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a b s t r a c t

The ultimate bearing capacity of a cylindrical foundation (e.g. a submarine pipeline, circular mooring
lines) on clayey soils is analyzed analytically and numerically by employing the slip-line field theory and
the plane-strain finite element method respectively. A slip-line field solution is presented, taking into
account of circular configuration of the pipe, the pipe embedment, and the pipe–soil interfacial cohesion.
The derived bearing capacity factors for a smooth rigid pipe may limit to those for the conventional
rectangle-shaped strip footing while the pipe embedment is approaching zero. A plane-strain finite
element model is further proposed to simulate the quasi-static process of the pipeline penetrating into
the clay soil, in which the contact-pair algorithm and adaptive meshing technique are employed, and the
Drucker–Prager constitutive model is used for modeling the soil plasticity. Comparison indicates that the
present numerical results match well with the derived slip-line solutions. According to the obtained
vertical load–displacement curves, concurrently referring to the plastic strain field and the soil
incremental-displacement vector field, the shear failure types and the corresponding collapse loads
can be thereby determined for the pipeline foundations on clayey soils.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

The ultimate bearing capacity of a cylindrical foundation, e.g. a
submarine pipeline, circular mooring lines etc., is the pressure
causing shear failure of the supporting soil immediately below
and adjacent to the foundation. In the recently-issued DNV Recom-
mended Practice (Det Norske Veritas, 2010), the vertical stability of
pipelines on and in soils has been specially documented, along with
the lateral stability. It is highly desired to efficiently evaluate the
bearing capacity of cylindrical foundations. When laid on the
seabed, the submarine pipeline settles into the soil with certain
embedment under the action of its submerged weight. During the
laying process or the operating period, additional vertical loads can
also be created at the touchdown zones due to the catenary riser
actions (see Fig. 1). The bearing capacity of soft clayey sediments is
one of the main geotechnical concerns for the vertical stability of
pipelines or mooring lines, especially in deepwater conditions.

Unlike the conventional rectangular strip footing, a cylindrical
foundation or pipeline holds a circular cross-section. As such, the
effective bearing width of the pipe–soil interface is a function of
pipeline embedment; and the existing formulas for the ultimate
bearing capacity of conventional footing could not be efficiently

employed for evaluating the ultimate load for the pipeline founda-
tions. A proper determination of the ultimate bearing capacity is
crucial for evaluation of the on-bottom stability of submarine
pipelines in ocean currents and/or waves (see Murff et al., 1989;
Gao et al., 2003, 2012).

The settlement and bearing capacity of the pipeline have
received much attention in the past few decades. Conventional
bearing capacity theories are mainly for the footings with plane
bottom (Chen, 1975). In the theoretical analyses, the soil is abso-
lutely divided into the plastic yield zone and the outer elastic
deformation zone. Small et al. (1971) treated the pipeline with
certain submerged weight as an equivalent uniform distributed
pressure upon a rectangular footing, and proposed empirical
formulas for the bearing capacity factors by modifying the solutions
for a conventional strip footing. Their treatment obviously could not
take into account the effects of the circular section of the pipeline.
Karal (1977) applied the upper bound theorems of classical plasti-
city theory to develop a prediction of pipe penetration, idealizing
the pipe as a rigid wedge indenter. The approximation of pipeline
with wedge indenter might be reasonable at small embedment but
error becomes significant with increasing embedment. Upper and
lower bound solutions to penetration of a pipe into cohesive soil
were presented by Murff et al. (1989). Finite element method was
further adopted by Aubeny et al. (2005) for the plane-strain
calculation of collapse loads of the pipeline foundation for the
soil profiles with the shear strength varying linearly with depth.
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Hodder and Cassidy (2010) proposed a plasticity model for predict-
ing the undrained behavior of a rigid pipe in clay soils when
subjected to the combined vertical and horizontal loading.

Numerical method has also been employed to investigate the
bearing capacity of footings, for its potential capability of simulat-
ing the development of elasto-plastic deformation beneath the
footing at various loading stages. The use of finite element analysis
in studying bearing capacity can be tracked back to 1982 when
Griffiths (1982) studied the bearing capacity factors of a strip
footing (Potts and Zdravkovic, 2001). Pastor et al. (1990) studied
the seabed characteristics during pipeline's vertical penetration for
both homogeneous and inhomogeneous soils. Bransby et al.
(2008) modeled the soil heave around the pipe by using a large-
strain finite element formulation, and concluded that the bearing
capacity increases slightly with increasing the unit weight of soil,
but the effect of surface heave on the bearing capacity is not
significant. Due to the special circular cross-section of the sub-
marine pipeline, the quantitative evaluations of ultimate load for
pipeline foundations on various sediments and pipe–soil contact
conditions are far from being fully achieved.

