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bstract

n this work, a non-local failure model was proposed and implemented into a finite element code. It was then used to simulate the crack evolution in
eramic materials subjected to thermal shock. By using this numerical model, the initiation and propagation of cracks in water quenched ceramic
pecimens were simulated. The numerical simulations reproduced faithfully the crack patterns in ceramic specimens underwent quenching tests.
he periodical and hierarchical characteristics of the crack patterns were accurately predicted. The numerical simulations allow a direct observation
n whole the process of crack initiation and growth, which is quite a difficult task in experimental studies. The failure mechanisms and the fracture

rocedure are discussed according to the numerical results obtained from the simulations. It is shown that the numerical model is simple, robust,
ccurate and efficient in simulating crack evolution in real structures under thermal shock.

 2013 Elsevier Ltd. All rights reserved.
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.  Introduction

Ceramic materials are widely used in various industries due
o their excellent high temperature mechanical properties, cor-
osion resistance, wear resistance, erosion resistance, oxidation
esistance, etc. However, their inherent brittleness and insignif-
cant ductility make them particularly vulnerable to thermal
hock failure. In general, crack formation is considered as the
ajor reason of failure in thermo-structural engineering. Under-

tanding the mechanisms of cracking process in ceramics under
hermal loads has been one of the most importance tasks in the
esearch of this field.

Researches on fracture of ceramic materials underwent ther-
al shock was initiated 60 years ago by Kingery.1,2 He first

roposed a so-called “critical stress” fracture criterion according

o which cracks appear when the maximal thermal stress reaches
he ultimate stress of the material. Hasselman proposed a differ-
nt approach in which the driving force for crack propagation is
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erived from the elastic energy stored in the body at the instant
f fracture.3

Afterward, numerous theoretical and experimental studies
n thermal shock failure of ceramics have been reported.4–18

mong them, Hasselman gave qualitatively theoretical predic-
ions of crack propagation behaviour in polycrystalline alumina
ods under thermal shock by water quenching.5 Lu and Fleck
nalyzed the thermal shock resistance of brittle solids by use
f a stress-based fracture criterion.9 Bažant et al. and Nemat-
asser et al. studied the stability of propagation of thermal shock

racks by using the energy principle, theoretically discussed
he length hierarchy phenomenon of the crack patterns.12–14

his phenomenon was also studied theoretically and experi-
entally by Bahr et al.15–17 Jenkins has calculated the spacing

nd penetration of cracks by using a method based on energy
inimization.18

Recently, Jiang et al. carried out experimental and numer-
cal works in determining the crack patterns by taking
he temperature-dependence of the material parameters into

ccount.19 On the basis of a variational approach, Bourdin et al.
eveloped a variational model capable to perform complicated
racture analysis in brittle materials under thermal shock.20

http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jeurceramsoc.2013.04.012&domain=pdf
http://www.sciencedirect.com/science/journal/09552219
dx.doi.org/10.1016/j.jeurceramsoc.2013.04.012
mailto:jia.li@univ-paris13.fr
dx.doi.org/10.1016/j.jeurceramsoc.2013.04.012
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The crack pattern formation under thermal shock is quite
 rapid and highly complex process. This process is difficult to
apture with available experimental techniques. Only final crack
atterns can easily be observed. This is why direct numerical
imulations are particularly interesting in reproducing the crack-
ng process. As a result, the failure mechanisms and the control
arameters can be better understood. However, the direct numer-
cal simulations have rarely been reported in the literature so far
ue to the inherent complexities in multi-cracking modelling.
his is the main motivation of the present work.

