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THE VORTICITY STRUCTURE OF HOMOGENEOUS ISOTROPIC
TURBULENCE IN ITS FINAL PERIOD OF DECAY

Cuou, Prr-Yuax
(Peking University)

"Tsar1, Suu-TaNe

(Institute of Mechanics, Academia Sinica)

ABSTRACT

It has heen known for sometime that turbulence is due to the chaotic motion of
a large number of small eddies. By neglecting the non-linear terms in the Navier-
Stokes equations, the authors obtained recently a class of solutions which represent
the velocity distributions of spherical vortices moving in an incompressible viscous
fluid. It is obvious that, after the linearization of the Navier-Stokes equations of mo-
tion, velocity distributions obtained by differentiating the spherical vortex solution
partially with respect to the coordinates along any direction in space for any number
of times also satisfy the equations of motion.

We investigate the homogeneous isotropic turbulent motion of a liquid in its final
period of decay, when the non-linear terms in the Navier-Stokes equations can be
neglected. The type of vortices which are assumed to give rise to turbulence, is de-
termined by the following two conditions: In the first place, the vorticity distribution
of the eddy chould be concentrated in the vicinity of the geometrical center of the
vortex instead of being spread over a large volume; secondly, the total angular momen-
tum of the vortex shouid be constant instead of decreasing or increasing with time.

The first condition requires that only the spherical vortex solution with the
parameter £ = 5/4 and its partial derivatives should be chosen. Only in this special
case, among all the spherical vortices, has its vorticity concentratedin the region
around its center. Solutions derived by partially differentiating its velocity distribu-
tion with respect to the coordinates also have this property when compared with the
solutions obtained from those of the spherical vortices with other values of the
parameter k by similar process, \
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The second condition determines that partial differentiation of the solution of
the spherical vortex k=>5/4 with respect to the coordinates only once is sufficient.
Partial differentiation with respect to the coordinate along the axis of symmetry of
the velocity distribution yields the vorticity 7, the stream function ¥ and the cha-
racteristic velocity U given in the paper [(2.4) and (2.5)]. In the stream function
¥, we have introduced after the partial differentiation the part due to a uniform
flow along the axis of symmetry. Without this part, the solution represents the
motion of a.standing axially symmetrical vortex. Partial differentiation with res-
pect to the coordinates along any other direction in space, leads to the solution of
asymmetrical vortices in general [ (2.12) and (2.13)].

According to Synge and Lin, the double velocity correlation between two points

"in the fluid is the product of the velocity components u/ u] averaged over all the
directions of orientation of the axis of symmetry of the axially symmetrical eddy,
and over all the positions of the vortex in the whole fluid (3.2). If the vortex were
asymmetrical, another average over all the independent directions of differentia-
tions should be added (3.3). In the actual computation, for the sake of convenience
however, the double scalar vorticity correlation is obtained first, and the double
velocity correlation is found by solving the differential relations between them.
Based upon either the axially symmetrical or asymmetrical vortex as the element
of turbulence, the calculatien leads to the same Millionshikov solution (4.4) ofthe
Karméan-Howarth equation, in which the terms involving the triple velocity corre-
lations are neglected. It is well-known that both the velocity correlation and the law
of turbulent energy decay of this solution agree with Batchelor and Townsend’s
experiments.

The present paper points out finally that the structure of turbulence, as reve-
aled by the double velocity correlation function, depends upon the vorticity struc-
ture of its component eddies. Furthermore, since their velocity distribution of a tur-
bulent fluid in its final period of decay is now known, trirle and higher order velo-
city correlations or correlation functions of other kinds can be calculated. These
theoretical predictions can be subjected to the direct experimental verification.



