Q) denote the usual Sobolev spaces defined over 2. In this paper, for Q2 bounded
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or unbounded, we assume that the following Poincare inequality is satisfied
gl < ClVyl (1.3)

for all g € H}(Q), where C is a constant.
The main results will be given in Section 2 and the corresponding proof will be presented
in Section 3.

2 The Main Results

The main results of this paper are as follows:

Theorem 1 Letv € L{° ([0,00), V)NLE ([0, 00), D(A)), N € L2 ([0, 00), V)NLE ([0, o0),
D(A)) be strong solutions of equations (1.1) with data v(-,0) = vg € V, N(-,0) = No,

Pfi(-,t) € H. Suppose that v, N satisfy
/0 (Ve + VN @)t < oo, (2.1)

Then we have
(i) Let Q be a domain which satisfies (1.3) and Pf; € L?([0,00), H). If there is a § > 0,
such that ug € V, By € V, Pf € L?([0,00), H) and

||VUQ—V1}0H+||VB()—VN10H+/ HPf—Pf1H2dt<5, (22)
0

then there exists a unique global strong solution of (1.1) with the initial data (ug, Bg) and Pf.
Moreover, there is an M = M (§) with M(§) — 0 as § — 0 such that

iglg(HVU(?ﬁ) = Vo) +[[VB(t) = VN(#)[) < M(5), (2.3)

and, if ||Vu(@t)]],||[VN(@®)| and [|[Pf(t) — Pf1(t)|| decay to zero exponentially, then [|[Vu(t)|,
[IVB(t)| decay to zero exponentially as t — oo.

(ii) Let Q C R3 be a general domain and Pf; € L' () L?([0,00), H). If there exists a § > 0
such that ug € V, By € V and Pf € L' (N L*([0,0), H) and

lluo — vollmr + [1Bo — Noll a2 +/ (IPf = PAll+IPf = Pfil*)dt <, (2.4)
0

then there exists a unique global strong solution of (1.1) with the initial data (ug, Bp) and Pf,
and an M = M(J), satisfying as 6 — 0, M (d) — 0 such that

igl@)(”ﬂ(t) —o(@)llmr + 1 B() = N(O)l|r) < M(6). (2.5)

Theorem 2 Assume that  is R? or a three dimensional domain for which (1.3) holds,
with f1 € L%(]0, 00), L>=(Q)). For global strong solutions (v, N) of (1.1) in the class described
in Theorem 1, the condition

/0 T (ITu)* + VNt < oo
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is equivalent to v € L%([0, 00), LP(2)), where % + % =1,3<p< 0.

Theorem 3 Let vg = (vo1,v02) € LY (R?)NHY(R?), Ng = (No1, No2) € LY(R*)NH(R?)
with V-v9 = 0,V - Ny = 0 and Pf € L*([0,00),L*(R?)). There is a § > 0 such that if
wo € V(R?), Ey € H}(R?), and

lewoll27s sy + 1o |2 oy + / IPF(t) — PR (0)]dt < 6,

then there exists a unique global strong solution of (1.1) with the initial data (ug,By) =
(’50 + wo, NO + EQ), where

Oo(21, 22, 3) = (vo1 (21, 22), vo2(®1,22),0),
No(21, 29, 3) = (Noi (1, 22), Noz (1, 22),0),
Fil@r, w2, 23)(t) = (fuu(zr, 22)(1), fra(z1, 22)(t),0).

3 Proof of Theorems

In this section we will give the proofs of Theorems 1-3. Before we give the usual Young
inequality as follows : for @ > 0,6 > 0 and € > 0, one has

ab < ea? + CLb7, (3.1)

where C. = (ep)~9/Pq~ 1.

Proof of Theorem 1 Under the assumptions on ug, Ny and Pf, there exists a local
strong solution (u, B) of (1.1) for some T = T'(||Vuo||, [|[VBol|) > 0, where u € L>*((0,7),V) N
L2((0,T),D(A)),B € L>((0,T),V)NL*((0,T), D(A)). This observation shows that in order to
extend solutions globally it suffices to control ||Vu(t)|| and ||[VB(¢)|| uniformly on the interval
of local existence.

To this end, let w :=u — v, F:= B — N. Then w, E satisfy

wy + Aw + Pl(w - VIw + (w - V)v + (v V)w]

—P[(E-V)E+(E-V)N + (N - V)E] = Pf — Py, (3.2)

E,— AE+ Pl(w-V)E + (w-V)N + (v-V)E]

—P[(E-VYw+(E-Vo+ (N-V)w] =0 (3.3)
with initial value wg = ug — vg, Eg = By — Ng.