In this paper, the ultimate collapse loads of the pipeline on
Tresca soils are analyzed analytically and numerically by employ-
ing the slip-line field theory and the plan-strain finite element
method, respectively. Comparisons are made between the slip-line
field solutions and the numerical results.

2. Slip-line field solutions for bearing capacity of cylindrical
foundation on clayey soils

2.1. Slip-line field for the cylindrical foundations on Tresca soils

As a typical cylindrical foundation, submarine pipeline's length
is usually much larger than its section dimension. As such, the
bearing capacity for a submarine pipeline laid upon the horizon-
tally flat seabed may be treated as a plane-strain problem.

In the analytical analysis, the clayey seabed is regarded as a
rigid-perfectly plastic material. The Tresca yielding criterion is
adopted for the saturated soft clay under undrained conditions.
There exists an embedment (e0) of the pipe with radius of r:

� For the case of e0=rr1, the uniform overburden load at the two
sides of the pipe q¼0 and

� for the case of e0=r41, the pipe–soil contact condition can be
treated as that for e0=r¼ 1, the weight of soil above the pipe
center is replaced by an equivalent uniform surcharge pressure
q¼ ðe0�rÞγ0, where γ0 is the effective (buoyant) unit weight
of soil.

The pipe–soil contact friction is taken into account. Following
the assumption by Randolph and Houlsby (1984), the adhesion at
the rough pipe–soil interface is taken as a constant factor of the
soil cohesion, i.e. a¼αc (0rαr1), where α is the pipe–soil
interfacial adhesion coefficient, c is the soil shear strength (cohe-
sion). Thus, for a certain point E at the pipe–soil interface (see
Fig. 2), the direction for the slip-line: θE ¼ π=4�φþΔ=2, in which
Δ¼ arcsinα. We take θ as the angle from collapse plane to
horizontal plane (clockwise).

According to the well-known slip-line field theory, the coordi-
nates of the slip-lines can be obtained by solving the characteristic
functions for slip-lines under certain boundary conditions using
the finite-differential method, then the mean stress s (note:
s¼ ðs1þs3Þ=2¼ ðsxþsyÞ=2) at a certain point in the slip-line field,
and the angle (θ) between the tangent line and the x-axis can be
calculated from the Hencky stress equations.

As shown in Fig. 2, the boundaries CG and CEB are the Riemann
conditions for determining the uniform field CFG and the extru-
sion filed CBD, respectively; the boundaries CF and CD are the
regressive Riemann conditions for determining the transition
region CDF. Based on the stress analysis, on the line CG, the
minimum stress can be determined with the magnitude of q and
its direction is vertical. On the line CEB, the maximum stress is
located, whose direction is perpendicular to the line CEB for a
purely smooth pipe, and whose magnitude is to be determined.
Lines CF and CD are the boundary for the filed CFD, whose solution
can be determined from the results of the uniform field CFG and
those of the extrusion filed CBD. By employing the finite-
differential method, the slip-line fields for the pipeline founda-
tions can be constructed. Fig. 2 gives the slip-line fields for the
smooth pipeline (α¼0) and the rough pipeline (α¼0.5).
As indicated in this figure, the whole slip-line field can be divided
into three regions, i.e. the uniform region CFG, the extrusion
region CBD, and the transition region CDF. The magnitude of the
slip-line field for the case of the rough pipelines is larger than that
of the smooth pipes.

Fig. 1. Sketch map of pipeline embedment in soil.

