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Based on an improved shear-lag model, the effect of an inhomogeneous interphase on the
mechanism of stress transfer in fiber-reinforced composites is investigated. The inhomoge-
neity of the interphase is represented by the graded feature of the Young’s modulus varying
according to a power law or a linear one in the radius direction, while the Poisson’s ratio
and thermal expansion coefficient are assumed to be constants. Considering the effects
of the inhomogeneous interphase as well as the Poisson’s contraction and thermal residual
stress, closed-form solutions to the axial fiber stress and interfacial shear stress are
obtained analytically. Comparing the case with a power law to that with a linear one,
we find that the fiber stress increases significantly in the former case, while it decreases
slightly in the latter one with an increasing interphase thickness. With the same external
tensile load and interphase thickness, it is found that the fiber in the power law case is sub-
jected to a larger tensile stress than that in the linear variation one. However, the interfa-
cial shear stress is not sensitive to the interphase thickness in both cases, except that near
the two ends of fiber. Under the same external load, the maximum shear stress in the inter-
phase is much smaller in the latter than that in the former. All the phenomena can be char-
acterized by one parameter, i.e., the average Young’s modulus of interphase, and denote
that an interphase with a power variation law is more effective for stress transfer while
the linearly graded one is more advantageous to avoid shear failure. The results should
be helpful for engineers to properly design the interphase in novel composites, e.g. a
carbon-fiber reinforced epoxy one.
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1. Introduction

The mechanical properties of composites are affected by
a number of factors, such as the volume fractions and con-
stitutive behaviors of different constituents, some of which
have been systematically reviewed in the recent papers
(Fu et al., 2008; Lauke, 2006). Among the influencing fac-
tors, interphase, as one of the dominant elements, will
show great significance on the composite performances
(Yang and Pitchumani, 2004). During the process of manu-
facturing composites, physical and chemical interactions
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between reinforcements and matrix result in the formation
of interphase encompassing the reinforcement/matrix
interface (Drzal, 1986; Hughes, 1991; Theocaris, 1990;
Williams et al., 1994). As an intermediate transition zone
linking the reinforced fibers and matrix, the interphase
plays a key role during the stress transfer between fibers
and matrix (Hughes, 1991; Swain et al., 1990). Via proper
design of an interphase zone in composites, the interfacial
adhesion can be effectively improved, leading to a more
efficient load transfer at interfaces. As a result, the overall
stiffness and strength of composites can be enhanced since
more external loads are sustained by the stiff reinforce-
ments (Fu et al, 2008; Rjafiallah et al., 2010). There-
fore, understanding and disclosing the micro-mechanism
of stress transfer in fiber-reinforced composites with
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interphase should be of great significance for the design of
advanced composite materials.

Relevant experimental studies are relatively few due to
the complexity of interphase composition, although the
importance of the interphase has been fully acknowledged
for a long time. The formation of an interphase depends di-
rectly on the chemical, mechanical and thermo-dynamical
natures of the bonding process between fibers and matrix,
which leads to spatially non-uniform properties of inter-
phase in the thickness direction (Hughes, 1991; Gao and
Mader, 2002; Liu et al., 2008; Naslain, 1998; Zhang et al.,
2010). The size of an interphase region is rather small (at
sub-microscopic scale) and experimental tests of the inter-
facial characteristics should be affected by many factors,
such as the specimen geometries and fiber volume frac-
tions (Atkins, 1975; Hughes, 1991; Liu et al., 2008; Zhang
et al., 2010). An unequivocally experimental method to
determine the realistic distributions of interphase proper-
ties is not yet available.

In contrast to a few experimental studies, a large
number of theoretical and numerical investigations have
been carried out in order to figure out how the interphase
properties influence the overall mechanical behaviors of a
fiber-reinforced composite. For simplicity, the interphase
in many micromechanical models is assumed to be a
homogeneous material (Christensen and Lo, 1979; Hashin,
1990; Hayes et al., 2001; Qiu and Weng, 1991; Rjafiallah
et al,, 2010; Tsai et al., 1990), or divided into many homo-
geneous sub-layers with different properties (Jiang et al.,
2008; Mogilevskaya and Crouch, 2004; Wang et al.,
2006). More realistic and accurate models regard the
interphase as an inhomogeneous region with mechanical
properties varying continuously in the thickness direction
(Huang and Rokhlin, 1996; Jayaraman and Reifsnider,
1992, 1993; Kiritsi and Anifantis, 2001; Low et al., 1995;
Lutz and Zimmerman, 2005; Romanowicz, 2010; Shen
and Li, 2003), in which several empirical laws, such as
power, linear and exponential ones, are used to describe
the variations of the elastic modulus, Poisson’s ratio or
thermal expansion coefficient. Based on these models,
the influences of an inhomogeneous interphase on the
mechanical performances of composites, e.g. the thermal
stress distribution and overall stiffness, can be qualita-
tively investigated.

Though a lot of attention has been paid to the effects of
interphase properties on the stress transfer in a fiber-rein-
forced composite, most of them are numerical studies
(Hayes et al., 2001; Kiritsi and Anifantis, 2001; Needleman
et al., 2010; Wu et al., 1997). As for theoretical researches,
the shear-lag model (Cox, 1952) is always chosen as a sim-
ple and effective approach, based on which a three-dimen-
sional cylindrical or three-phase shear-lag model was often
adopted (Afonso and Ranalli, 2005; Fu et al., 2000a,b; Mon-
ette et al.,, 1993; Tsai et al.,, 1990; Zhang and He, 2008).
However, the interphase was also always modeled as a
homogeneous material in these works. Few researchers
used the shear-lag model to analyze the stress transfer in
a fiber-reinforced composite with an inhomogeneous
interphase.

In the present paper, an improved three-phase shear-
lag model is established, in which an inhomogeneous

interphase is taken into account. The inhomogeneity of
the interphase is represented by a non-uniform Young's
modulus, which varies according to a specially graded
law, i.e., a power law and a linear one, while the Poisson’s
ratio and thermal expansion coefficient are assumed to be
constants. An average interphase modulus, denoted as the
integration of Young’s modulus over the thickness divided
by the interphase thickness, is introduced as a value to
evaluate the effective stiffness of the inhomogeneous
interphase. Then, the shear-lag governing equations for
the two cases with differently graded laws are derived, in
which the effects of Poisson’s contraction and thermal
residual stress are included too. Finally, the effects of inter-
phase properties on the stress transfer in uni-directionally
fiber-reinforced composites are explored. Comparisons are
made for the two cases with different graded variations of
interphase. The analytical solutions are also compared to
the numerical ones in order to validate the constant
assumptions of Poisson’s ratio and thermal expansion coef-
ficient in our model. The results in this paper should be
helpful for optimal designs of an interfacial region in some
novel composites with a thermosetting matrix and stiff fi-
bers, e.g. carbon fiber-reinforced and carbon nanotube
(CNT)-reinforced epoxy composites.