Multiplying Aw on the both sides of equation (3.2), and integrating on 2, we obtain
1d
2dt
+ / P((v - V)w) Aw — / P((E - V)E)Aw — / P((E - V)N) Auw

Q Q Q

||Vw||2+|\Aw||2+/QP((w-V)w)Aw—|—/QP((w-V)v)Aw

—/P((N-V)E)Aw:/(Pf—Pfl)Aw. (3.4)
Q Q
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Multiplying AE(t) on the both sides of (3.3), and integrating on 2, we get

%%HVEH%|\AE|\2+/QP((w-V)E)-AE+/QP((w-V)N)~AE

+/QP((U-V)E)-AE—/QP((E-V)w)-AE—/QP((E-V)U)-AE
_ / PN - V)w) - AE = 0. (3.5)
Q

Adding (3.4) to (3.5), we obtain
1d

5 IVl +IVEI?) + ([ Aw]* + [ AE[?)
+/QP((w -V)w) - Aw—l—/ﬂP((w -V)v) - Aw + A P((v-V)w) - Aw
I Iy I3
—/ P((E-V)E) - Aw—/ P((E-V)N) ~Aw—/ P((N-V)E) - Aw
Q Q Q
Iy Is Is
—/ P((w-V)E) -AE—/ P((w-V)N) ~AE—/ P((v-V)E)- AE
Q Q Q
I7 Ig I

—/P((E~V)w)-AE—/P((E~V)v)-AE—/P((N-V)w)~AE
Q Q

Q

Iio I Iz

_ /Q(Pf—Pfl)Aw. (3.6)

I3

In order to estimate I; — I13, we need to collect a few interpolation inequalities for functions
g € D(A). First, under the assumption that 99 is uniformly C3, it was shown in Lemma 1 of
9] that [|07,g] < C(|Agll + [[Vgl|). Since D(A) C PL?*(2), we may integrate by parts and use
Cauchy-Schwarz inequality to get

IVgl* = - /Q Ngg =~ /Q PAgg < || Agllllgll < | Agl* + llgll*. (3.7)
Therefore, in general, we have the following inequality
19791l < C(llAg]l + llgl)- (3-8)
Now in the case where (1.3) holds, it is clear from the argument of (3.7) that
lgll + IVgll < CllAgl|. (3.9)
So (3.8) can be improved when {2 satisfies (1.3) to
195,911 < Cll Ag]l- (3.10)

Using Fourier analysis, we easily know this inequality is true for R? as well. If g € D(A), one
has [12]
lgllze < ClIVgll, (3.11)
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which holds for any  C R3. For the domain satisfying (1.3), using Gagliardo-Nirenberg
inequality, (3.10) and (3.11), we obtain

lgllz= < Cllgl Agl? < C||Vgl|7 | Ag] . (3.12)

1 2 1 1
s aing2 <Cligll;e

Thus, using Calderon extension theorem [10] and then (3.8), we obtain for all of the domain

under consideration the following inequality is true

Agllz +llgllz) < ClIValz(Agll> +lgll2).  (3.13)

gl < Cllg|

1 1 1
zellgllzre < Cllglize(
Moreover, in the case ) = R?, we obtain from Gagliardo-Nirenberg inequality and (3.10)
1 1 1 1
IVgllzs < ClIVgl211079]% < C|IVgl1= || Agll=. (3.14)
In the general case, we can apply the Calderon extension theorem and (3.8) to get

IVgllzs < CIVallz(IAgl= + llgll?), (3.15)

which, exactly as above, improves to (3.14) in the case (1.3) is available.
Now we first consider case (i) where (1.3) is valid. Hence  is such that (3.12) and (3.14)

hold. Iy — I 3 are estimated as follows:
1l =| [ @) 40| < ol Tulsl v
Q

1 1 3 3
< Cllwl| s (Vw2 [[Aw]|2)[| Aw]| < Cf| V|2 [| Aw]| 2
< C.||Vwl|® + €]|Aw|?* (¢ >0 arbitrary), (3.16)

L) = /Q<w-v>v-Aw < Clluwl| [ Vo] || duw]

< OVl |Vl } [ Aw]} < CVolHIVewl? + <] Aw|?, (3.17)
1) = /Q (v V)w - Aw| < Cllol| o] Vul| 2| Aw]
< Ol Vol |Vl } [ Aw]t < C-Vol V| + ] Awl?, (3.18)

i =| [ v>E-Aw] < O E|l 1~ |VE| | AE]
< CIVE|AE|} | Aw] < C.|VE|*||AE] + ]| Aw]?
1
< CLIVE|® + L|ABJ? + <l dul?. (3.10)
| = ] s v>N-Aw] < O|| Bl [V N] | Au]|

< C|VE||2 | AE||2 | VN Aw|| < C[|VN|*|VE || AE]| + ¢]| | Aw]®
1
< CVNIHIVEI® + S AB? + ¢l Aw]?, (3.20)