Fig. 2. Slip-line fields of the pipeline foundation on the clayey soil obeying Tresca
yield criterion (real lines: smooth pipe (α¼0) and dash lines: rough pipe (α¼0.5)).
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2.2. Collapse loads: slip-line field solutions

Based on the aforementioned basic assumptions and the
constructed slip-line fields, the ultimate load for pipeline founda-
tions can be further derived as follows. The ultimate bearing load
Pu is expressed in the integral form as

Pu ¼ 2
Z φ0

0
rsE;ydφ; ð1Þ

where sE;y is the vertical component of the pipe–soil contact force;
φ0 is the embedment angle ∠BOC (see Fig. 2): φ0 ¼ arccosð1�e0=rÞ.
As shown in Fig. 2, the points A and E are along the same α line,
and let ∠BOE¼φ. Submitting the values of s and θ at points A and
E into the Hencky stress equations:

sA�2cθA ¼ sE�2cθE: ð2Þ
That is

sE ¼ sAþ2cðθE�θAÞ ¼ sAþ2c
π
2
þΔ
2
�φ

� �
: ð3Þ

Note that Δ¼ arcsinα, and α is the pipe–soil interfacial adhesion
coefficient. For the direction along the pipe–soil contact arc

τ¼ c sin Δ; ð4Þ

s¼ sAþ2c
π
2
þΔ
2
�φ

� �
þc cos Δ; ð5Þ

in which, s and τ are the normal and shear stress in the pipe–soil
contact plane and sA ¼ qþc. The vertical component of the pip–
soil contact force sE;y can be expressed as

sE;y ¼ τ sin φþs cos φ: ð6Þ
That is, the value of sE;y is the sum of the vertical component of the
shear stress τ and the normal stress s along the pipe–soil contact
arc. Compared with the previous assumptions in Gao and Zhao
(2012), this updated treatment is much clearer in physics.

Submitting Eqs. (4)–(6) into Eq. (1), the ultimate bearing load
Pu can be derived as

Pu ¼ 2½c sin Δð1� cos φ0Þþðqþcþc cos ΔÞ sin φ0

þcðπþΔÞ sin φ0�2cðφ0 sin φ0þ cos φ0�1Þ�r: ð7Þ
Referring to the formula of the bearing capacity for conventional
strip footings, the bearing capacity for pipeline foundations may
be expressed in the following form:

Pu

2r sin φ0
¼ cNcþqNq; ð8Þ

where “2r sin φ0” is the width of the pipe–soil interface.
Submitting Eq. (7) into Eq. (8), the bearing capacity factor for

cohesion (Nc) and the bearing capacity factor for distributed load
(Nq) can thereby be obtained

Nc ¼
sin Δð1� cos φ0Þ�2ð cos φ0�1Þ

sin φ0
þ1þΔþπþ cos Δ�2φ0;

ð9aÞ

Nq ¼ 1: ð9bÞ

2.3. Comparison of bearing capacity between pipeline
and conventional strip footings

In the analysis on the general shear failure mechanism of a
conventional rectangular strip footing, e.g. Prandtl–Reissner solu-
tion (see Knappett and Craig, 2012), the smooth strip footing
carries a uniform pressure on the surface of a mass of homo-
geneous, isotropic soil; the shear strength parameters for the soil
are c and ϕ; and a surcharge pressure q acting on the soil surface

has been taken into account. The following exact solution has been
widely used for the ultimate bearing capacity of a rectangular strip
footing on the surface of a weightless soil

Pu

b
¼ cNcþqNq ðfor a rectangular strip footingÞ; ð10Þ

where b is the width of the conventional strip footing (note that,
for the pipeline foundation, b¼ 2r sin φ0 (see Fig. 2)), Nc and Nq

are the bearing capacity factors, i.e.

Nc ¼ ðNq�1Þcot ϕ; ð11aÞ

Nq ¼ eπ tan φ tan 2 π
4
þϕ
2

� �
; ð11bÞ

in which ϕ is the internal angle of soils. For the rectangular strip
footing on a pure cohesive soil (i.e. ϕ¼0), the bearing capacity
factors are Nc ¼ πþ2 and Nq ¼ 1.

For the case of the partially-embedded horizontal cylindrical
foundation (e.g., a submarine pipeline) on Tresca soils, if the
pipeline surface is fully-smooth (Δ¼0), then the bearing capacity
factors (9a) and (9b) are simplified as

Nc ¼ ðπþ2Þþ2
1� cos ϕ0

sin ϕ0
�ϕ0

� �
; ð12aÞ

Nq ¼ 1: ð12bÞ

Now to examine the two extrema of Nc (see Eq. (12a))

lim
φ0-0

Nc ¼ 2þπ; ð13aÞ

lim
φ0-π=2

Nc ¼ 4: ð13bÞ

Fig. 3 gives the variation of Nc with e0/r for smooth pipes. When
φ0-0 (i.e. the pipeline just touches the soil surface e0/r¼0), the
bearing capacity factor Nc for pipeline foundations (see Eq. (13a))
matches that for the conventional strip footings. This indicates
that, while the pipeline embedment approaching zero, the for-
mulae for the bearing capacity of pipeline foundations degenerate
into those for the conventional rectangular-shaped strip footings.