In the previous works, the non-local and strain gradient
chemes were used to model the damage and fracture in brittle
aterials.21–24 However, multi-cracking phenomenon such as

hat observed in thermal shock experiments is always an intrin-
ically difficult problem to deal with. In this paper, a non-local
ailure criterion was proposed and implemented into a finite ele-
ent code. It was then applied to simulate the crack evolution

n ceramic materials subjected to thermal shock. The proposed
racture model is equivalent to the maximum principal stress
riterion for a specimen under pure tensile loading, and to the
riffith–Irwin criterion for crack propagation. Consequently,

his non-local fracture model can both predict crack initiation
s well as crack growth. The multi-cracking problems can eas-
ly be dealt with in a natural manner. Applying to the thermal
hock problems, the proposed method successfully reproduces
he crack patterns in ceramic specimens after quenching. The
eriodical and hierarchical characteristics of the crack patterns
re predicted with satisfactory accuracy. Moreover, the direct
umerical simulations faithfully describe whole the cracking
rocess, including the crack initiation, crack growth and crack
rrest during quenching tests. The numerical results are pre-
ented together with the previous experimental results. The
omparison permits to evaluate the accuracy and efficiency of
he proposed model. Finally, we give some concluding remarks
nd directions to follow in future works.

.  Non-local  damage  model  and  numerical  resolution
ethod

.1.  Non-local  fracture  criterion

We first outline the non-local fracture model used in this
ork. The basic idea of this model consists in replacing the

ocal damage driving force, an effective stress σe for example,
y its weighted average over a representative volume V:25

˜e(x) = 1∫
V

α(x)dV

∫
V

α(x  −  y)σe(y)dy  (1)

here α  is a weighting function. In the present work, a cone-
hape function is adopted for simplicity:

(r) =
{

0 r  >  R

1 − r

R
r ≤  R

(2)
here r = ||x  −  y||; R  is the radius of non-local action, repre-
enting a material characteristic length which defines the size of
nteraction zone in failure process. T
mic Society 33 (2013) 2677–2687

We assume reasonably that the failure in ceramic materials
nder uniform stress fields obeys the maximum principal stress
riterion. However, this criterion cannot directly be utilized to
redict crack growth due to the stress singularity near the crack
ips. To overcome this shorthand, we relate the maximum prin-
ipal stress criterion to a crack growth criterion throughout a
on-local formulation such like Eq. (1). Thus, the non-local
aximum principal stress criterion can be written as follows:

 =
{

0 σ̃1 <  σc

1 σ̃1 ≥  σc

(3)

here D is the damage, σc is the ultimate stress of the mate-
ial, σ̃1 is the non-local first principal stress. We enforce the
alidity of criterion (3) in two special cases: First, it should be
alid in the case of a uniform tensile load. It is clear that in this
ase, σ̃1 =  σ1, and consequently, criterion (3) is equivalent to the
aximum principal stress criterion. Second, it should be valid

or the growth of a mode-I crack. To this end, we assume that
he near-tip stress field is governed by the Williams asymptotic
xpansion.26 Therefore, for a mode-I loaded crack, the non-local
rst principal stress near the crack tip writes, according to (1)
nd (2):

˜1(r,  θ) = 1∫ R

0

∫ π

−π
(1 −  (r′/R))r′dr′dθ′

∫ R

0

∫ π

−π

×
(

1 − r′

R

)
σ1r

′dr′dθ′ (4)

ith σ1 = KI√
2πr

(
1 +

∣∣∣∣sin
θ

2

∣∣∣∣
)

cos
θ

2
.

n these expressions, KI is the stress intensity factor, r  and θ are
he polar coordinates with the origin at the crack tip. Under mode

 loading, the maximum non-local principal stress is located at a
oint on the crack axis near the crack tip r  = r0, θ  = 0 due to the
ymmetry. We assume that r0 is small such that the stress at its
icinity is still governed by the crack-tip asymptotic field.