VE| s || Aw]|

1| = \/(N-VE)Aw‘ < OVl
Q

1 1
< C|VN(IVE||AE|? | Aw|| < C.|[VN|*|VE[ | AE| + €] Aw|®
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1
< CLITNIIVEIR + S AE|? + <l dul? (3.21)
= [ (w-VE)AE‘ < Cllwllus | VE| o] AE]
Q
< CIVullIVE|} A} < C.| V| VE|? + ¢ AE|P, (3.22)
m = [ VN>AE] < Cllwll = [V N[ AE]
< OVl 4wl [N AE] < C. 9N 2|Vl Aw] + | AB|?
1
< C Tl [Vl + 4w + <] AEJ. (3.23)
6l =| [ @918 aB| < Clol| VElLs 4]
Q
1 3
< O Vol |Vwl F[AE|E < CL| Vo |VE|? + <[l AEIP, (3.24)
ol =| [ (B9 AE} < OB 1oVl o | AE]
Q
< CIVE|IVul |AEI}AE] < C. |V EJ2|Vull| Aw| + | AB|
1
< CLIVE |Vul? + 24w + A (3.25)
il = | [(B-9)0- 48| < ClEY~ 90l 4E)
Q
< O Vol IVEI | AE|E < G| VoIV E|? + | ABIP, (3.26)
il =| [ V-9 AE} < N o] Vol s | AB]
Q
< CIVN|[ Tl 4wl FAB] < C. VN2V ulll Aw] + | AB|?
1
< CLIVNI IV + 3 4w + | AEJ?, (3.27)
rul = | [(Pr = P du| < CLlPs = PRI+ el dul? (329
Q

Choosing ¢ sufficiently small (for example ¢ = 0.01), substituting (3.16)—(3.28) into (3.6), we

obtain

d 2
SVl

+IVE[?) + Co(||Awl® + | AE|?)

< ClIVwll® + [ Voll*| V| + [VE[° + [VN[*[VE|* + [ VN[*] Ve
HIVOIIHIVE(? + IVE[I*[Vwl|* + |1Pf — P f]|]
< ClIVwl® + IVEI?? + (IVoll* + IVEIY) - (IVw]* + [VEI?) + |Pf — Pfil%]. (3.29)

Defining h(t) =: |[Vw(t)||?> + ||[VE(t)|?, we have proved with help of (3.6), (3.16)—(3.28) that
R () + Coh(t) < CIW* (1) + (Vo + VN @)[)AE) + 1 Pf(E) = P ()]

holds with positive constants C', Cy. Let

A

= C'supexp (— CO;) /0 exp (C'072-> |Pf(r)— Pf1(7)||2d7'.

s>0

(3.30)
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Note that o
a0 [P - Ph|Pdr
0

holds. If now

=

1 Co
Vwol|? + [|[VE||? + \ < - (—) <4 (3.31
Vol 4 I Bl A < L e(@ [ VoI + VN R \2c) =° 33D
is true, then we infer that
2 2 C'0 %
Vo) + IVE@ < (2 (3.32)

holds for 0 < s < t1, and some ¢; > 0. Thus, (3.30) implies that for s < t;, the following
inequality holds

h'(s) + %h(S) < ClUVu)I* + VN ()M)A(s) + 1P f(s) = Pfa(s)]]?). (3.33)

Consequently, by a generalized Gronwall inequality, we obtain

o) < e (- D) (no)+0 [1pr - i) e (¢ [T 1)+ oG] ar )

’ ’ (3734)
for any 0 < s < t;. Furthermore, by (3.31) we deduce that h(s) < ( 3 is true for all
0 < s < t;. Thus (3.32) holds on the domain of definition of h(t), so [|[Vw(®)| + [|[VE(®)] is
uniformly bounded in the interval where solutions exist.

On the other hand, the equations with the solution (v, N) as follows:

v+ Av+ P((v-7)v) = P(N - 7)N) = Pfy, (z,t) € Q x (0,00),

N+ AN + P((v-7)N) — P((N -7)v) =0, (z,t) € 2 x (0,00),

v= Pv,N = PN, (3.35)
Nli=o = No,  v[t=0 = vo,

NlaQ ZO, U|aQ = 0.

Multiplying Av on the both sides of the first equation of (3.35), integrating on 2, we obtain

2dt”va2+HAv”2 /P )v)-Av—/QP((N-V)N)-Av:/QPfl~Av. (3.36)

Multiplying AN on the both sides of the second equation of (3.35), integrating on €, we get

HVN||2+||AN||2 /QP((U-V)N)-AN— P((N -V)v)- AN = 0. (3.37)

Adding (3.36) to (3.37) leads to

CL|Q

(Vo + IV N2 )+||Av|\2+IIAN||2+/QP((U-V)v) ~Av—/QP((N~V)N)~Av

N~

J1 J2
—/QP((U-V)N)-AN—/QP((N-V)U)-AN:/QPfl-Av.
Ja

Js

J3
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J1 — J3 are estimated as follows:

|J1] = /QP((’U -V)v) - Av
Cllv]

= ‘/(v-V)zwAv
Q
Vol| s ]| Av]| < C||Vo||2[|Av]|2 < Ce[|[Vol® + ¢l Av]|?,

IN

L6

| = /QP((N-V)N)-AU < C|N]|

o[ VN|| s || Av]

< C|[VN|Z[IAN|z]|Av]| < Co|[VN|PIAN] + ]| Av|?
1
< G| VNI + Z AN + <] Av]%,

|J3] =

/QP((U-V)N)-AN‘_‘/Q(U-V)N-AN|

< Cllo| e[ VN| s | AN]|| < C||Vo||[VN| 2 [|AN| 2
< C.||Vol||VN|? + | AN| 1%,

|J4| = ‘/P((N~V)v)-AN‘ _‘/(N-V)wAN‘
Q Q
< CIIN 1ol s | ANT| < VN [ 90l | vl AN
< CLIVNIRIVoll| vl + €l AN| < CI VN0l + el AN,

il = | [ Pfi- o] < CPAIP + ellaol
Q

Choosing ¢ sufficiently small (for example € = 0.01), we obtain
%(IIVUII2 +IVNI?) + Co(l| Av]|? + [ AN]?)
< C(IVoll* + VNI UVl + [IVN]?) + ClIP fr]%. (3.38)
By Gronwall inequality, we have
IVoll* + [ VN2
<o (0 [ vl + 9N @) (19wl + 1981+ [ Paldr). @39
Therefore, | Vo(t)| + ||VN ()| is uniformly bounded. Since