2. Basic model and general formulae

A three-phase concentrically cylindrical unit cell for a
unidirectional fiber-reinforced composite is shown in
Fig. 1, in which the cell is subjected to a uniform tensile
load oy at two ends and the lateral surfaces are traction
free. The radius of the fiber cylinder is rr and the length is
Ly, surrounding which is a coaxially inhomogeneous inter-
phase with the thickness t and radius r;. Here ry=r¢+t as
shown in Fig. 1. The radius of the matrix is r, and the
length is Lp,,. Thus, the volume fraction of fibers Vyin the fi-
ber-reinforced composite can be expressed as

_ mrily _ rily
wril,  12Ln

Vs (1)

There are two interfaces in the three-phase model, i.e.
the fiber/interphase interface and the interphase/matrix
one, both of which are assumed to be perfect bonding.
All the fiber, matrix and interphase are regarded as linear
elastic and isotropic materials with Ej, v k5 Em, Vi, Km,
E;, v;, k; being their Young’s moduli, Poisson’s ratios and
thermal expansion coefficients, respectively. The sub-
scripts f, m and i represent the fiber, matrix and interphase.
For simplicity, only the Young’s modulus of the interphase
is assumed to be spatially non-uniform in the radial direc-
tion, i.e., E; = E{(r), while the Poisson’s ratio and thermal
expansion coefficient of the interphase are constants, as
treated in Jayaraman and Reifsnider (1992) and Yang and
Pitchumani (2004). In the following text, the constant
assumptions of Poisson’s ratio and thermal expansion coef-
ficient will be proved to be reasonable. Then, an average
modulus of the interphase can be defined as

Bt [Emar= [ Emar @
Ty )

ri =Ty,
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Fig. 1. (a) 3-D configuration of a three-phase cylindrical model of fiber-reinforced composites; (b) Schematic of the sizes of each phase in the model.

which can be used to evaluate the effective stiffness of the
interphase (Jiang et al., 2008; Wang et al., 2006).
According to Fu et al. (2000a), Chai and Mai (2001) and
Zhang and He (2008), the relations between the normal
stresses in the fiber, interphase and matrix and the interfa-
cial shear stresses at the two interfaces can be expressed as

doy 2 do; 2

o fq e (1 - 1iT);

dz e dz r,?—rfz(f] iT2);

don 2r;

— T 3
dz 12 -r27? 3)

which are the basic shear-lag equations for the three-phase
composite system. gy, g, 6, are the normal stresses in the
fiber, interphase and matrix, respectively, which depend
on the coordinate z in the axial direction, i.e., 5= 0{(z),
0i=0{2),0m = 0m(2). T1, T2, as functions of z, denote the
interfacial shear stresses at the fiber/interphase and inter-
phase/matrix interfaces, respectively. In addition, the equi-
librium condition between the externally and internally
axial stresses requires

0o = V107(2) + Y,0i(2) + V30m(2)
12 2 —r? 12 — 12 (4)
iv V2= ! » V3= - :

2
rm

e 7 2

As an improved shear-lag model, not only the axial stress
but also the radial and hoop stresses in each phase of com-
posites are considered. The stress-strain constitutive rela-
tions follow the general Hooke’s law,

1 1
& =g [0, = Val03+ 04)], &5 =507 = Va(0} + 04)]

b b (5)
s;:l[aa—vj(ag—s-o‘g)L 6;2=Mf§f (o= f,i,m)

E, E,

where ¢, 09,0,,77 are the radial, hoop, axial and shear
stresses, and ¢&,¢),¢%, €7 are the corresponding strain
components, respectively. The axial symmetric condition
of the cylindrical model gives the following geometrical

equations

c_ou g u L Ow,
S r T BT
oul  ow,
1z __ o o _ :
80( - az ar (O(_f717m) (6)

where ul, = u/,(r,z) and w,, = w,(r,z) are the radial and axial
displacements in different phases, the partial derivative of
u!, with respect to z is ignored according to the treatment
in Gao and Li (2005).

Eqgs. (5) and (6) yield the interfacial shear stresses 7, 7,
as (Chai and Mai, 2001; Zhang and He, 2008),

_ 1/ B ow(rz) En  Wn(rm2) - wi(11,2)
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Then, we have

dr;y 1 i E; 0€t(r,2) En &, (rm,2) — €(11,2)

Az " Biry /] vy o T2t B; B (8)
dty _ Em  &,(rm.2) — &(1i,2) )
dz " 2(1+vp) Bsr;

In contrast to the study by Zhang and He (2008), the ra-
dial and hoop stresses in different phases are considered in
the present paper. Moreover, the interphase in the present
model is inhomogeneous, while a homogeneous interphase
was considered in Zhang and He (2008). Two kinds of
inhomogeneous characteristics of interphase, i.e., a
power-graded variation law and a linearly graded one, will
be analyzed as follows, respectively, based on the
improved shear-lag model.

3. The case with a power-graded interphase

When the Young’s modulus of the interphase follows a
power variation law in the radial direction, i.e.,

Ei(r) = Pre (10)
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The continuity conditions of the Young’s modulus E; at
r=rrand r=r; yield

_Ef_Em _lnEm—lnEf
P~ S (an

An average value of the interphase Young's modulus

can be defined as
g1 Egry (Q)Q“ i
Ty
(12)

Ti
P = E(ndr=——+——
=y ), B = e
The radial and hoop stresses in Eq. (5) consist of the
ones induced by the Poisson’s effect and the thermal resid-
ual stress (Chai and Mai, 2001; Liu et al., 1994),

o0 =dP+q, dl=adP+q) (a=fim) (13)

where ¢ and ¢ denote the radial and hoop stresses
arising from Poisson’s contraction, g', and q’ are the corre-
sponding components of thermal residual stresses devel-
oped during the initial fabrication of composites (Gao
et al., 1988), as shown in Fig. 2. Next, the formulations of
o, o and ¢!, q will be found separately.

3.1. The radial and hoop stresses due to Poisson’s contraction

Under an external load o, the axial stresses in the fiber,
interphase and matrix are o, ;, 6. The radial and hoop
stresses 0}7’, 0}7" ,a® % in the homogeneous fiber and ma-
trix can be easily obtained (Gao et al., 1988; Whitney and
Riley, 1966),
of =a =A arp—£+H 0'0"—7£+H (14)

= r = m 2 ’ m T2
where the unknown parameters A, F, H are independent of
r.