On the one hand, according to the damage criterion (3), the
lement at (r  = r0, θ  = 0) is broken when σ̃1 ≥  σc. On the other
and, from the Griffith–Irwin criterion of fracture, the crack
rows when KI ≥  KIc, where KIc is the critical stress intensity
actor.27,28 This condition permits us to determine the non-local
ction radius R  and the location of the most loaded point (r  = r0,

 = 0) by resolving numerically the following equation:

 (R) =  σc −  max
r0

∫ R

0

∫ π

−π

3

πR2

(
1 − r′

R

)
KIc√
2πr

×
(

1 +
∣∣∣∣sin

θ

2

∣∣∣∣
)

cos
θ

2
r′dr′dθ′ =  0 (5)

ith√
′ ′ 2 ′ ′ 2 r′ sin θ′
r  = (r0 +  r cos θ ) +  (r sin θ ) tan θ  =
r0 +  r′ cos θ′

The geometrical quantities in Eq. (5) are shown in Fig. 1.
hus, the non-local damage criterion (3) is exactly equivalent to
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Fig. 1. Non-local action zone.

he Griffith–Irwin criterion when the non-local action radius R
s determined by (5). Consequently, we can confirm that in the
ases of uniform tensile loads and mode-I cracks, the fracture
an exactly be predicted by using the criterion (3). The other
ypes of stress concentrations can be considered as intermedi-
te states between these two special cases. In these cases, the
racture predicted by the present non-local model is a natural
nterpolation between these two extreme cases. From this point
f view, the proposed non-local criterion can be used to predict
he crack initiation as well as the crack propagation. In practice,
e just need to find the point where the non-local principal stress

s maximal: this point is broken when the non-local stress attaints
he material strength.

.2.  Numerical  implementation

The present non-local fracture criterion was implemented
nto a finite element code. In numerical simulations, we first
valuate the temperature evolution in the specimens. Then the
hermal stresses are calculated by resolving the corresponding
hermo-elasticity problem. The damage growth can therefore be
ssessed according to the criterion (3).

As the criterion (3) is an instantaneous damage model, an ele-
ent is linearly elastic before its complete failure. Therefore, the

rack propagation prediction is very similar to that adopted in
he linear elastic fracture mechanics: a linear elastic calcula-
ion is first carried out for the cracked structure; then the crack
ropagation is determined according to a suitable criterion. This
rocedure is then repeated after each small crack progression
n the structure. In the present work, the crack propagation is
epresented by successive eliminations of groups of damaged
lements. Accordingly, the following algorithm is coded for
hermal shock problems:

. For a new time increment, calculate the temperature field;

. Resolve the thermo-elasticity problem by using the finite
element method;

. Calculate the non-local effective stresses according to (1)
and find the location x0 where the non-local effective stress
is maximal;

. Apply the non-local criterion (3): if σ̃1(x0) ≥  σc, remove the
elements within a small spot around x0; Go to step 2;
. If σ̃1(x0) <  σc, go to step 1.

The radius of the damaged spots should be appropriately
hosen in order to ensure that the broken zones form a

1

I Ic
∞/σc as function of normalized semi-crack length a/W for mode-I loaded cracks
t fracture.

ontinuously growing crack: a too big spot will make the crack
ip too blunted and will decrease the accuracy of the model in
rack growth prediction. A too small value will considerably
mplify the computational tasks.

.3.  Validation  of  the  numerical  model

In order to verify the accuracy of the method, we con-
ider a plane stress plate containing a central crack. The
echanical properties of the material are: Young’s mod-

lus E = 370,000 MPa, Poisson’s ratio ν  = 0.3, the ultimate
tress σc = 180 MPa, the critical stress intensity factor KIc =
4.87 MPa

