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Using Gibbs’ method of dividing surfaces, the contact angle of a drop on a flat
homogeneous rough non-deformable solid substrate is investigated. For this system,
a new generalized Young’s equation for the contact angle, including the influences
of line tension and which valid for any dividing surface between liquid phase and
vapor phase is derived. Under some assumptions, this generalized Young’s equation
reduces to the Wenzel’s equation or Rosanov’s equation valid for the surface of
tension.
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1. Introduction

Wetting phenomena are common in nature, for instance adhesions or adhesives,
lubricants, biological membranes, capillary penetrations into porous media, and floations.
[1-8]
For the cases of smooth solid substrates, the contact angle 0y between a liquid and
the solid (non-deformable) substrate is determined by the Young’s equation [1]
0sG — OsL (1)

coslly = ——
OLG

where osg, osL, and oL are the thermodynamic surface tensions of the solid—gas inter-
face, solid-liquid interface, and liquid—gas interface, respectively.

In fact, for a drop on a solid substrate, there is often the formation of an underlying
(precursor) film modifying the solid surface and leading to a difference between and
the surface tension of a ‘bare’ solid surface. The precursor film thickness makes the
contact angle somewhat obscured. So, when we mention the contact angle, it means
neglecting the precursor film thickness.
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Obviously, the Young’s equation is not applicable to rough surfaces, and it does not
contain the effect of the line tension of the three-phase contact line. It is natural to
consider the effect of the line tension of the three-phase contact line and generalize the
Young’s equation to the cases of rough substrates.

Some generalized Young’s equations [9—16] considered the cases of rough
substrates, but without taking into account the effect of the tension of the three-phase
contact line. For example, for the cases of rough non-deformable solid substrates,
neglecting the effect of the line tension, Wenze [9] established the following equation:

cos 0 = rgcos by, (2)

where 0 is the contact angle and ry is the surface roughness ratio

A
rs = —<1 % 100%, (3)

apparent

with 4req being the true value of the surface area and Aapparent being the apparent value.
It is obvious that rg is always bigger than one.

Rusanov et al. considered the line tension effects to obtain some generalized
Young’s equations, among which some are applicable to rough non-deformable solid
substrates.[17-20] For example, in 2004, for smooth non-deformable solid substrates,
using Gibbs concept of dividing surfaces, Rusanov et al. [20] obtained a generalized
Young’s equation

cosH:cos@Y—L—L [d—K} 4)

b)
oGR, o6 [dR,

where R, is the radius of the three-phase contact line, k is the corresponding line ten-
sion, and the differential in square bracket [;TKJ denotes the change of the value of the

line tension k resulted from a mathematical variation in the value of the radius of the
three-phase contact line R; by the amount dR;.

For rough non-deformable solid substrates, Rusanov [18] obtained a comprehensive
result

rLK 8(rLK)] |cos @] (5)

0= Oy — |—
cos rs cos Oy |:RL R,

OLG

where ¢ is the angle between the substrate surface and the local principal plane of the
three-phase contact line, and 7; is line roughness ratio

Lreal

apparent

x 100%, (6)

ry =

where Ly, is the true value of the length of the three-phase contact line and Lapparent iS
the apparent value.

However, Equation (5) is valid only for the special dividing surface, called the
surface of tension [21], between the liquid phase and the vapor phase. In this study, we
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will consider the case of a liquid on a flat homogeneous rough non-deformable solid
substrate (¢ =0) and derive a new generalized Young’s equation for the contact angle 0,
which will contain the effect of line tension and will be valid for any general dividing
surface between the liquid phase and the vapor phase. In Section 2, the Helmholtz free
energy F of this system will be given. The new generalized Young’s equation for this
system will be derived in Section 3.

2. The Helmholtz free energy for droplets on a rough substrate

For a droplet on a flat homogeneous rough non-deformable solid substrate, the solid
surface may be either hydrophobic or hydrophilic (as an example, for hydrophilic
wetting, refer to Figure 1). The contact angle 0 is decided by the balance of the forces
acting on the element of three-phase contact line. Among these forces, the contributions
of surface forces osg, gsL, and or g are proportional to the length of the element of
three-phase contact line. However, the contributions of gravitation are proportional to
the volume of the element, which is zero; therefore the contact angle is independent of
gravitation. Therefore, for the investigation of the contact angle, we can take the
gravitation as zero in the following discussion. Thus, the equilibrium shape of a droplet
on a solid substrate is a segment.

For a solid with a flat homogeneous rough non-deformable surface, the sole part
that affects the wetting of the liquid on it is the surface of the solid; therefore, for
simplicity, we can only consider the surface of the solid and the interior of the solid is
not considered in our investigation of the contact angle. According to Gibbs’s concept
of dividing surface [21] and Boruvka—Neumann’s concept of dividing line [17], the
above simplified solid—liquid—gas physical system can be described by a model system
consisting of six parts, i.e. liquid phase, gas phase, the liquid—gas interface, the
solid—liquid interface, the solid—gas interface, and the three-phase contact line, and the
definitions of all the extensive quantities of the model phases can be given. According
to these definitions, any total extensive quantity of the model system is equal to that of
the physical system. Any total extensive quantity of the model system, for instance the
total real volume V, total real mole number N; of molecules of class i, and total real

gas

Figure 1. An illustration of hydrophilic wetting of a droplet on a flat homogeneous rough
non-deformable solid substrate.
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Helmholtz free energy F, is equal to the sum of those of the six parts. Therefore, the
total Helmholtz free energy F of the model system is