Using Eqs. (5) and (6) leads to the radial and hoop stres-

ses in the inhomogeneous interphase,

E; du’ ul
m_ =1 _yp2 . A= z
o; =1, {(1 v,)dr+v,(l+v,)<r+s,)}
E r i
ggpzr[a — ) +vf)(%+£f)] (15)

1L dul
A= g (G- )|

where ;= (1 +v;%(1 — 2w).
The equilibrium equation for the interphase is

do? ol -
dr r
Substituting Eq. (15) into (16) yields

dur (dE 1 1\du [1dE v 1
(ot ) St (R =5 U]
dr? dr E; r) dr rdr E(1-v) 1r2)"!
dE,' Vi 2 Vi 88?_
tar EA—wi T o (17

Substituting & in Eqgs. (15) and (10) into Eq. (17), we get
2. r r L
d""+(Q+1)%+(QV’ 1)u{ 0 (18)

dr? r dr 12 N

(a)

Fig. 2. (a) Radial and hoop stresses induced by the Poisson’s effect when
the cell is subjected to a mechanical load o orthogonal to the r — 0 plane;
(b) Thermal residual stresses arising from temperature changes during
the initial fabrication of composites.

Solving Eq. (18) yields

uf =Br'™ + '™, my, =% {*Qi V@ —4Qvi - 1)}
(19)

where B, C are two unknown parameters to be determined
by the boundary conditions. Then, the radial and hoop
strains in the interphase are obtained

r

&= % = m,Br
r
o == prm g (20)

my;—1 my—1

+myCr s

Combining Egs. (10), (15) and (20) leads to,

op - [AlBr’(’"Z*” +A2Cr’<m’*”} + g,

o 1-v

op _ ° —(my+1) —(my+1) i .
o;" = 7 [AgBr +A4sCr ] 1o m O (21)
of + ol = IE [AsBr*(mz*” +A6Cr‘("“+”} + 12_\)iv_ o;
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where
Ay = (m +V,-)M7 A; = (my +vi)w’
1-v 1—v
A3:(m1¥'i+1)w, A4:(mzvi+1)w7
—v; "

As =A1+As, As=Ar+As
(22)
Five unknown parameters A, B, C, F, H are included in Eqgs.

(14) and (21). Consider the boundary conditions (Song
et al., 1996; Zhang et al., 2010),

r=r1y: G)C" =o0f, u=uj (23)
r=ri: o =0f, uj=uj (24)
r=rm: 0oF=0 (25)
We have

A :L(Hlo'f-l-HzO'i +H30m)

Hy
A\ 2! E
(7) F4($10i=V;07) ~pF2 (201~ VmOm)

1 o 1
.
E,r}”l (#) FiF4—Er't " FyFs

my -1
c (—’) F3(51 ai’vfo'f)’:,_{lFl(Szgi*"mam) (26)

my 1
“1(r -1
E,r}"z (?) FyF3—Er2  FiFy

VZ
H= 7@ HLS(H;,af + H¢oi + H70m)

Then, the radial and hoop stresses in different phases
can be obtained, which are functions of the axial stresses
o5, 0i, 0. In addition, we have

1
(O'TP-FG@) :—(H90f+H1oGi+H11O'm)
! ! r=ry H4
. 27)
H (H]zgf + H]30'[ + H140m)

r=rj 8

(07 +o)

Parameters F; ~F4, Hi ~Hq4, S; and S, are given in
Appendix A.

3.2. Thermal residual stress

In the initial fabrication process, shrinkage or expansion
occurs in the composite constituents due to the tempera-
ture change, which gives rise to thermal stresses in differ-
ent phases because of their different thermal expansion
coefficients. According to Jayaraman and Reifsnider
(1992, 1993), the solutions of the radial displacement in-
duced by thermal effects can be given directly. In the
homogeneous fiber and matrix, we have

o F
up = A, um:Hr+F (28)

which leads to the stress components g, q}’, qh,.q% with the
same forms as those in Eq. (14). Here, the notation “-” on a
variable denotes the relevance to the thermal effects (the
same hereinafter).

The radial displacement in the interphase is

ur(r) =Br™ 4 Cr™ — v;Dr,

Qi\/Q24<1Qvivil>} (29)

where D equals to the axial strain induced by the thermal
effects and can be determined by the vanishing axial stress
condition. Then, the radial and hoop stresses in the inter-
phase can be obtained,

_ 1
mip =5

q - ;3 (Bt 4 A, Crtm)]
g =F [Z3Er-<mz+1> +Z4Er-<m1+l>} (30)
1 I]

@ ) =1 [AsBr ) 4 ACrm]
1

in which we have
Ap =my (1=} +vi(1+w),A = ma(1—v}) + vi(1 + ),
As = (1 =) +mvi(1+vi),Ag = (1 = v2) + (1 + vy),
As =A1+As, As=A,+As

(31)

boundary conditions are required (Jayaraman and Reifsn-
ider, 1992; Zhang et al., 2010),

r=rp: gr=q;, Uu;+opAT = up + AT (32)
r=ri: q =qy, U+ oGAT =1, + AT (33)
r=rm: (n,=0 (34)
Iy Ti m
[ arar [ airdr+ [ arar—o,
0 Ty T
(zero-axial stress condition) (35)

Using the above boundary conditions yields

K = K]B + K2q1 + K3q2

B — (/)" Falgr AT+(vi=v)D)-Fs g AT+(vi=vm)D|
r]Tl 1(ri/rf>’"2’1F1?4—r§"’ 'EyFs

T = (/m)™ B34 AT+ )DI-F [g2AT+(4i=vm)D]

2 /M B Fs -2 Ry Fy (36)
F = K4D + Ksq; + Ksq,

H = % [(Ka + vm)D + K54, + Ko,

D= — 1 (Ksqy +Kogy)

where q; = (o — ;)AT, g2 = (ot — o)A T. In addition, the
general forms of q), +q)(o=f,i,m) in different phases
are found,
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K K.
0 =g +af =1 em{ [k 6w + Ko = 20 v}
2E, Ks K.
Q=) +qh =" (1+vm){ |Ks — 22 (Ka + Vi) | @1 + | K6 — 5 (Ka + Vi) | G
I K; K7
. K, K.
Qs = (g +q§’),:,! = (Kn - KlO%) a; + (KIZ —Kio Kfj)‘h

K K.
<K14 - Ki3 %)lh + (KIS —Ki3 K—j)q:

Parameters K; ~ Ki5,F; ~ F4 are given in Appendix A.