√
mm. Thus the non-local action radius deduced

rom (5) is R = 0.1176 mm and the location of the maximal non-
ocal first principal stress ahead of the crack tip is r0 ≈  0.03 mm.
he plate was meshed with three-node plane stress elements.
ifferent sizes of the elements near the crack tip are used in

he simulations in order to investigate the influence of meshing,
amely d  = R/3, R/2 and R, where d  is the side length of the
riangle elements. A pure tension along the normal direction of
he crack was applied on the ends of the plate. By calculating
he non-local first principal stresses from (1) and then finding
heir maximal value, we can easily determine the remote tensile
tress at fracture according to the non-local fracture criterion
3). Then the stress intensity factor of such a central crack can
e found from any handbook of stress intensity factors.29 We
ompare the stress intensity factors thus obtained to the critical
alue KIc, and thus we can evaluate the accuracy of the method.
he results of these calculations are shown in Fig. 2. In this
gure, the stress intensity factors are normalized by the critical
alue KIc; the remote stresses at fracture are normalized by the
ltimate stress σc of the material and the semi-crack length a is
ormalized by the semi-plate width W.

From this figure, several remarks can be made:
. When the crack is sufficiently long, the stress intensity
factors at fracture evaluated from the present non-local
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damage criterion for crack growth equal correctly the crit-
ical stress intensity factor of the material. This result
confirms that the proposed fracture model is equiv-
alent to the Irwin criterion KI ≥  KIc for a mode-I
crack;

. When the meshing is sufficiently fine, the proposed damage
model is independent of the element size. Apart from the
results calculated with d = R  that represents quite a coarse
meshing, the calculations with finer meshes, e.g. d = R/3 and
R/2, provide us with nearly identical remote loads at frac-
ture. In fact, the non-local action zone should contain enough
number of elements in order to guarantee a good accuracy
on the calculation of non-local stresses. The element size
d = R/2 offers already sufficient accuracy for the crack growth
prediction;

. For short cracks, the present damage model is no longer
equivalent to the Griffith criterion that is not suitable to
predict the short crack growth. The critical stress intensity
factor decreases as the crack length decreases. Moreover,
the remote stress at fracture tends to the ultimate stress
of the material as the crack length tends to zero. In
this case, the proposed fracture criterion degenerates to
the maximum principal stress criterion for non-singular
stresses.

.  Thermal  shock  problem

In this section, we describe the application of the proposed
on-local criterion in evaluating the cracking process in ceramic
pecimens under thermal shock.

.1.  Experiments

Jiang et al. carried out quenching experiments on ceram-
cs plates from different temperatures.19 This experimental
tudy will be used in the validation of the proposed model.
n Jiang et al., 99% Al2O3 powder was thermoformed into
0 mm ×  10 mm ×  1 mm thin specimens. They were bound up
ith inconel wires and heated to a temperature T0 ranged from
00 to 600 ◦C. After that, the heated specimens were dropped
nto a water bath of T∞ = 20 ◦C by free fall. Fig. 3 shows the
hermal shock crack patterns. In order to remove the effect of
he end boundaries, the regions within 10 mm from the two ends
f the specimens were excluded in geometrical measures of the
hermal shock cracks.

From Fig. 3, we can remark the following points:

 The number of cracks increases as the initial temperature
increases;

 The lengths of the cracks increase as the initial temperature
increases;

 The crack spacing decreases as the initial temperature
increases;
 A tendency towards equal spacing between cracks can be
observed;

 The crack patterns exhibit a hierarchical structure. One
can distinguish 2 classes’ cracks for quenching tests with

p
t
s
e

Fig. 3. Crack patterns after water quenching.

T0 = 300 ◦C, and 3 classes’ cracks for quenching tests with
T0 = 350–600 ◦C. However, the frontiers of the different
classes are not always clear.

In the following, we will attempt to reproduce these properties
f crack patterns by direct numerical simulations.