IVu@| + [IVB@)| = [Vu(t) = Vo(t) + Ve@)| + [[VB(t) = VN(t) + VN ()]
< [Vu@®| + IVE@] + V@) + IVN @], (3.40)

it concludes that |Vu(t)||+||VB(¢)] is uniformly bounded on the domain of definition. Thanks
to continuity method, the solution (u, B) of (1.1) exists globally on (0, c0) for ¢. The remaining
statements in Theorem 1, (i) can be deduced by estimates (3.34), (3.39) and (3.40). Note that
d in (2.2) is chosen according to (3.31).

Now, we turn to the general case (ii), where the domain 2 satisfy (3.14), (3.12). Multiplying
w on the both sides of (3.2), integrating on 2, we obtain

%%wa—i—HVMHQ—F/QP((M-V)w)-w—i—/ﬂP((w-V)v)-w—i—/ﬂP((v-V)w)-w
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—/QP((E-V)E)-w—/QP((E-V)N)-w—/QP((N-V)E)-w

256

= [(Pr=pp)- (3.41)
where the following equality holds
/Q P((w- V)w) - w = /QP((U V)w) - w =0, (3.42)
Multiplying w on the both sides of (3.3), integrating on 2, we have
33l B +IVER + [ P(w-v)E)- B +/Q (w-V)N) - E
+/P(( E-— / (E-V)w / P((E-V) - E
/ P((N - V)uw (3.43)
where the following equality holds
/Q P((w-V)B)- B = [ P(v-¥)E)-E =0. (3.44)
Since

(E-VYw-w+ (E-Vw-E+(E-V)E-w+(E-V)E-E=(E-V)(w+E) - (w+E),
(N-Vw-w+(N-Viw-E+(N-V)E-w+ (N-V)E-E=(N-V)(w+E)-(w+E).
Similar to (3.42) and (3.44), we can obtain

/P((E~V)w)~E+/P((E~V)E)~w:0,
Q

Q

/P((N-V)w)-E—i—/P((N-V)E)-w:O.
Q Q

Adding (3.41) to (3.43), we have

1d
5 7 Ul +1E]?) + [Vl + [V E|J?

2dt
+/Q (w- Vo) w+/PwV B- /P —/QP((E-V)U)-E
K, K> Ky
= [t =Pa)-w (3.45)
Ks
K1 — K5 are estimated as follows:
|K1| = /Q(w : V)v~w‘ < Cllwl24 Vol < Cllwl* wll o[ Vo
(3.46)

1 3
< Ollwl2 [V 2 [|V]| < Ce|Vol*lw]f* + [ V],
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Ko — ] [ E] < Ollell < [VN 1B+
Q

1 3 1 3
< COlwll 2Vl * VNI E]T[VE]
1 3 1 3
< Cllwll2 Vw2 [VNI[ + ClE|=[[VE|= [ VN]|

< CIVN ] + | Vol + CIVNIH B + | VEIP, (3.47)
gl = | [(B9N
Q
< CAVN | ] + e Vol + CIVNHEI + | VEIP, (3.49)

[Ka| = ‘/(w : V)U'ﬂ)‘ < Cllll? | Vw] 2 [Vo|| < Cel| Vol *wl* + &l Vo], (3.49)
Q

s = \ [@r-ps) w' < C|Pf — Pl (3.50)

Choosing ¢ sufficiently small (for example € = 0.01), substituting (3.47)—(3.51) into (3.46), we
obtain

1d
5 37 el + 1) + Co((IVel* + IV E]?)

< CUIVoll* + VNI Nwl® + I1EIP) + 1 = fillze Vw]? + [ ]2 (3.51)

Consequently,

%\/Ilw(lﬁ)l\2 +IE®I”
< CUIVe®I* + IVNOINVIw @2 + TEO12 + 11£(2) = f1 (0]~ (3.52)

By Gronwall inequality, we obtain

w ex - U\T 4 T 4T
VIROTF T TEDE < p(C/O ITo(@l* + [VN( >||d)
x (|wo| +Eal + [ 15r) - f1<T>||Lde) (3.53)

for all ¢ > 0.