Q= (af +a)),_, =
(37)

3.3. Stresses in the improved shear-lag model

In Sections 3.1 and 3.2, we have obtained the radial and
hoop stresses induced by the Poisson’s and thermal effects
for a fiber-reinforced composite with an inhomogeneous
interphase. With the help of the above results, the axial
stresses in fiber, interphase and matrix can be found. Con-
sidering equations (5), (10), (13), (21) and (30), we obtain
the axial strain & in the interphase

#(r2) = g [0 = (o} + )]

ZV,'Z O; (my+1) (my+1)
_<lfﬂ>ﬁ—m[A5Br 1 AsCr
ASBr Y AT (38)

The derivative of & with respect to r is

%_7(]7 2v? ) oiQ

or 1—vi) pros
— 2 [AsB(my — 1)rm -2 AgClm, — )72
i
+AsB(my — 1)r™ 2 4 AsC(imy — 1)rm2’2} (39)

Then, the integral in Eq. (8) can be written as,

"k og(rz) 2v \ In(ri/ry) o
/,/2(1+v,-) ar dr*’(]’lfv)z(nv»)Q”’

+m[clof + G014+ C30m + Q5] (40)

where

K K
Q5:<C5—C4K—j>q1+<C6—C4 )qz (41)

Another term in Egs. (8) and (9) can also be derived

Vi Vim
i,Z) = ﬁQ4 —E—Qz
1 m

& (tm,z) — E(r

2vmri2 Hs v; Hy;
"B -7 Hy £
2vmri2 Hg 1 Vi His
C|En(2 - H ECEH
[0 (1 2002 H\
_Em 2 7rl-2 Hg E; Hg

(42)

where Q, and Q4 are given in Eq. (37). Combining Egs. (8),
(9), (40) and (42) results in

dt 1
d_z] B (C707 + Cs0i + CoOm + Q)
dt 1
d_zz = m(cmof + C110i + C120m + Q7)
m 1
Qs = 2(-1 + Vim)Bs <v'"Q2 Q4) 2I;(1 +V1)Q

Q7 = -vnQ, +%ViQ4
(43)

The relevant parameters C; ~ C;, are given in Appendix A.
Substituting Eq. (43) into (3) leads to

dz()'f 2 dT]

a2 1 dz B r2 (C107 + Cs6 + CaOm + Qo)

d’a; 2 dt dt 2

e & (f dz] I dz£> 7ﬁ {B (C705 + C30;i + CoOm + Qg)

1

*m(cmﬂf +C110i 4+ Ci20m + Q7>]

oy 2r; dt 1
R T; A w2 7B (Cr007 + C110; + Cr20m +Q7)
(44)
In addition, Eq. (4) yields,
1
Om =g(00*y1gf*“/20i) (45)

Then, the axial stress g; in the interphase can be obtained
by substituting Eq. (45) into the first equation of (44)

Bir? (g 7 C
L EF 4 (G =1 )oy — (Qs +$200)
Cs—2Co

oi=- (46)
Further substituting Eq. (46) into the second equation of
(44) yields a fourth-order ordinary differential equation
about oy,

d‘c d’a
5 4f+511 dzzf+5220'f+533 =0 (47)
in which

2 b2 2
su=-2(c ,gc), [(c
1 Blrf ( 7 7 9 B, (rz rz) 8

72 1 ( 72 )}

“he)o b (¢, -1

: 7 9) 201+ vm)Bs 1 7 12
— 2 2

52 7B1r}(r[2 ) (1+Vm)Bs [(C” 7"7(-12)(

) (Cs 7359) (Cw *?Qz)]
T
:m VB [(C” —LCQ) <QG +7Jo) - ( s *7(:9) <Q7 +CTI32°'O)]

(48)

Using the non-dimensional parameters r* =r/rs,z* = z/Ly,

i =Ti/15, 15 =Tw/1y and t* = t/r; =17 — 1, Eq. (47) can be
rewritten as
26
‘(jil T+ 4p°Sy, ‘:1 zf +16p%Sy,07 +16p*S3; =0 (49)
Z*

where p = L;/2r; denotes the aspect ratio of the cylindrical
fiber and the dimensionless parameters Sj;,S5,,S5; are

16) oL@ 20 st (0 i)
s G-leg) 2 (ee-Pce) ot (cn-L2c,
" B<7 75 B A A L A B T
. 2 T2 )( 1 ) ( rz )( il )}
S g p a1 (G e ) (G-It ) (G226 ) (co-Te
27 BBy (1+vm) (141 1]{( A AN T AN A

SIS KA AY 1O SRR SIS
Sis BB (1 o110 ]]KCH V}CIZ Q5+730'o Cg “/'3C9 Q7+V3 0o
(50
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According to Afonso and Ranalli (2005) and Fu et al.
(2000a,b), the general solution to Eq. (49) can be obtained
as

s

532
k] _ zp\j 11 \/211 22 (O <z < l)

Due to the assumption of perfectly bonded interfaces in the
present model, we have ¢{0)=0, and o{1)= 0o, which
yield

o5(z") =

3 + W3 cosh(kiz") + W, cosh(kz)

(51)

s

33
52

B (ao + %) [1 — cosh(ky)]
4T sinh(ky)

W3=O'0+

(52)

Then, the normalized closed-form solution of fiber’s axial
stress is
S5 S33\ sinh[k; (1-2")] S33) sinh(k;z*)
o5(z°) st (60 +§> simte) (90 52 ) Sty
oo (2]

%

o; =

(53)

4. The case with a linearly graded interphase

When the Young’s modulus of the interphase follows a
linear variation law in the radial direction, i.e.,
Ei(r)=a+br (54)

The continuity conditions of the Young’s modulus E; atr=ry
and r=r; yield

a—_Ti g g p_ EBEn (55)
ri =Ty Iy =Ty ri =Ty

The average interphase modulus is

—~ E+E

E=-" ; n (56)

In contrast to the average interphase modulus in Eq. (12),
E; is a constant in this case, which is independent of the
interphase size.

The similar method to that in Section 3 can be used to
find the radial and hoop stresses induced by Poisson’s con-
traction and thermal residual stress, respectively.

4.1. The radial and hoop stresses due to Poisson’s contraction

In the homogeneous fiber and matrix, the radial and
hoop stresses have the same forms as those in Eq. (14),
and the equilibrium equation in the interphase can be
written as

d’ur b 1\ du; bv; 1

o arws) @ (e m)i=0 ©)
Let b +1=p(r) and -2 :l'br) % = q(r). The general solution
to Eq. (57) can be found using the series solution method

(Johnson and Johnson, 1965). One can see that two singular

points exist in p(r) and q(r), i.e.r = 0 and r = —a/b. However,
both of them lie outside the interphase domain. Eq. (57)
can be solved as (Jayaraman and Reifsnider, 1992, 1993)
= ri+T
ul(r) = ;Rn(r —1)", To= ’Tf (58)
in which rg is a point locating at the middle of the inter-
phase layer and R, are the coefficients of the power series.
Substituting Eq. (58) into Eq. (57) and using the Series
Solution method yield

U; (r) = Rofi (r = o) + Rufo (r — 10) (59)

where fi(r —ro) and f(r —ro) are n orders polynomials
with respect to (r — rp). The coefficients can be determined
by the Taylor expansions of p(r) and q(r) (Johnson and
Johnson, 1965). Numerical calculations show that the con-
vergence of the solution is satisfied only if n > 8. There-
fore, n=8 is taken in Eq. (59) in order to get an
asymptotic solution of u}. The radial and hoop strains can
be obtained as

fi

& =Rof, +Rify, & =Ry~ +R1f2 (60)

fi.f; are the derivatives of f;, f, with respect to r. Mean-
while, the radial and hoop stresses in the interphase are

_ E; Vi
=1 [A1(r)Ro + A2 ()R] + T,

E; W
p _ I—f[A3(r)R0 +A4(r)Ry] + T —lv a; (61)
1

i

gi

E,‘ zvi
of + 01" = 1 AR + As(P)Ri] + 10

where
Ay =n(yi+vith), A =n(y, +vi22),
) =n (v +2). Aar) = (v +22).