.2.  Model

By considering the symmetry of the specimen, only a quart
f it was meshed by finite elements and modelled by using
he proposed criterion. The specimen was meshed with three-
ode plane stress elements. The side size of the elements is
bout d = 0.05 mm, e.g. about a half of the non-local action
adius R. When the failure criterion is fulfilled in an ele-
ent, it will be removed from the model, together with its

mmediate neighbouring elements. After elimination of the
amaged elements, the new thermo-elasticity problem will
e resolved on the basis of the changed mesh. As the dis-
ance between a crack tip and the position of the maximal
on-local first principal stress is about 0.03 mm and the size
f the damaged spot is enclosed approximately in a circle
f r = 0.05–0.07 mm, the successively removed spots must be
verlapped and then connected. This technique ensures that
he successive elimination of the damaged elements construct

 continually growing macro-crack. As the damage bands
ormed from the successive damaged spots have a width of
bout 0.12 mm, the damaged bands are not exactly sharp
racks. Numerical simulations show that the critical loads to
ropagate such damage bands are about 5% higher than to
ropagate corresponding sharp cracks. Therefore, comparing to
he specimen size (50 mm ×  10 mm), the damaged bands can

till be regarded as sharp cracks without introducing notable
rrors.
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Mechanical and thermal parameters used in the simulations.
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.3.  Temperature  fields

The experimental conditions allow us to regard the tempera-
ure field as two-dimensional. Establish a Cartesian coordinate
ystem Oxy  with the origin at the centre of the specimen and

 and y  coinciding with the specimen axes. Noting that during
he process of water quenching, the water temperature holds at
∞ = 20 ◦C in the bath. The heat-conduction equation writes:(

∂2T

∂x2 + ∂2T

∂y2

)
= ∂T

∂t
(6)

here t is the time, a = k/ρc; k, ρ, c  are the thermal conductivity,
ensity and specific heat, respectively. The initial temperature
s assumed to be uniform in the specimen:

 (x,  y,  t =  0) =  T0 (7)

here T0 is the preset temperature before quenching and its val-
es are 300 ◦C, 350 ◦C, 400 ◦C, 500 ◦C and 600 ◦C, respectively.
oting that the x-axis and y-axis are the symmetrical axes of

emperature, the boundary conditions of the model are therefore

∂T

∂y
= 0 on the x-axis

∂T

∂x
= 0 on the y-axis

−k
∂T

∂x
= h[T  −  T∞] on the left boundary

−k
∂T

∂y
= h[T  −  T∞] on the bottom boundary

(8)

here h is the convective heat transfer coefficient.
The transient temperature field T  = T(x,y,t) in the specimen

an be expressed as follows:

T

T0
=

[ ∞∑
m=1

Xm exp

(
−α2

m

at

L2
1

)
cos

(
αm

x

L1

)]

×
[ ∞∑

m=1

Ym exp

(
−β2

m

at

L2
2

)
cos

(
βm

y

L2

)]
(9)

here

Xm = 2 sin αm

αm +  sin αm cos αm

Ym = 2 sin βm

βm +  sin βm cos βm

ith �m and βm are the roots of the following transcendent
quations:

tan αm = hL1

kαm

tan βm = hL2

kβm

(10)
where L1 and L2 are respectively the semi-length and semi-
idth of the specimen.
After numerical resolution of (10), the temperature field can

irectly be obtained from (9).

s
f
r
m

4.3 31 880 7.5 × 10−6

An important hypothesis adopted here is that the cracking
rocess will not influence on the thermal transfer regime. This
ypothesis simplifies the temperature calculations during the
racking process.

.4.  Material  parameters

The ceramic specimens were assumed to be linearly elas-
ic, homogeneous and isotropic. The mechanical and thermal
haracteristics are assumed to be constant and not influenced
y temperature variation. This assumption is quite correct for
echanical parameters. From available data, Young’s modulus
, Poisson’s ratio ν, the ultimate tensile stress σc, the density ρ,
nd the energy release rate G  of 99% Al2O3 ceramics are listed
n Table 1.30,31 The critical stress intensity factor is deduced
rom KIc = √

GE. The non-local action radius deduced from
5) is R  = 0.1176 mm.