Concerning (3.6), when € is the general domain, I; — I3 can be estimated as follows:

[ P90 | =| [ (@ aul

< Cllwllzs [V = (| Aw[| + [[w]]2)][| Aw]
< Cel[Vu® + el Awll* + Cc [ VwlPl|lw] + e]| Aw]]*

1] =

C.
< Cel[Vull® + S (IVw]® + [[wlf?) + 2¢]| Aw]®
< C(IVw]® + [[w]?) + 2¢l| Aw], (3.54)

/QP((w~V)v)-Aw‘ - /Q(w-V)v-Aw‘

< COllwl[pe<[[Vol[[[ Aw]| < C[Vol[[Vwl|2 ([Aw] 2 + [[w]]2)]]| Aw]|

|la| =
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3] =

|Is| =

|I7| =

< Ce|[Voll* | Vwll? + el Aw]* + Cel| Vo[ Vw|l||w]] + e Awl]|?
C
< Cel[ Vol IVwll® + - (IVoll [ Vel + wl?) + 2¢]| Aw]]®
< C(IVull* Vel + [w]?) + 2] Aw]?, (3.55)

| o o

< ol zs [Vl s [[Aw]| < ClIVol[[[Vel|z ([ Aw][2 + [[w]]2)]]| Aw]
< CIVolIHIVwll® + w]?) + 2¢[l Aw]?, (3.56)

=] [#- 98- au| < CIBI=IVElAu]

< ClIVE|Z(JAE|? + | E|®)]|VE]|| Aw|
= C|VE||? | AE| % || Aw|| + C||VE||? || E||%]| Aw]
1 C-
< CIVE|°+ EIIAEII2 + el Aw||* + 7(||VEII6 + |E|?) + ]| Aw]|?

1
< C|VE|°®+ Z||AE||2 + 2¢|Aw||?, (3.57)

5 =| [ (BN - 4| < ClE~ 9N L]

< ClIVE|2(JAE|? + | B} VN ]| Aw]

= C|VE|*||AE|# ||V N || Aw|| + C||VE[|* | ]| * | VN]| | Aw|

< CL[VN|PIVE(IIAE| + €| Aw|)? + C: ||V N |*|VE||| B|| + ¢ Aw?

< C|VN|YIVE|? + inAEnQ + el Aw]? + %(IIVNII“IIVEIIQ + [ E]1?) + el| Aw]|?

1
< CIVNIHIVE]® + JIAE|? + ClIE|* + 2¢]| Aw]?, (3.58)

/QP((N~V)E) -Aw} = ‘ ;

1 1 1
S CONzs[IVEN=([AE]Z + [|E][2)]]| Aw]]
< C[VNIPIVE|AE| + el|Aw|)? + C VNPV E||| E| + &l Aw|®

(N-V)E - Aw‘

1 C-
< CL|VNI*IVE|?* + ZIIAEII2 + el Aw|]* + 7(|IVNII4IIVEII2 +|E|1?) + el Aw|]?

1
< CUIVNIIVEN +1EI%) + LI AE]* + 2¢]| Aw]?, (3.59)

/P((w-V)E)-AE‘_‘/(w-V)E-AE‘
Q Q
< Olw| e [IVE| = (JAE]|= + | E2)]|AE||

< Cel[Vul*IVE|? + el AE|? + Cc | VwI PV E||| B[ + ¢ AE||?

C.
< C|Vul'IVE* + | AE* + = (IVw[*IVEI* + || BII?) + el A
< CIVul*IVE|® + || EII*) + 2¢ [ AE]?, (3.60)
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L] = ] [ v>N-AE] < Cllwllz~ | VNI AE]

< Ol Vwll= ([[Aw]z + [wl )] Ve[| AE]
< Cl|VN|P([Vwll|Aw]| + el AE|? + Cc || VN |2 Vull|w]| + [ AE]*
1 C.
< C| VNI IVwl® + 214wl + - (IVNH Vel + wl]?) + 2¢ [ AB]?

1
< CUIVNIHIVwI® + wll®) + 7 Awl® + 2| A%, (3.61)

|| =

P((v-V)E) -AE‘ =
Q

/(U-V)E-AE’
Q
< Clolls[IVE|= (JAE|= + [ E[]?)][|AE]
< Ce|[Vol'IVE|? + e AE|? + Cc || Vol P VE| ]| + e[| AE|®
Ce
< Ce|VolIYIVE|? + ]| AE|* + 7(IIV1)II4IIVEII2 + |1 B[*) + ¢l AE|
< C(IVul ' IVEIP + | BII?) + 2¢| AB]?, (3.62)
[I10| = ’/P((E-V)w)-AE' = ’/(E-V)w-AE'
Q Q
< ClE|| e[l Vwllz (| Aw[]> + [lwll2)]I|AE]
1
< Ce|VE[![Vw|* + EIIAwII2 +el|AB|? + C[|VE|? |Vl [[w]| + e AE|?
1 C.
< C|VE[*|Vw|?® + leAwll2 +el| AE|? + 7(||VEII4IIVwII2 +[w]?) + el AE|?

1
< CUIVEIM Vel + wl*) + 7 Awl® + 2 A%, (3.63)

| = ’/QP((E-V)U)-AE‘ _ /Q(E-V)U-AE’

< CVE[=(IAE]= + [[w][2)] - [Vl AE]
< G|Vl IVEI® + e AE|? + Cc | Vol P VE| | Bl + e[| AE]?