(62)
=A1+As, As=Ar+As
(4w =2w)
a 1- Vi

Using the boundary conditions in Egs. (23)-(25) results in

A :Hl‘l(Hlaf +H20',' +H3(7m)

R _ EmF4(510i—v07)—EfF3(S20i—VmGm)
0= EnEr(FiFa—FoF3)

_ EmF3(510—v;05)—EF1 (S20i—Vm0Om)
Ry = EmEy (FaF3—F1Fg) (63)
2
F=-r;H
2
Hffi (H50'f+HGO',+H70'm)

Further, we have
1
(0?’ + o*ﬁ”’)r:r =0 (Hsaf + HoOi + HigOm)
i 4

()
r=r;

The parameters F; ~ F4,H{ ~ Hy3,5; and S, in the above
equations are given in Appendix B.

! (64)
= m(HnO’f + Hi20i + Hi30m)



42 Y. Yao et al./ Mechanics of Materials 58 (2013) 35-54

4.2. Thermal residual stress

In the homogeneous fiber and matrix, the radial dis-
placements induced by the thermal effect possess similar
forms to Eq. (28). The general solution of the radial dis-
placement u! can be obtained by the series solution meth-
od (Johnson and Johnson, 1965; Jayaraman and Reifsnider,
1992),

ui(r) = Rof1(r — 10) + Rif2(r — o) — viDr (65)

Numerical calculations show that n =8 can guarantee the
convergence of the asymptotic solution of u}. Then the ra-
dial and hoop stresses in the interphase are

i =7 (AR + A ()R
= 7 [Aa(rRo + AR (66)

E -
q+q = [AS( )Ro +A5(r)R1]
in which
Ar)=(1-vH)y, +vi(1+ vi)y?], A (r) = (1= vy, +vi(1 + v,»)%,
As(r) = (12 )y‘ T4y, A =(1- vz)y2 (1 V)P,
As =Ai +A;s, As=A,+A,

(67)

Using the boundary conditions in Egs. (32)-(35), we
have

Z = K]B + qu] + K3q2

FiF4—FyF5

R — Fy[q1 AT+(vi—vy)D)—F; [g2 AT+(vi—Vm)D)

| = ATy F gpAT 4D

FyF3—F1F4 (68)
F= K4E + K5q] + K5q2

=

:l:\

= 12v, 2v [(K4 + vm)D + KSQI + KGQZ]
D= **(Ks(h + Koq,)

where qq = (atf — o4)AT, g2 = (ot — o;)A T. For the case with
a linearly graded interphase, ¢’ + q(o. = f,i,m) has the
same general forms as Eq. (37), and the relevant parame-
ters K; ~ K5, F; ~ F4 are given in Appendix B.

4.3. Stresses in the improved shear-lag model

Combining Egs. (5), (13), (61) and (66) yields
1
#Hr2) = g o1 - ot + o)

—(1_ 2Vi2 g;
1-vi/a+br

_ % [As(r)RO + As(r)Ry + As(r)Ro +Ze(r)R1]

(69)

Then, the integral in Eq. (8) can be written as

NOE 08(nz), InEn/E) 27\
/rfz(1+v,-) ar 9=~ (17 )G’

2(1+w) T-v
o ), A (R0 + As(R,
+A7()Ro + Ag(r)Ry | dr (70)

in which

As(r) = (a + br) dA(jr(r) . As(r) = (a+br) dAd(r) T

A (1) = (a-+br) d’%r(r) . As(r)=(a+br) ’Kdrm o

Substituting Ry, Ry, Ry, R; into Eq. (70) yields

0e(rz) 202 \ In(En/Ey)
20+v) or dr= _<1 T1- Vi) 21 +v)

Ty
[Cio7 + Co0i + C30m + Q5]
(72)

S L
2Li(1 +v;)

where Qs = (Cs — Ca %)Ch + gce - C4% q>-
Combining Egs. (5), (13), (14), (64) and (69) leads to an-
other term in Eqs. (8) and (9),

Vi v
gm(rﬂhz) - gi(rivz) = EIQ4 - E—sz
1 m

[ 2vmr,-2 Hs Vi Hiq
T En(? ) Hy TEHy |~

2eri2 Hsg 1 Vi Hip
T B2 - Hi EE H |
[1 2er<2 H; Vi Hiz
1 i 7y Vi3
B e e H) TE HJ
(73)
Then, we have
dt 1
dzl Blrf(C7O'f+C80'z+C90m+Q6)
de 1
E*m(cloaf+cllai+C12am+Q7)
Qs = L VmQ V‘QA ,LQ
6T 2(1+vm) w2 R 261 +v) >
Q VmQ2+ VQ4
(74)

Similar to Section 3.3, we can finally obtain a fourth-order
differential equation for fiber’s axial stress oy, which has
the same form as Eq. (49). Parameters C; ~ Cy; in this case
are given in Appendix B.

5. Results and discussions

Consider a unidirectional carbon fiber-reinforced com-
posite system subjected to a uniform tensile stress ay.
The matrix is a brittle thermosetting polymer (e.g. epoxy
resins), which enables the tensile load to be transferred
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by the elastic shear deformation at interfaces (Huang and
Young, 1996; Leveque and Auvray, 1996). In the composite
system, Young’s modulus of the interphase varies continu-
ously in the radial direction (Liu et al., 2008; Yang and Pitc-
humani, 2004). According to Chai and Mai (2001), Fu et al.
(2000), Jayaraman and Reifsnider (1992), Kiritsi and Ani-
fantis (2001), Wu et al. (1997) and Zhang et al. (2010),
the material parameters are taken as: Ey= 230 GPa, E, =5 -
GPa, =02, v;=v;,=035 p=10, or=12x107°%/°C,
o;=28 x 107%/°C, oty =55 x 1075/°C, A T=-100°C. The
ratio of length is L¢/L;,, = 0.5, which will be fixed in the pres-
ent paper. Then, the volume fraction of fibers in Eq. (1) de-
pends only on the ratio ry/ry. Initially, we choose V;=0.18
and the uniform tensile load o= 10 MPa. Based on the
above theoretical analysis, the effects of the inhomoge-
neous interphase on the mechanism of stress transfer
among fibers, interphase and matrix are discussed as
follows.
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5.1. The case with a power-graded interphase

Fig. 3(a) gives the Young's modulus of interphase E;
varying in the radial direction for different ratios of t/ry
according to a power variation law. Since the Young’s mod-
ulus of fibers is much larger than that of matrix and the
continuity conditions of Young’s modulus at interfaces
should be satisfied, E; decreases in the radial direction.
Fig. 3(b) shows the average Young's modulus of interphase
as a function of the non-dimensional interphase thickness.
From Fig. 3(b), one can see that E; decreases slightly with
an increasing interphase thickness. The thicker the inter-
phase layer, the softer it will be. In this case, the overall
modulus of the composite annulus surrounding the fiber
will reduce as the volume fraction of interphase grows.