Conversely, the thermal parameters such like the thermal
onductivity k, the specific heat c  and the thermal expansion
oefficient α  are temperature-dependent.32–34 Consequently,
dopting constant values in the quenching simulations is an
pproximate and simplified assumption. The values used in the
imulations are listed in Table 1.32–34

Precaution in numerical simulations should be made on the
hoice of the convective heat transfer coefficient h  in thermal
hock. The available data give scattering estimations of this
arameter and the mutual deviation is high up to an order of
agnitude (h  ≈  104–105 W/(m2 K)).35–39 In this work, a con-

tant value for h  was used in all the simulations, its value was
stimated such that the numerical results on average crack spac-
ng at each quenching temperature approximately agree with the
xperimental measurement. The value used in the present work
s h  = 50,000 W/(m2 K).

.  Results  and  discussions

.1.  Direct  comparison  with  the  experiments

Fig. 4 illustrates the final crack patterns of the simulations
or different initial quenching temperature. For comparison,
he experimentally obtained crack patterns are also showed.
rom these figures, we can make a direct judgement on the
uality of the numerical simulations. Globally speaking, the
imulations reproduce faithfully the crack patterns obtained

rom quenching tests. The resemblance between the numerical
esults and the real tests is obvious. Following remarks can be
ade:
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Fig. 4. Comparison between the crack patterns in numerical models and in real
s
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tions are somewhat shorter than those observed in the tests.
pecimens.

. As in quenching tests, multi-cracking patterns are obtained.
The cracks initiate on all the contour and propagate into the
interior of the specimens;
. As in quenching tests, the cracks can be classified into sev-
eral hierarchical levels. For T0 = 300 ◦C, two hierarchical
classes of cracks can be observed, while for T0 = 350 ◦C,

T
t
T

mic Society 33 (2013) 2677–2687

400 ◦C, 500 ◦C and 600 ◦C, we can find three classes of
cracks.

. A tendency towards equal spacing between cracks is obvious
in both the numerical and real crack patterns.

.2.  Characteristic  values  of  the  crack  patterns

The numerical simulations reproduce the periodic and hier-
rchical crack patterns appeared in the quenching tests. In the
resent study, the numerical simulations provide more regular
rack patterns comparing to those in real specimens. This is
ecause that the material heterogeneities in the real material at
icroscopic level have not been included in the modelling. How-

ver, statistically speaking, the principal features of the crack
atterns can be brought out from numerical results. Table 2
hows the comparison between the experimental and numeri-
al results on average crack spacing s observed at the specimen
urfaces. From this comparison, we can see the numerical sim-
lations are quite accurate, even by using constant material
arameters.

Although the morphologies are very similar between the
xperimental crack patterns and the numerical ones, the quantita-
ive comparison on crack lengths p  is not evident due to the data
cattering of the experimental results. By assuming that each
rack level obeys a Gaussian distribution, Jiang et al. described
he crack length distribution by a combined Gaussian function.19

his analysis allowed the classification of the cracks according
o their length in a statistical manner. In Table 3, we list the
verage lengths of the longest cracks of the experimental and
umerical crack patterns. The comparison shows a good agree-
ent, even though the numerical simulations give smaller crack

engths comparing to the experiments.
The principal reason of this difference may be the blunt form

f the crack tips in numerical models, in which the cracks were
epresented by damaged bands with a finite thickness.

Hereafter we give a global comparison on crack length distri-
ution between the experiments and simulations. Fig. 5 shows
he histograms of the numerical results and the curves of the
xperimental results on frequency distribution of dimensionless
rack length p̄  =  p/L2 for all the quenching temperatures. In
easuring the geometry of the thermal shock cracks, to remove

he effects of the end boundaries, the regions within 10 mm from
he two ends of the specimens were excluded. It is clear that
his comparison is not perfectly significant as the simulations
ere carried out with one specimen quarter, while the exper-

ment data were obtained from statistics over five specimens
or each temperature. Consequently, the random effects existed
n the tests are not taken into account in numerical simula-
ions. Nevertheless, this comparison shows an overall agreement
etween the numerical and experimental results. Globally speak-
ng, the total numbers of cracks, therefore the average crack
pacing, observed in the tests and simulations are quite close,
hile the different classes of cracks obtained in the simula-
his difference may be caused by the blunt form of the crack
ips in numerical models. These results confirm those shown in
ables 2 and 3.
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Table 2
Dimensionless average crack spacing s̄ = s/L2.