With the increase of the pipeline embedment, the value of Nc

decreases gradually and finally reaches 4.0 when the pipeline is
half buried (see Fig. 3). Therefore, if pipeline foundations are
directly simplified as conventional strip footings, the bearing
capacity factor Nc would be over evaluated, whose error may be
up to 28.5%.

Fig. 3. Variation of Nc with e0/r for smooth pipes.
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2.4. Parametric study on bearing capacity factors

Based on the derived formulae for the bearing capacity of the
partially embedded pipeline on Tresca soils, i.e. Eq. (8), the
relationship between the bearing capacity factors (Nc and Nq)
and the non-dimensional pipeline embedment (e0/r), and the
pipe–soil interfacial cohesion coefficient (α) can be established.

Fig. 4 gives the variation of Nc with the parameters e0/r and α.
As shown in Fig. 4, when α40.2, the values of Nc initially
decreases to a minimum value, then increases continuously with
the increase of α; when αo0.2, the values of Nc decreases with
increasing α. The effect of α on Nc gets more significant with the
increase of pipeline embedment (e0/r). The maximum value of Nc

emerges (Nc¼5.71) under the condition of fully-bonding (α¼1)
and non-burial (e0/r¼0).

For better understanding the bearing capacity of pipeline
foundations, the dimensionless ultimate bearing load Pu/cr is
introduced. Eq. (7) is thereby rewritten as

Pu=cr¼ 2 Ncþ
q
c
Nq

� �
sin φ0; ð14Þ

where the bearing capacity factors Nc and Nq are calculated with
Eq. (8). Fig. 5 gives the variation of Pu/cr with the dimensionless
pipeline embedment (e0/r) and the pipe–soil interfacial cohesion
coefficient (α), under the condition that the embedment is less
than the pipeline radius (q¼0). For the fixed value of α, Pu/cr
increases with increasing e0/r. For the fixed values of e0/r, Pu/cr
increases with increasing α; the effects of α on Pu/cr are higher for

larger values of e0/r. When α¼1 and e0/r¼1, Pu/cr reaches its
maximum value.

3. Plane-strain FEM simulations

3.1. FE model for pipe penetrating into soils

Similar with the assumptions adopted in the aforementioned
slip-line filed analysis, in the finite element (FE) analysis, the
pipeline is also regarded as a rigid cylinder for the reason that the
stiffness of steel pipeline is usually much larger than that of soils.
In the FE model, the clay soil is simulated with the linear Drucker–
Prager (D–P) elastoplasticity constitutive model. As well-known,
the clayey soil can be essentially assumed to behavior as an elastic
Tresca material, if undrained bearing capacity is considered, and as
an elastic c–ϕ material (e.g. Mohr–Coulomb or D–P material),
if drained bearing capacity is under investigation (also see Potts
and Zdravkovic, 2001).

The FEA mesh of the plane-strain model and the boundary
conditions are illustrated in Fig. 6. The vertically loaded surface
footing resting on a soil is usually treated as a symmetric plane-
strain problem (see Potts and Zdravkovic, 2001). As such, half of
the full geometry needs to be considered with the following
boundary conditions:

(1) Symmetry Boundary: the displacement in the x direction and
the rotation in the x–y plane are restrained, i.e. only the
vertical displacement (settlement) is permitted.

(2) Right Boundary: the displacement in the x direction and the
rotation in the x–y plane are restrained.

(3) Bottom Boundary: a fixed boundary, i.e. the displacements in
both x and y directions and the rotation in the x–y plane are
restrained.

(4) Interface between Pipe and Seabed Surface: the contact-pair
algorithm is adopted to simulate the pipe–soil interaction.

(5) The left non-contact surface of the seabed is treated as a free
boundary.