Fig. 4(a) and (b) plot distributions of the normalized fi-
ber’s axial stress along the normalized axial coordinate for
cases with different interphase thicknesses and volume
fractions of fibers. Clearly, the fiber’s axial stress rises rap-
idly from two ends to reach a plateau value in cases with
different volume fractions of fibers, and keeps almost uni-
form within the middle region of the fiber, exhibiting a
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similar pattern to those in Fu et al. (2000b), Wu et al.
(1997) and Zhang and He (2008). Meanwhile, it is found
that the increase of interphase thickness leads to an in-
crease of fiber stress. This phenomenon can be explained
by the reduction of the average interphase modulus with
an increasing interphase thickness as shown in Fig. 3(b).
Since the interphase layer becomes soft with an increasing
interphase thickness, the effective stiffness of the compos-
ite annulus (formed by the matrix and interphase layers)
surrounding the fiber decreases correspondingly, resulting
in a weakened load bearing capacity of the materials out-
side the fiber. More external loads should be supported
by the stiff carbon fiber. These results indicate that when
the interphase modulus has a power variation, a thicker
interphase layer is more helpful for a better stress transfer.
An average axial stress is defined as follows,

<0'f*> = /O] 07(z)dz" (75)
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which is used to evaluate the stress level within the fiber.
Fig. 5 gives the average axial stress as a function of inter-
phase thickness for cases with different volume fractions
of fibers. One can see that the average fiber stress
increases almost linearly with an increasing interphase
thickness, but with a low slope. This tendency is consis-
tent well with that in Fig. 4. Both the results in Figs. 4
and 5 reveal that for the case with a power graded inter-
phase, the fiber’s axial stress will increase at a small and
constant growth rate when the interphase zone becomes
thicker. This argument is of significant reference for a
proper design of interphase size to achieve a desirable
axial stress of fibers.

Effects of the inhomogeneous interphase on the shear
stresses 7; and 7, at the fiber/interphase and interphase/
matrix interfaces are depicted in Fig. 6(a) and (b), respec-
tively. It is found that not only the distribution of 7, but
also that of 7, is almost insensitive to the variation of inter-
phase thickness in the middle region of a fiber. This result
is consistent with that in Fig. 4(a) and (b) and governed by
the relations in Eq. (3), in which the interfacial shear stress
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depends only on the increment of the axial stress for a
determined model structure. Only the interfacial shear

V=0.18, linear variation

—=— 1t/ =0.05

104 - 8- =01
A tr;=0.15
05 - t=0.2

0.0 ,-—!—'—D—l—l—!—lf—'—'—'—‘—'—"""l)
-0.5 4

1.5

Normalized interfacial shear stress at
the fiberfinterphase interface (T1/0g)

20 T T T T T
00 0.2 0.4 08 08 1.0
Normazlied fiber axial distance (/L)
B ;o] I
V=0.18, linear variaticn
w3
o B —a— t/r=0.05
o & 104
< b5 -®- th=01
BS A tm=0415
= E 0.5 —¥- =02
G E
-% -‘E 0.0 4 AA—E—A—N—F V¥~V —F—F—F—F—N—¥
T E
T =
E 3054
(]
25
580
E £
5 ©
Z2 5.5
T T T T T
0.0 02 0.4 08 08 1.0

Normazlied fiber axial distance (z/Ly)

Fig. 10. Distributions of the interfacial shear stress along the axis of fibers
for different interphase thicknesses in the model with a linear variation
law. (a) At the fiber/interphase interface; (b) At the interphase/matrix
interface.



46 Y. Yao et al./ Mechanics of Materials 58 (2013) 35-54

stresses near both ends of the fiber are influenced by the
interphase thickness.

5.2. The case with a linearly graded interphase

Fig. 7(a) gives the schematics of Young’s modulus of the
interphase varying in the radial direction with a linear fea-
ture. The continuity conditions lead to the linearly varying
slope of the curves decreasing with an increasing inter-
phase thickness. Fig. 7(b) shows the average Young's mod-
ulus of the interphase for cases with different interphase
thicknesses. One can see that the average Young’s modulus
is a constant independent of the interphase thickness in
the structure with a linear graded interphase.

Fig. 8(a) shows distributions of the normalized fiber
stress along the axial direction for cases with different
interphase thicknesses. In contrast to the corresponding
results in the case with a power variation law as shown
in Fig. 4(a), the interphase thickness does not exhibit sig-
nificant effects on the distribution of the axial stress of fi-
bers in the linear variation case. Amplifications of the
axial stress distributions in the middle of fibers are shown
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in Fig. 8(b). It is surprising to find that, contrary to the re-
sults in Fig. 4(a), the plateau value decreases with an
increasing interphase thickness, though the decrement is
small. This feature is also reflected in Fig. 9, where the
average fiber stress ( g} ) reduces linearly but slowly with
an increasing interphase thickness. This phenomenon can
also be characterized by the varying relation between the
average interphase modulus and interphase thickness for
the linear variation case, as shown in Fig. 7(b). It is noted
that the volume fraction of the interphase in the cylindrical
cell will increase and that of the matrix decreases with an
increasing interphase thickness. The effective stiffness out-
side the carbon fiber is enhanced because the constant
average interphase modulus E; is much larger than the
modulus of polymer matrix. Consequently, fibers share a
less external load. With a constant average interphase
modulus, the effects of interphase properties on stress
transfer arise only from the variation of interphase thick-
ness, which are actually very small (Fu et al., 2000b).

Comparing the results in Figs. 4 and 8, one can see that
an increasing interphase thickness has totally opposite ef-
fects on the fiber stress in the cases with a power and a lin-
ear variation law. This phenomenon mainly arises from the
different varying trends of the interphase effective stiffness
versus thickness, as shown in Fig. 3(b) and 7(b), which is a
distinct characteristic of the graded interphase as com-
pared to a homogeneous one.

Effects of the interphase thickness on the shear stresses
71 and 7, at the fiber/interphase and interphase/matrix
interfaces are depicted in Fig. 10(a) and (b), respectively.
It is found that not only the distribution of 7; but also that
of 7, is almost insensitive to the variation of interphase
thickness in the middle region of a fiber. The result is very
similar to that in the power variation case, which is gov-
erned by the relations in Eq. (3). The interfacial shear stress
depends only on the increment of the axial stress for a
determined model structure. Due to the existing plateaus
in Fig. 8(a) and (b), the corresponding interfacial shear
stress almost vanishes in the same region.