T0 300 ◦C 350 ◦C 400 ◦C 500 ◦C 600 ◦C

Test Simulation Test Simulation Test Simulation Test Simulation Test Simulation

s̄ 0.32 0.333 0.184 0.181 0.16 0.158 0.142 0.133 0.12 0.105

Table 3
Dimensionless crack length p̄ = p/L2.

T0 300 ◦C 350 ◦C 400 ◦C 500 ◦C 600 ◦C

Test Simulation Test Simulation Test Simulation Test Simulation Test Simulation
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¯  0.72 0.64 0.74 0.65 0.72

.3.  Diagrams  on  crack  spacing  against  crack  length

Bahr et al. argued that the diagram crack spacing vs crack
ength can serve as justification for applying a model to a real
aterial.17 Fig. 6 shows the comparison between the experi-
ental and numerical results on such curves. The average crack

pacing s  has been determined by counting the intersection
oints of cracks with a straight line in the depth p. These values
ere normalized by the semi-width of the specimens to obtained

he corresponding dimensionless values s̄ =  s/L2 and p̄  =
/L2. It is shown that the numerical model presents satisfac-

ory agreement with the real experiments despite of randomness
nvolved in the latter. The absence of the distinct hierarchy of
rack lengths in real specimens is apparently due to the random-
ess of initial flaws and non-determinist aspects in experiments.
n contrast, the numerical results exhibit several jumps and
lateaux. In view of the fact that no parameter fitting is involved
n the data of Fig. 4, model and experiment agree unexpectedly
ell.

.4.  Cracking  process  during  the  thermal  shock

In general, it is very difficult to observe the crack initia-
ion and crack growth during water quenching by means of
xperimental techniques. Therefore, the numerical description
n cracking process is the unique method to this end so far.
oreover, it can provide us with supplementary information on

nderstanding the fracture mechanisms. Fig. 7 shows the first
rack initiations at the specimen surface. The distribution of the
rst principal stresses is also shown by means of a colouring
ap. From this image, we can observe that, at a critical time
here the temperature gradient reaches a sufficiently high level,

he first crack will appear at the location where the non-local
rst principal stress is maximal and fulfils the failure criterion
3). After that, the stresses are relaxed at this location, and the
tress redistribution gives another location where the first prin-
ipal stress is maximal. If the fracture criterion (3) is always
ulfilled, a new crack onset takes place. Since the stress distribu-

ion is nearly uniform along the specimen surface, the first crack
nitiations are somewhat randomly located, depending only on
he scattering of the numerical results. The following cracks will
ppear between the most distant cracks previously formed. This

u
t
c
m

0.68 0.78 0.73 0.8 0.75

rocedure will repeat until the temperature gradient is no longer
apable to produce sufficient stress concentration to onset new
racks.

Fig. 8 shows some different steps of the cracking process.
he crack growth scheme can be summarized by observing these

mages. At the beginning, the thermal shock cracks initiate and
ropagate uniformly with a nearly equal spacing (Fig. 8a). At
his step, the thermal shock cracks propagate simultaneously
nd very rapidly, then the propagation speed decreases gradually
ith release of the thermal stresses until the strain energy cannot

upport simultaneous propagation of all the cracks. Conse-
uently, only a reduced number of cracks continue to propagate,
hereas the other cracks stop. The crack spacing increases until

 or 3 times larger than the previous one (Fig. 8b). In the fol-
owing steps, the crack growth may deviate and attempt to form
qual crack spacing (Fig. 8c). This procedure may repeat sev-
ral times until the strain energy induced by thermal stresses
annot support propagation of any crack. The final simulation
rack patterns (Fig. 8d) are very similar to those observed in
xperimental results. This remark supports the cracking process
bove described.