Note that the pipe–soil interface changes while the pipe
penetrating into the soil. As such, it is crucial to deal with the
contact surface between seabed and pipeline in the numerical

Fig. 4. Variation of Nc with e0/r for various values of α.

Fig. 5. Variation of Pu/cr with e0/r for various values of α (q¼0).
Fig. 6. Illustration of the FEM mesh of plane-strain model and the boundary
conditions.
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modeling. The contact-pair algorithm provided in the ABAQUS
software (Hibbitt, Karlsson and Sorensen, 2006) is adopted, and
the pipe–soil friction is defined by the Penalty Function with the
advantage that it guarantees the positive definiteness of sparse
matrix in the calculation. To avoid large distortion of FEM
elements causing the calculation misconvergence, self-adaptive
mesh technology is employed in the numerical modeling.

To obtain high calculation efficiency, the finite element mesh
gets more refined at closer proximity to the pipe. Based on the
results of a series of trial calculations, the width of numerical
model is set as 20r and the depth as 20r (r is the pipe radius).

The linear Drucker–Prager model is chosen for its simplicity to
simulate the elastoplastic behavior of the clay soils, which pro-
vides for a possibly noncircular yield surface in the deviatoric
plane (π-plane) to match different yield values in triaxial tension
and compression, associated inelastic flow in the deviatoric plane,
and separate dilation and friction angles. The linear Drucker–
Prager criterion, i.e. the yield surfaces in the meridional p–t plane,
is written as (see Hibbitt, Karlsson and Sorensen, 2006)

Fs ¼ t�p tan β�d¼ 0; ð15Þ
where t is the deviatoric stress measure, i.e.

t ¼ 1
2
q 1þ1

K
� 1�1

K

� �
R
q

� �3
" #

; ð16Þ

in which p is the equivalent pressure stress; K is the ratio of the
yield stress in triaxial tension to the yield stress in triaxial
compression and, thus, controls the dependence of the yield
surface on the value of the intermediate principal stress (when
K¼1.0, t¼q implying that the yield surface is the von Mises circle
in the deviatoric principal stress plane), R is the third invariant of
deviatoric stress, q is the Mises equivalent stress; β is the slope of
the linear yield surface in the p–t stress plane and is commonly
referred to as the friction angle of the material; and d is the
intercept of the linear yield surface in the p–t stress plane and is
commonly referred to as the cohesion of the material.

The values of friction angle (ϕ) and cohesion (c) for the Mohr–
Coulomb model can be provided directly with the available tri-
axial experimental data. For such a plane-strain problem and for
the case of associated plastic flow, the values of the parameters in
the linear Drucker–Prager model are related to the Mohr–Coulomb
parameters by the following relationships (see Hibbitt, Karlsson
and Sorensen, 2006)

tan β¼
ffiffiffi
3

p
sin ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þð1=3Þ sin 2ϕ
q ; ð17Þ

d
c
¼

ffiffiffi
3

p
cos ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þð1=3Þ sin 2ϕ
q : ð18Þ

In the simulations, the parameters of soil are chosen as follows:
elasticity modulus E¼1.0 MPa, mass density ρ¼1.8�103 kg/m3,
Poisson ratio v¼0.3. Other soil parameters (e.g. c and ϕ) are
various for the parametric study in Section 3. As aforementioned,
the pipe is treated as a rigid cylinder with the radius r¼0.25 m.
The pipe–soil friction coefficients are varied α¼0–0.7.

3.2. Numerical results and analyses

The pipe settlements and soil plastic deformations under the
action of the submerged weight of the pipe are simulated with the
proposed numerical model. The curves for the vertical load–
displacement relationships are plotted to estimate the failure type
of pipe foundation and the corresponding bearing capacity. The
development of plastic zone underlying the pipe under vertical

loads is examined numerically. Furthermore, comparisons are
made between the present numerical results and the slip-lines
theoretical solutions.

3.2.1. Failure types of pipe foundation and determination
of collapse loads

For a conventional rectangular strip footing under vertical
loading, there are usually three failure types, i.e. the general shear
failure, the local shear failure and the punching shear failure. The
failure type can be determined relatively easily with the load–
displacement curve. Nevertheless, the situation may become more
complex for the pipeline foundations with circular section.