5.3. A comparison between the linear graded case and the
power graded one

Fig. 11(a) and (b) show the distributions of axial stress
of fibers for both cases with different volume fractions of
fibers and different interphase thicknesses. In the case with
a fixed interphase thickness, fiber’s axial stress in the
power case is larger than that in the linear one and it is rea-
sonable to find that fiber’s axial stress decreases with an
increasing fiber’s volume fraction. In the case with a fixed
volume fraction of fibers, the difference of the fiber’s axial
stress between the power case and the linear one increases
with an increasing interphase thickness. This tendency can
also be explained from the perspective of the average
interphase modulus. Since the average Young's modulus
E; in the power case is much smaller than that in the linear
one, which leads to a softer stiffness outside the carbon fi-
ber, the fiber in the former should sustain more tensile
loads. On the other hand, the average Young’s modulus E;
in the power law case decreases with an increasing inter-
phase thickness, while E; in the linear one keeps a constant.
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Therefore, the deviation of fiber’s axial stress in the two
cases enlarges with an increasing interphase thickness.
The results indicate that interphase with a power variation
law should be more effective for stress transfer than that
with a linear one.

Fig. 12(a)-(d) show the comparisons of the interfacial
shear stresses for the power and linear variation cases.
The differences between the two cases are very small if
the interphase thickness is small, because the interfacial
shear stresses 7; and 7, in most areas of the interface are
almost insensitive to the interphase properties. Only when
the interphase thickness becomes large, the interfacial
shear stresses in the power variation case exceed those
in the linear one at the region near the two ends of fibers.

In the practical design of novel fiber-reinforced com-
posites, one of the main objectives is to prevent the inter-
phase region from shear failure. The maximum shear stress
in the interphase can be expressed as

r2 Tf
T (r,2) = <7’ - r) rT(2) + (- - riT2(2) |,
f

(p<r<m) (76)
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At an arbitrary radial position, the distribution of 7/ in z
direction has the same characteristic as 7; and 7, so the
maximum value should occur near the two ends of fiber,

Timax(r) = |T{Z(r7 0)|

1 r2 r7
7ri2—rf (7—r>rf|rl(0)|+ r—— ri|T2(0)]],

(rp<r<rm) (77)

The distributions of 7; ya.x for the two variation cases are
shown in Fig. 13. The maximum shear stress 7; max iS 0bvi-
ously larger in the power variation case than that in the
linear one, which means that the latter should be more
favorable for reducing stress concentration in the inter-
phase region. Therefore, composites with an inhomoge-
neous interphase varying according to different laws may
own their special purposes. The interphase with its
Young’s modulus varying according to a power law should
be more efficient for stress transfer, while the one with a
linear variation law is more advantageous in preventing
shear fracture.
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5.4. Finite element (FE) validation

To validate the analytical results, finite element calcula-
tions are carried out based on the three-phase composite
system shown in Fig. 1. In order to simulate the thermal
residual stresses in different phases, the composite system
is subjected to a temperature change AT. ABAQUS is used
as a solver (DS SIMULIA, 2010) and the graded feature of
the interphase properties are implemented into the
numerical model via the subroutine USDFLD available in
ABAQUS.

Fig. 14(a) illustrates the theoretical and numerical pre-
dictions of fiber’s axial stress for the case with a power-
graded interphase. It is found that the theoretical result
agrees well with the numerical one in the case that the
interphase has a power-graded Young’s modulus, but a
constant Poisson’s ratio and a constant thermal expansion
coefficient. If not only the Young’s modulus but also the
Poisson’s ratio and thermal expansion coefficient vary
according to the same power-graded law as given by Eq.
(10) in the radial direction, the numerical result for this
case will have a small difference from the theoretical result
with assumptions of constant Poisson’s ratio and thermal
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expansion coefficient, but the deviation is less than 10%.
Fig. 14(b) gives the theoretical and numerical predictions
of the fiber/interphase interfacial shear stress, in which
one can see that the interfacial shear stress is hardly sensi-
tive to the power graded Poisson’s ratio and thermal
expansion coefficient in the interphase.

Fig. 15(a) and (b) present the analytical and numerical
results for the case with a linearly graded interphase.
One can see that the effects of the linearly graded Poisson’s
ratio and thermal expansion coefficient of the interphase
on the fiber’s axial stress and interfacial shear stress at
the fiber/interphase interface are very weak. The deviation
between the theoretical prediction and the numerical one
is less than 10%.

The above comparisons demonstrate that the spatial
variations of the interphase Poisson’s ratio and thermal
expansion coefficient have very limited influences on the
stress distributions in the three-phase composite system,
and the constant assumptions of Poisson’s ratio and ther-
mal expansion coefficient in our analytical model is rea-
sonable. In fact, the constant assumptions have been
adopted in many studies of elastic graded materials, such
as Chen et al. (2009), Giannakopoulos and Pallot (2000),
Jayaraman and Reifsnider (1992) and Suresh et al. (1997).
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5.5. Effects of thermal mismatch on the stress transfer

The thermal expansion coefficients of different phases
are taken to be constants in our model, the magnitude of
thermal residual stress is governed by the temperature
change AT during the fabrication of composites. The dis-
tributions of fiber stress under different AT are shown in
Fig. 16(a) and (b) for cases with a power and linearly
graded interphase, respectively. It is easy to find that
the fiber stress increases with an increasing AT, which
is qualitatively consistent with the numerical results in
Song et al. (1996) and the experimental results in Huang
and Young (1996). Due to the increasing thermal mis-
match, the radial pressure at the interface increases,
resulting in an increasing fiber’s axial stress owing to
the Poisson’s effect.

Fig. 17 gives the corresponding distributions of interfa-
cial shear stress under different AT for the two cases. The
interfacial shear stress increases slightly near the two ends
of fibers with an increasing AT, which was also evidenced
by Huang and Young (1996) and Song et al. (1996). There-
fore, thermal mismatch in such a three-phase composite
would be helpful for achieving a better stress transfer,
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Fig. 16. Distributions of fiber stress under different temperature changes
for (a) A power-graded interphase; (b) A linearly graded interphase.

but has a negative effect on protecting interface from shear
failure.