The colouring map represents the levels of first principal
tresses (unity in MPa). From Fig. 8, the locations of stress con-
entrations can clearly be observed. The competition amongst
he stress concentrations at different locations leads to the for-

ation of multi-crack failure patterns. The proposed damage
odel provides a natural manner in reproducing them. Compar-

ng to the traditional treatment of fracture mechanics in which
he crack growth conditions should be examined at each crack
ip, the present method is much more simple and robust to deal
ith multi-cracking problems.

.  Conclusions  and  future  works

In this work, a non-local failure model was described to pre-
ict crack initiation and crack growth in brittle materials and then
mplemented into a finite element code. This model is equiva-
ent to the maximum principal stress criterion for a specimen

nder pure tensile loading, and to the Griffith–Irwin criterion for
he crack propagation. This non-local fracture model was suc-
essfully applied to simulating the crack evolution in ceramic
aterials subjected to thermal shock. From the results of the
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umerical simulations, the following conclusions can be formu-
ated:
. The numerical simulations reproduced faithfully the crack
patterns in ceramic specimens after quenching tests. The

2

dimensionless crack length.

periodical and hierarchical characteristics of the crack pat-
terns were accurately predicted;
. The parameters describing the crack patterns such as the
average crack spacing and the crack lengths were correctly
estimated from the numerical results;



J. Li et al. / Journal of the European Ceramic Society 33 (2013) 2677–2687 2685

T0=300°C

0,1

1

10

0,01 0,1 1

Dimensionless crack length

D
im

e
n

s
io

n
le

s
s
 a

v
e
ra

g
e
 c

ra
c
k
 s

p
a
c
in

g

Tests

Simulations

dT=350°C

0,1

1

10

0,01 0,1 1

Dimensionless crack length

D
im

e
n

s
io

n
le

s
s

 a
v

e
ra

g
e

 c
ra

c
k

 s
p

a
c

in
g

Tests

Simulations

T0=400°C

0,1

1

10

0,01 0,1 1

Dimensionless crack length

D
im

e
n

s
io

n
le

s
s

 a
v

e
ra

g
e

 c
ra

c
k

 s
p

a
c

in
g

Tests

Simulations

T0=500°C

0,1

1

10

0,01 0,1 1

Dimensionless crack length

D
im

e
n

s
io

n
le

s
s
 a

v
e
ra

g
e
 c

ra
c
k
 s

p
a
c
in

g

Tests

Simulations

T0=600°C

0,1

1

10

0,01 0,1 1

Dimensionless crack length

D
im

e
n

s
io

n
le

s
s
 a

v
e
ra

g
e
 c

ra
c
k
 s

p
a
c
in

g

Tests

Simulations

cing 

3

4
i
a

Fig. 6. Crack spa

. The numerical simulations allow a direct observation on
crack initiation and growth in the specimens, which is quite
a difficult task in experimental studies.

. The proposed non-local damage model is based on reel
material characteristics habitually used in engineering appli-
cations. No parameter fitting is required to improve the
quality of the proposed model. The finite element imple-

mentation of the present non-local criterion allows accurate
cracking simulations for real structures under thermal shock.
The theoretical concept is clear and simple. The numerical

c
p
3
w

vs crack length.

model is robust, easy to apply to different engineering struc-
tures subjected to thermal shock.

It is clear that further development is also necessary to
mprove the accuracy and efficiency of the proposed model
nd to extend it to more general cases. For examples,

onsideration of the temperature-dependency of the thermal
arameters; consideration of dynamics effect; extension to
D structures etc. could be important issues of the future
orks.
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Fig. 7. First crack initiations.
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