C
< C[ VOl IVEI® + e ABI* + - (IVol IVEI* + | B]?) + el AE||*
< CUVOIIMIVEI® + 1E]?) + 26| AE %, (3.64)

|12 =

/P((N-V)w)-AE':’/(N-V)w-AE’
Q Q
< CIN| e[|Vl (| Aw]| = + [Jw]|2)][|AE]|
1
< CEIVNIIVel® + Jlldw|? + e AE|]* + CLI VNPVl [lw] + <] AE|

1 C.
< CL|VN|*IVwl® + leAwll2 +e||AE|? + 7(|IVNII4IIWH2 + [lwl*) + <[ AE|?

1
< COTNINTI? + fwl®) + 1 Awl? + 26| AB, 3.65)
hal = | [P = P Au| < CPs = PRIP 4 ellawl (3.66)
Q

Choosing ¢ sufficient small (for example ¢ = 0.01) and substituting (3.54)—(3.66) into (3.6)
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reach
d
Q(IIV@UII2 +IVE[?) + Co(|Aw|)* + | AE*)
< OlIVwll® + Vol Vw|® + IVE*[Vw|® + VN4 Vw]?
VOl HIVEI? + [IVNI*IVE|? + [[w]®* + | E|* + |Pf — Pf1l]
< Cl(IVwll® + IVE[?)? + (IVoll* + VN ([Vwl? + [VE|?)
+[wl* + | E|I* + | Pf — Pfil?). (3.67)
Since
IVw|® + IVE|? < C(|Aw|® + [lw]* + [|AE|1* + | E||?), (3.68)
we have
d
5(||Vw||2 +IVE[?) + Co([IVw|? + [VE|?)
< O[(IVwl® + IVEI?)? + (IVel* + IVN D ([Vw|? + [VE|?)
+wl® + [|ElI? + | Pf = Pfi]l?]- (3.69)
Defining
h(t) = |[Vw(®)|* + [IVE(®)]1,
and

= ex b o(T)||* 7)||*||dr
M:=e p<0/0 IVo@* + VN ()P ld )
using (2.4), (3.69), we obtain
R (t) + Coh(t) < CIR* (1) + (IVo@)||* + VN (@) )AE) + IPf(t) — PA(1)]* + (6M)?). (3.70)

Choosing ¢ small enough and using the similar method as Theorem 1 (i), we can get the proof
of Theorem 1 (ii). This completes the proof of Theorem 1. O

Proof of Theorem 2 Now we turn to the proof of Theorem 2. we assume that
S IVo@)|I* 4+ IVN(t)||*dt < co. The same argument used to Theorem 1, leads to (3.38).
Integrating (3.38) from 0 to ¢, we obtain

(TSI + [VNOIP) = (1Tl + [VNl) +Co [ [Au(r)I? + AN () Par
< [ + [TV + VNPT + [ 0]
0 0
< Comp(IVo()* + [VNOI) [ Vel + NG+ [ Iflar. @)
t>0 0 0
Consequently
/ " Av()|? + AN () |2dr

< Csup(IVeOI + [VN@I) [~ IVl + 98I+ [ A Par

< 00. (3.72)
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Noticing that (v, N) satisfies (1.2) and by the usual energy estimate, we know that
d
O + IN@I?) + 2(Ve@1” + VN @) < 2Ce[lf1l[Z + 2¢[[ Vol

Taking ¢ = 1/4 and integrating from 0 to ¢, we get

Hv(lt)ll“rIIN(t)IIQJrC/0 [Vo(r)[I* + [VN(7)]*dr

< [ IAOE~dr + (fool? + [Nl (3.73)
For p > 6, % + % = 1, thanks to Gagliardo-Nirenberg inequality, (3.11) and Hélder inequality,
we obtain
o)l < CIOZU@IE o(zs " < CIVOEIE | Aur) 5=
and

[ @l <o [ v a4 -Har
0 0

sc<4m|vwﬂwM?ﬁ%h>;(Am|Awﬂwm)B, (3.74)

where o = %, therefore 2 < aq(% + %) < 4. Using (3.73) and the condition of Theorem 2, we
have o o
/ IVo(r)|2dr < oo, / V()] *dr < oo.
0 0
Furthermore, by the inner interpolation inequality, we have
/ [Vo(r)| 4G+ Ddr < oo,
0

Using (3.72), we obtain

| 1) < . (3.75)

0

which completes the proof for p > 6. For p < 6, % + % =1, using (3.71) and (3.73), we have

[ iar <o [T i ear

< C(sup||v(t)||)%’2(supIIVv(t)II)%’2/ [Vo(r)|[*dr
>0 >0 0

< 0. (3.76)

Similarly, we have
[ IN@gdr < oc.
0

Conversely, assume v € L9([0, 00), LP(Q2)) for some p, ¢ satisfying % + % = 1. We will prove that

/OOO | Vo(r)||* + [[VN ()| *dT < oc. (3.77)
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Firstly, applying the derivatives z; on both sides of the following equation
1
v = Avt (v )= (N V)N + VGINP) + vp = fi, (3.78)

then applying Helmholtz projection operator P, multiplying ;v on both sides of the equation

and integrating on (), we obtain

Lol + Vo2 = —/(8iv-V)v~8iv+/(81-N~V)N-8iv
2dt Q Q

Q

Similarly, we have
Ne— AN+ (v-)N = (N-v)v=0,

and
1d
- Z]\] 2 ZN 2
53 |ONIZ + VN |
Q Q Q

Adding (3.79) to (3.80) reaches to

1d
5&(”@'””2 + [|0:N %) + [Vow|* + [ VO:N|?
= —/(81"0 . V)’U . 6iv+/(6iN . V)N@lv—/(&v . V)N -O;N
Q Q Q
Ly Lo L3
Q Q