The curves for pipeline vertical load–displacement relation-
ships and the soil plastic strain distributions at the critical value
along the load–displacement curve are shown in Fig. 7(a) and
(b) and (c), respectively, for two typical values of cohesion of
clayey soils. Fig. 7(a) indicates that, those two vertical load–
displacement curves are similar in profile with that of conventional
strip footing suffering from a punching shear failure. Fig. 7(b) gives
the distribution of soil equivalent plastic strain at critical value ofWs

for the soils with ϕ¼ 0 and c¼ 20:21 kPa, which shows that the
plastic zone is located just beneath the pipe, i.e. no plastic
deformation occurs besides the pipeline. This plastic deformation
distribution indicates that the pipe foundation (ϕ¼ 0 and
c¼ 20:21 kPa) suffers a punching shear failure. The corresponding
ultimate load (or named as “collapse load”) Pu � 38:0 kN=m
(see Fig. 7(a)). Unlike the plastic deformation in Fig. 7(b), the plastic
zone in Fig. 7(c) extends from beneath the pipe to the seabed
surface besides the pipe, indicating the pipe foundation
(ϕ¼ 0 and c¼ 5:77 kPa) suffers a general shear failure (the ultimate
load Pu � 10:0 kN=m, see Fig. 7(a)).

Therefore, it is usually difficult to determine the failure type of
pipeline foundations only from the profile of vertical load–dis-
placement curve, as their profiles are similar for different failure
types due to the special circular sections of the pipe. When the
turning point (from gentle to steep incline) along the load–
displacement curve is not distinguishable, the plastic zone
beneath the pipe foundation should be referred for determination
of the ultimate loads.

The development of plastic zone beneath the pipe foundation
and the corresponding incremental-displacement vector will be
discussed in the following sub-sections.

3.2.2. Development of soil plastic zone beneath the pipeline
The development of plastic zone beneath the pipe foundation

with the increase of vertical loads is shown in Fig. 8. The soil
parameters ϕ¼ 0 and c¼ 5:77 kPa and the pipe–soil friction coef-
ficient α¼0.7. When the effective downward load on the pipe is
small, the plastic zone is just located beneath the pipe (see Fig. 8(a)).
With the increase of the effective loads, the plastic zone extends
gradually to the soil surface beside the pipe (see Fig. 8(b) and (c)),
indicating the pipeline foundation suffers a general shear failure.
Compared with the smooth pipe (the ultimate load Pu � 10:0 kN=m
for α¼0, see Fig. 7(c)), this rough pipe obtains a higher ultimate
loads due to the increase of pipe–soil friction coefficient
(Pu � 15:1 kN=m for α¼0.7, see Fig. 8(c)).

Fig. 9 shows the development of the punching shear failure to
the pipe foundation (ϕ¼ 0 and c¼ 20:21 kPa). As shown in Fig. 9
(a)–(c), with increasing effective loads to pipe, the range of soil
plastic zone becomes deeper beneath the pipe, i.e. in this case, no
plastic deformation extending to the soil surfaces beside the pipe.
For such a bigger value of soil cohesion, the punching shear failure
of pipe foundation is more apt to be triggered.
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3.2.3. Incremental-displacement vector field beneath the pipeline
Fig. 10 shows the incremental-displacement vector fields at the

ultimate load for the pipe foundation suffering a general shear
failure for various pipe–soil friction coefficients. The orientation of

the vectors indicates the direction of movement and their length
the magnitude of movement. As it is the orientation of the vectors
and their relative magnitude that indicates the failure mechanism
(see Potts and Zdravkovic, 2001), the absolute magnitude of the
incremental displacements is irrelevant and no magnitude scale is
given in the figures.

It is indicated in Fig. 10 that, pipe–soil friction coefficient (α)
has some influence on the range of incremental-displacement
vector field. The failure mechanism for the rough pipe is deeper
and wider than that for the smooth pipe. For the rough pipe
(α¼0.5), the soil just adjacent to the bottom of the pipe trends to
move downward together with the settlement of the pipe. How-
ever, for the smooth pipe (α¼0), the adjacent soil is pressed by the
moving pipe to spread aside, which induces the obvious upheaval
of the soil surface in the proximity of the pipe. With the increase of
α, the range of incremental-displacement vector field increases,
which finally brings the increase of ultimate load to the pipe
foundation.