6. Conclusions

A three-phase shear-lag model is developed in this
paper to investigate the effects of an inhomogeneous inter-
phase on the mechanism of stress transfer in unidirectional
fiber-reinforced composites. The interphase Young's mod-
ulus is regarded as spatially non-uniform while other
material parameters are chosen to be constant. A power
variation law and a linear one of interphase Young’s mod-
ulus are considered, respectively. Closed-form solutions to
the fiber’s axial stress and interfacial shear stress are ob-
tained. In the former, it is interesting to find that the in-
crease of interphase thickness leads to an increasing
fiber’s axial stress due to the reduction of the effective stiff-
ness of a thickened interphase layer. In the latter, the fi-
ber’s axial stress is found to decrease with an increasing
interphase thickness due to the enhancing overall modulus
of the composite materials outside fibers. In both cases, the



v
(=}

—
)
'

204
power variation
B 15 V=0.18, tr=0.1 ’
5 5 —&— AT=0 (q'=q®=0) 'y
g 104 - - AT=-100°C /
58 - A- AT=-150°C /
[v] © F/
¢ 5 05
R -//i
B 0 g0 B e B e e el —
s ® ./"“
Tt £ _’
8505 f
£s /
B < 104
o2 r
(o]
E'p-154
S £
z
2.0
. . T r r . T - T
00 02 04 06 08 10

Normazlied fiber axial distance (z/L;)

(b) ..]
1 linear variation
aE Vi=0.18, /r=0.1 3
2 =0 (q'=q°= y
@l‘;m_ —=— AT=0 (q'=q®=0) s
% g - ® - AT=-100°C :
g - ol =.150°
$ € o5 AT=-150°C :
[
=
E g 004 Attt —
5§05
£ g b
B 109
53 '}
z 5 15
S £ j
27 204
y g T T T - r
%0 02 0.4 06 08 10

Normazlied fiber axial distance (z/L;)

Fig. 17. Distributions of interfacial shear stress under different temper-
ature changes for (a) A power-graded interphase; (b) A linearly graded
interphase.

interfacial shear stress is almost insensitive to the inter-
phase thickness except that near the two ends of fibers.
All the phenomena can be characterized by an average
Young's modulus of interphase, which reduces or keeps
invariant in the two cases, respectively. Moreover, compar-
isons of both cases show that the former one is more
advantageous in stress transfer, while the latter is more
favorable for preventing shear failure. Numerical calcula-
tions are carried out and the numerical results agree with
the theoretical ones, which demonstrates the reasonability
of the constant assumptions of Poisson’s ratio and thermal
expansion coefficient of the interphase. The results in the
present paper are derived based on the elastic load transfer
mechanism, which should be useful for the design of some
novel fiber-reinforced thermosetting matrix composites,
especially for those with a modified interphase due to a
weakly adhesive interface between the fiber and matrix,
such as carbon fiber-reinforced epoxy composites
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Appendix A

In the case with the Young’s modulus of interphase
varying according to a power graded law, F; ~ F4, S1, S in
Eq. (26) are
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Then, Hy ~ Hy4 in Egs. (26) and (29) can be expressed as
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The parameters Ay, Ay, As, Ag in Egs. (A.1) and (A.2) can be
found in Eq. (22).

In the part of thermal residual stress, the coefficients
F, ~ F, in Eq. (36) are
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Then the coefficients K; ~ Ky in Eq. (36) can be expressed
as
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The parameters A;,A,,As,Ag in Egs. (A.3), (A.4), (A.5), (A.6),
(A.7), (A.8) can be found in Eq. (31).
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Appendix B

In the case with the Young’s modulus of interphase
varying according to a linear graded law, the coefficients
F1 ~ F4, 1, S, in Eq. (63) are
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The functions Aq(r), Ax(r), As(r), Ag(r) in Egs. (B.1), (B.2),
(B.3) can be found in Eq. (62).

In the part of thermal residual stress, the coefficients
F, ~ F, in Eq. (68) are
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Ky = % [(1-97) +2v(1 + Ky

r2 —12)E
+% [(1=V2) +2Vm(1 + v)K4] + My
Epver? rm—17)E
Kg = %(1 +v)K> +(1n1—1)7ﬂvm(1 + Vm)Ks + M,
f m
Epvyr? rm—17)E
Ko ==L (14 vk +("‘17’)'“vm(1 +Vm)Ke + M3
f m
(B.5)
in which
M, = P 4 L+ ) (PrFs = PaF3)(vi — vy) + (PaFy — PyFa)(vi — Vi)
I FiFs — FoFs
M, vi(1+v;) PyF4 — PyFy vi(1+vi) PoFy — PiFy
2= T E E.FE. 37 FF F,F.
I; FiF4 — F>F3 I FiFs = FaFs (B 6)

_ s o bs
r=5(7-1) 5(-1)
Pi= [ Ey,(r) +3:(r)dr, Py = / "Elr(r) + ya(r))dr
Jy .

a, b satisfy Eq. (55). The coefficients K;o ~ K;5 in Eq. (69)
are given as

PO s [As (rp)Fa — Ao (1)Fs)(vi — vp) + [As (1)F1 — As(r)Fa] (Vi — Vin)
0= F,F, - F,F;
Ki Ey As (r)F4 — A (ry)F5 Koy — Ey As(17)F1 — As (p)F,
"L FRFi-FF 7T FiF, - R
T o (B.7)
k.. Em [Bs(ri)Fa — As(r)Fa)(vi —vp) + (A (ro)Fy — As(r)Fa] (Vi — Vm)
"7 FiF4 — FyF;
Kis — Em As(ri)Fs — As(r))F3 K Em As(ri)F1 — As(1)F;
W=7 —== == 5=7 — =% =%
I; FiF4 — FoF3 I; Fi1F4 — FoF3
In Eqgs. (B4), (B.5) and (B.7), the functions

Ai(r),Ay(r),As(r),As(r) can be found in Eq. (67).
The parameters C; ~ Cg in Eq. (72) are expressed as

Vr VoF3 — ViFy 1 (ViF4 = V3F3)S; + "52(V2F1 ViFy)

Cl:EfFlF4*F2F3’ G= E FiFy — FyF3
¢, _ Vn ViFa = VoFy  (ViFa = VoFs) (vi = vy) + (VoF1 = ViFo) (¥ — Vi)
T Es FiFs—FoF5 47 FiFs — FoF;
_ ViF4 —V)Fs c _VoFi - ViR,
"~ FiF4-FEF’ " FiFs - FF
(B.8)
in which
_ A-(P)]
o= e [ oo S
T 1
V, = / Ag(r)dr = / (a + br) dA;;r) dr
Tf d
] . (B.9)
V= / A (r / (a+ br) dsr(r) dr
r [ A T
Vy= / As(r)dr = / (a+ br) dA;(r) dr
Ty Ty r

The parameters C; ~ Cq3 in Eq. (74) are given as follows,

C e B, 2vwriHs  EqviHn G
77200+ Vm)Bs (3, —1?)Hs  EHa 2(1+ )

B, 2vur?Hs  En EnviHp v;Cy 1 < 2\;2)
Cg= L —=my — — 1-—-22 )In(E,, /E,
S =21 1 vm)Bs [(rzm—r.?)m E T E Hi| 20+ zi+w\ 1=y, En/E)
Com B, 14 2vuitHy  EmViHi3 viCy
*T2(T+vm)Bs | (1 —r®)Hs | EHs | 2(T+v)h
Coon 2var?Hs  EnviHn Ciie 2Vn?Hs  Em  EmviHi
T (2 —r)H, EHs V' (2-r)Hs E E Hs

2v,r?H EnviH
Crr=1 'mli M7 mVilli3
2= ), EH,

(B.10)
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