L4 L5

Integrating by parts and Holder inequality, we have

|L1|=‘—/(8iU-V)U-8iU g‘/(U-V)&»v-&-U +’/(U-V)U-6i8iv
Q Q Q

< Clpollee VoIl 2z, [1D?0]]- (3.82)

By Gargliardo-Nirenberg inequality ||Vv||L 2 < OHD%H%HVle_% and Young inequality, we

P

obtain
L] < ] D20]]? + Clfo], | Vol > (3.83)
Similarly, we have
L] = /Q<aiN-v>N-az-v < | DN + Cu ][4, [V NP, (3.84)
ILs| = /sz-v-vwmv < | DN + Ceo]l4, IV NP, (3.85)
ILy| = /Q<az—zv-v>v~aizv < | DN + Cao]l4, IV NP, (3.86)
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and

|L5|—}/ (1) av—’/ (1) av—’/fl Do

< Cllfille= D] < Cell filli + el D20l

Choosing ¢ sufficiently small, substituting the estimates above into (3.81) then adding them

from 1 to 3 about ¢, we get

d
ZUVV@IP + VN @) + Co(| D] + | D*N|?)
< Clll L (1Yol + IVNI?) + Cll fll 2 (3.87)

By Gronwall inequality, we obtain

IV + VN (©)]* < C([Vvol* + [V No|* + / L1 (P)dr|Fac)elo IMOEndr(3.88)

Therefore,
/0 IVo(r) |4 + VN () 4dr
<sup [VoO) [ [Ve(n)ldr +sup [VN O [ (9N ()]ar
t>0 0 t>0 0
< 0. (3.89)
This completes the proof of Theorem 2. O

Proof of Theorem 3 Let v = (v1,v3), N be a strong solution of the 2D MHD equations
with data
vo = (vor,v02) € V(R?) N L' (R?), Ny € Hy (R?) N L*(R?)
and external forcing fi (1,72, 23)(t) = (fi1(21,22)(t), fr2(a1,72)(t),0) € L*(R?). Then, we
have

v € L2([0,00); V) N Li ([0, 00); D(A)),

N € L*([0, 00); Hy (R?)) N L, ([0, 00); H?(R?)).
By the smoothing properties of the MHD, we know that Av(t) € L?(R?), AN(t) € L*(R?) for
all t > 0. we also know fo |Av(r)||2dr < oo,f0 |AN(7)||?dT < oo. Moreover, using this

estimate and the decay of solutions in [11],

1020(t) || Lo(r2y < C(L+1)77,
|IN )| o2y < C(L+1)?

where

.+

1
" :17 jzoula
p

1 1 ] 1
d:min{l,—/———i—l}, p € [2,00], -
P p 2 p

it follows hat

/ HVU(S)||%4(R2)C15 < OO,/ HVN(S)||%4(R2)dS < 00, (390)
0 0

/0 [0(8)[17 00 (r2yds < 007/0 IN ($)][7 00 (p2yds < oo (3.91)
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We are going to construct a global solution of the form v = o + w,B = N + E where
o = (v1,v2,0), N = (N1, N2,0), and w is small in V(R?), E is small in H}(R?). The equations

for w and E are given by

wy + Aw + Pl(w - V)w + (w - V) + (0 - V)w]
—P[(E-V)E+ (N -V)E+ (E-V)N]=P(f - f1)), (3.92)

~AE+ (w-V)E+ (w-V)N + (3-V)E
—P[(E-V)w + (E-V)& 4 (N-)w] = 0. (3.93)
We claim that for w(t) € V(R?), (w-V)w, (w- V), (6-V)w and (f — f1) lie in L?(R?). Hence,

for positive times in (3.92), it makes sense to apply the three-dimensional Helmholtz projection

to them. An application of Holder’s inequality is enough to bound the following terms:

|- V)l < ol sy [Vl 1@ - V)E] < o]l e gan) | VE]
| - D)E] < IN [y VN (N - D)l < [N ] o e [ V0]

The other terms are estimated by considering the variables z1, zo separately from xj:

I 'V)U”L2(R2 < fJw(, I3)||L4(R2)HV”HL4(R2),
II( 'V)N||L2 R2) < [w(, $3)||L4(R2 ||VN||L4 (R2)»
I - V)0ll72 2y < NEC, 23) 1 Za(roy VO L (2
I(E - V)N22(re) < 1EC, 23)lZa(rey VN 7 (g2

g

g

Using the Gagliardo-Nirenberg inequality in two dimensions, we have

lw(, 23) 1 2a(r2) < [ Varaow( @s)[[Ilw(, 23)] L2 (r2),
IEC, z3)ag2) < 1Varaa BC2s) 1 E(23)]| L2 (r2).