Similar numerical results are also obtained for the pipe founda-
tionwith the increase of the internal friction angle fromϕ¼01 to 181,
as shown in Fig. 11. Comparison between Figs. 10 and 11 indicates
that the increase of internal friction angle of soil further enlarges the
range of incremental-displacement vector field.

3.3. Comparison with slip-line field solutions

Slip-line field solutions for the ultimate load of submarine
pipelines on a purely cohesive soil obeying Tresca yield criterion
have been obtained (see Section 2.). According to the slip-line field
theory, the coordinates of the slip-lines were obtained by solving
the characteristic functions for slip-lines under boundary condi-
tions using the finite-differential method, as shown in Fig. 2. The
slip-line fields of theoretical solutions are quite comparable with
the profiles of incremental-displacement vector fields at ultimate
load when the pipe foundation suffers a general shear failure for
various pipe–soil friction coefficients (see Figs. 10 and 11).

To make a quantitative comparison with the above solutions of
slip-line theory, parametric studies are carried out. The parameters
and the numerical results of the ultimate loads for pipe founda-
tions are listed in Table 1. Note: in the Table 1, the symbol *
presents the numerical results for pipe foundations suffering
punching shear failure; the examined pipes are purely smooth
(α¼0).

The aforementioned finite element method (see Section 3.1) is
adopted for analysis on the determination of bearing capacity. That
is, the failure type of pipeline foundations and the corresponding
ultimate loads are determined by not only the profile of vertical
load–displacement curve, but also by referring to the development
of the plastic zone beneath the pipe, especially when the turning
point from gentle to steep-incline along the load–displacement
curve is not distinguishable.

Fig. 12 gives comparison between the present FEA results with
the solutions of slip-line filed theory for smooth pipes (α¼0),
indicating their results match well with same trends of the
variation of Pu/cr with e0/r, i.e. the dimensionless ultimate loads
(Pu/cr) increase gradually with the increase of the dimensionless
pipe embedment (e0/r).

4. Concluding remarks

The ultimate bearing capacity of a cylindrical foundation or
pipeline on purely-cohesive clay soils is analyzed analytically and
numerically by employing the slip-line field theory and the plan-
strain finite element method, respectively. Parametric studies are

Fig. 7. (a) Vertical load–displacement curves for the pipeline foundations on clay
soils (r¼0.25 m and μ¼0); and the corresponding equivalent plastic zones;
(b) punching shear failure (ϕ¼ 0 and c¼ 20:21 kPa); and (c) general shear failure
(ϕ¼ 0 and c¼ 5:77 kPa).
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performed on the bearing capacity factors and the dimensionless
ultimate load. The following conclusions can be drawn:

(1) Due to the special circular arc shape of the cylindrical founda-
tions, the constructed slip-line fields for the partially-embedded
pipeline on Tresca soils are different from those of the conven-
tional strip footings. The pipe–soil contact friction also has much

effect on the magnitude of the slip-line fields. The slip-line field
for the rough pipeline is larger than that for the smooth pipeline.

(2) The bearing capacity factors for cylindrical foundations, i.e. Nc

and Nq, are derived. When the embedment of a smooth pipeline
approaches zero, the bearing capacity factors degenerate into
those for the conventional strip-line footing (Prandtl's mechan-
ism). With the increase of the pipeline embedment, the bearing

Fig. 8. Development of plastic zone beneath the pipe foundation suffering a general shear failure (ϕ¼ 0; c¼ 5:77 kPa, r¼0.25 m, and μ¼0.7): (a) Ws¼10.0 kN/m;
(b) Ws¼14.7 kN/m; and (c) Ws(¼Pu)¼15.1 kN/m.

Fig. 9. Development of plastic zone beneath the pipeline foundation suffering a punching shear failure (ϕ¼ 0; c¼ 20:21 kPa, r¼0.25 m, and μ¼0.7): (a) Ws¼27.2 kN/m; (b)
Ws¼38.0 kN/m; and (c) Ws¼45.0 kN/m.

Fig. 10. Comparison of incremental-displacement vector fields of the pipeline foundations suffering general shear failure for various pipe–soil friction coefficients (r¼0.25 m,
ϕ¼0, c¼ 5:77 kPa): (a) α¼0 and (b) α¼0.5.
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capacity factor Nc decreases gradually, and finally reaches the
minimum value (4.0) when the embedment equals to pipeline
radius. As such, if pipeline foundations are directly simplified as
conventional strip footings, the bearing capacity factor Nc would
be over evaluated.