Integrating with respect to x3 and use Cauchy-Schwarz inequality, we obtain

(w- V)|l < [Vl 2w [Vl zaae).
l(w - V)N < Vw2 |w]| 2 [|VN]|2(r2),
I(E-V)5|| < |VE| 2| El|2 || Vol Lsre),
I(E-V)N| < [VE|? | E||? | VN||Ls(re).

The corresponding estimates of E(t) can be done similarly like that of w(t).

With this observation, equation (3.92) for w can be solved locally in V(R?) and equation
(3.93) for E can be solved locally in Hg (R?) in a straightforward manner employing, for example,
their equivalent formulation as an integral equation and standard estimates for the linear heat
equation. Thus, it is enough to get a priori bound for [[w(t)| g1 (gs) and ||E(t)| g1 (rs). This
will be done in a fashion similar to the proof of Theorem 1 part (ii). Multiplying (3.92) by w
and multiplying (3.93) by E, then integrating on R?, adding them together lead to

1d

530l + 1B + 90l + VB + [ P(tw-9)9) -
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+/RSP((w-V)N)-E— P((E-V)N)-w—/R3P((E-V)ﬁ)-E

RS
:/1%3(pf_pf1).w, (3.94)
Since

ol zoe ry llw][[[ V]|

_ ‘/RSP((w~V)w)-€)dx

< COllvllZes royllwll + el V%,

‘/R P((w - V)?) - wdz

and similarly

(w- V)N - Bdz| < C|IN[|7~|wl® + || VE?,

3

(E-V)N - Edz| < C|N|~||E|* +<|VE|?,

3

(B-V)o- Edz| < Cllv|li= | B + €l VE|?,

3

/ (Pf—Pf) - wdz
R3

Ty~

<e(Jwl® + 1EI?) + Cell f = Al

taking e sufficiently small (for example ¢ = 0.01), we obtain the differential inequality
d
el + %) + Co(|Vel* + [ VE?)
< C(I0ll7 = (r2y + INI7 = (r2y) (w0l + I EI?) + CIf = full%,

which immediately gives the bound

lw®]I* + 1 E@)]* < (IIw(O)I2 +IEO))* + /OOO 1/ (s) — f1(5)||2d5)

<o (€ [T 10O ey + NG eeds ). (395)
On the other hand, multiplying (3.92) by Aw(t) and (3.93) by —AE(t) yield
1d
L Vul + I9E2) + Aul? + A
+/ P((w- V)w) - Aw—!—/RSP((w~V)€))-Aw—l—/RSP((17~V)w)-Aw
/RSP Aw — /RSP((N-V)E)-Aw—/RSP((w-V)E)-AE
+/R3P Aw — /RSP((E~V)w)~AE—/RSP((E~V)U)-AE
/RSP AE — /RS P((w-V)N)- AE—/RSP((6~V)E)~AE
= [ Pt~ - v (3.96)

We have the estimates as follows:

‘/ P((w-V)w)-Aw‘ < C||Vwl||® + ¢]| Aw]|?, (3.97)
RS
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/R P((w-V)9) - Aw| < |[Vw|F w2 [ Vol go(rn) | Aw]

< Cllwl? + ClIVol g | Veol* + | A, (3.98)
/R P V)w) - Aw| < Cllollfe )| Veol* + ] Auw?, (3.99)
/RB P((E-V)E) - Aw' < O|VE|° + C|VE|?* + ¢|| Aw]|?, (3.100)
/R P((N-V)E) ~Aw\ < OV I VE|* + e Auwl (3.101)
[ PUE-9IN)  Au| < CIVEIIEIIV N oo 4w

< CE|? + CIVN||1ap2 [ VE|? + el Aw]?, (3.102)

—

1 1
(w-V)E- AE‘ < Cllwll=[VE[AE| < Cl[Vw| 2 || Aw|[* [ VE|[[| AE]
< C|VEIP[VwlllAw] + e AE]?
1
< CVE|YVwl® + 7 Aw]* + | AB|?, (3.103)

< 1 1
[ D) 5B] < [Vl a9 e | A

< Ol + CIVN L oy V0] + < ABI?, (3.104)

[ @918 88| < ol I VEIP + 0 (3.105)
R3

/ P((E-V)w) - AE‘ < C||Vu|® + C|VE|® +¢|AE|?, (3.106)
R3

[ (5900 85| < VBBVl 0B

< OB + IVl ) IVEI? + | AP, (3.107)

/ P((N -V)w) - AE‘ < C|IN|F e (rey IV0]* + €| AE| %, (3.108)
R3

[ps=rh -ij < O|lf = A2 + <] Awl. (3.100)
Q

Choosing ¢ sufficiently small (for example € = 0.01) reaches to

d _
g(IIVwII2 +IVE|*) + Co([|[Aw|? + | AE?)

< ClIVw* + IVEIP) + (017 g2y + V0l 24 r2) + IN 17 (m2)
FHIVNILare) (IVw]? + IVEI?) + [[w]® + | EI? + | f = £l17]- (3.110)

Therefore, ||Vw(t)||? + || VE(t)||? remains bounded if ||wo| g1 + || Eol| g is sufficiently small as
in the proof of Theorem 1 (ii). We complete the proof of Theorem 3. |
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