(3) The bearing capacity factors for pipeline foundations are
significantly influenced by non-dimensional pipeline embed-
ment and pipe–soil frictional coefficient.

(4) A dimensionless ultimate bearing load Pu/cr is introduced.
Under the condition that the embedment is less than pipeline
radius, Pu/cr increases with increasing pipeline embedment
(e0/r) for the fixed value of the pipe–soil frictional coefficient
(α); Pu/cr increases with increasing the pipe–soil frictional
coefficient (α) for the fixed value of e0/r. The effects of α on Pu/cr
get higher for larger values of e0/r.

(5) To simulate the quasi-static process of a cylindrical founda-
tion/pipeline penetrating into the soil, a plane-strain finite
element model is proposed for analysis of the bearing capacity
of pipeline on clayey soils, in which the adaptive grid techni-
que and “contact pair” arithmetic are employed.

(6) The development of soil plastic zone and the incremental-
displacement vector field beneath the pipeline are examined
numerically. According to the obtained pipeline vertical load–
displacement curves, concurrently referring to the plastic
strain field and/or the soil incremental-displacement vector
field, the shear failure type (e.g., general shear failure and
punching shear failure) and the collapse loads can be thereby
determined. The present numerical results match well with
the analytical solutions of slip-line theory in plasticity
mechanics.

Note: in this study, the vertical penetration/bearing capacity of
a pipeline on a clayey soil is analyzed, in which the effect of
hydrodynamic loading from waves and currents is not taken into
account. This effect on the on-bottom stability of a submarine
pipeline in the marine environment is a key issue for the pipeline
design practice.
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Appendix A. Slip-line field theory

The slip-line field theory is on the basis of equilibrium
equations and the failure criterion of the material. In this study,
the soil is assumed to obey Tresca failure criterion, i.e.

ðsx�syÞ2þ4τ2xy ¼ 4c2 ðA:1Þ
Let s¼ ðs1þs3Þ=2¼ ðsxþsyÞ=2 and refer to the Mohr circle, then

sx ¼ s�c sin 2θ ðA:2aÞ

τxy ¼ c cos 2θ ðA:2bÞ

sy ¼ sþc sin 2θ ðA:2cÞ
For a plane strain problem regarding, the equilibrium equations

are

∂sx
∂x

þ∂τxy
∂y

¼ 0 ðA:3aÞ

Fig. 11. Comparison of incremental-displacement vector fields of the pipeline foundation suffering general shear failure for various internal friction angles (r¼0.25 m,
c¼ 5:77 kPa, and α¼0.5): (a) ϕ¼0 and (b) ϕ¼181.

Table 1
Numerical results of bearing capacity for pipe foundations.

e0 (m) e0=r c (kPa) Pu (kN/m) Pu/cr

0.08 0.336 1.15 2.0 6.93
0.11 0.444 5.77 10.0 6.93
0.15 0.596 10.39 19.3 7.43
0.19 0.784 15.01 29.5 7.86
0.20 0.808 20.20 38.0n NA
0.23 0.920 28.86 55.0n NA

Note: symbol n presents the numerical results for pipe foundations suffering
punching shear failure.

Fig. 12. Variation of Pu/cr with e0/r: comparison between present FEA results with
the solutions of the slip-line filed theory.

F.-P. Gao et al. / Ocean Engineering 73 (2013) 159–167166



∂τxy
∂x

þ∂sy
∂y

¼ 0 ðA:3bÞ

Submitting Eq. (A.2a)–(A.2c) to Eq. (A.(3a) and A.3b), the char-
acteristic functions for slip-lines can be derived as

dy
dx

¼ tgθ ðfor α lineÞ ðA:4aÞ

dy
dx

¼�ctgθ ðfor β lineÞ ðA:4bÞ

and the Hencky stress equations as

s�2cθ¼ const1 ðalong α lineÞ ðA:5aÞ

sþ2cθ¼ const2 ðalong β lineÞ ðA:5bÞ
where x and y are the coordinates for the point in the slip-line
field, s is the mean stress at a certain point in the slip-line field, θ
is the angle between the α tangent line and the x-axis, c is the
cohesion of soil. When the boundary conditions are given, the
stress and the corresponding slip-lines can be determined.
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