F=F, +F¢+ Fig + Fs. + Fsg + Fsio, (7)

where Fy, Fg, F1g, FsL, Fsg, and Fs g are the Helmholtz free energies of the six parts,
respectively,[22]

Fr=-pVi+ Z WNip (8)
Fo=—pcVs + Z WNig 9)
Fig = oi6die + Z WiNiLg (10)
Fs ZGSLASL—FZMMSL (11)
Fsg = osgAsc + Z:,UINI'SG (12)
Fsig = klLsig + Z WNisLg (13)

where p; and p¢ are the pressures of the liquid phase and vapor phase, respectively, V7,
and Vg are the volumes of the liquid phase and vapor phase, respectively, y; is the
chemical potentials of the molecule of class i, Nz, Nig, NiLg, NisL, Nisg, NisLg are the
mole numbers of the molecules of class i in liquid phase, vapor phase, liquid—vapor
interface, solid—liquid interface, solid—vapor interface, and the three-phase contact line,
respectively, Arg, Asp and Agg are the surface areas of liquid—vapor interface, solid—
liquid interface, solid—vapor interface, respectively, org, osr, and ggg are the surface
tensions of liquid—vapor interface, solid—liquid interface, and solid—vapor interface,
respectively, Lsi g is the length of the three-phase contact line, and « is the line tension.

Now, let us calculate some related geometrical quantities in the above equations,
respectively.

The volume of the liquid phase V7 is

3
V. :%(2—1—0050)(1 —0050)2, (14)

where R is the radius of the spherical liquid droplet. The total volume ¥, of the system
is

Vi=Vi+ Vs (15)
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The surface area Arg of the liquid—gas interface is
Arg = 2nR*(1 — cos 0).
The apparent surface area Ag, of the solid—liquid interface is
Ag1a = TR? sin” 6.

The real surface area Agp of the solid-liquid interface is

ASL = rSASLa = VsTERz Sil’l2 0.

165

(18)

The total apparent surface area Ay of the solid-liquid interface and the solid—gas

interface is
A = Asra + AsGa,

where Asg, is the apparent surface area of the solid—gas interface.
The real surface area of the solid—gas interface is

ASG = rS(Ata - T[R2 Sill2 0)7

where rg is the surface roughness factor.
The apparent length and the real length of the three-phase contact line are

L, =2nR; = 2nRsin0

and
L =r;L, =2nRr; sin0,

respectively.
Based on the above relations, we have

nR3
Fp = PLy (2 4 cos 0)(1 — cos 0)” + z,: WNip

3

R
Fg = —pg|V, (24 cos0)(1 0059)2} JFZ#;'NiG
Fig = 0162nR* (1 — cos 0) + ZﬂiNiLG

Fsi = o5 rsnR*sin 0 + Z W Nist

Fsg = 0sars(A — nR* sin’ 0) + Z 1:NisG

Fgig = kr2nRsin 0 + Z 1:NisLG

(19)

(20)
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Putting the above results into Equation (7), we obtain the total Helmholtz free
energy
TCR3 2 )
F=—(p pr)T(Z +cos0)(1 —cos0)” — pgV, + or62nR*(1 — cos 0)

+ (051 — 0s6)rsmR? sin® 0 + osgrsdy, + Kkr 2nR sin 0 + Z W:Nip

+ Z W:Nig + Z W:NisL + Z W:Nig + Z #Nis + Z 1iNisLG (29)

3. A new generalized Young’s equation in terms of the general dividing surface
The definition of the grand potential Q of a system is

where V; is the mole number of molecules of class 7 in the system.
From Equations (29) and (30), the total grand potential Q of the system is obtained

R}
Q=—(p, —pG)T(2 +cos0)(1 —cos 0)* — paVi + a162nR> (1 — cos 0)
+ (051 — 0s6)rsmR? sin’ 0 + sgrsdy, + Kkr 27R sin 0 (31)

For an arbitrary choice of liquid—vapor dividing surface, the real physical quantities
of the system and the external conditions are not changed. Therefore, the total grand

potential Q, osg, and og are independent of the arbitrary choice of the position of the
liquid—vapor dividing surface, and so we have the following restriction:

9] o )

-0 8]0

where the differential in square bracket denotes the change in the value of the total
grand potential free energy Q resulted from a variation in the position of this dividing
surface by the amount dR.

Putting Equation (31) into (32), we have

o2 [55] ]

+(osL — 056)r's Kﬂ + [d((;; )]ﬁ +er[’€‘} 0
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where
R3
f :%(2+c050)(1 —COSH)z, (35)
f» =2nR*(1 — cos 0), (36)
fi = nR?sin’ 0, (37)
fa = 27Rsin 6. (38)

All dividing surfaces of liquid—gas interface of a liquid droplet on a flat homoge-
neous rough non-deformable solid substrate should be parts of concentric and conformal
spherical surface. These dividing surfaces are segmental. Therefore, we have the follow-
ing relationships:

d0  cosO dR; 1
Rcos 0 = h = const, 4R Rsnf dR — sno
d0  cos0
Rcos 0 = h = const, 9B Remd (39)
and
dR; 1
R~ sind 40)
Using Equations (36)—(39), we have the following results:
ahl| _, m»
{d()] =27nR*(1 — cos 0), (41)
ah|
{@} = 27R(2 — cos 0), (42)
dfs
—| =2nR 4
2| = 2r 3)
dfy| 2mn

It is obvious that the generalized Laplace’s equation of a free spherical droplet in
vapor is [22]

(45)

2016 [dJLG]
PL—Pc =

R dr

can be used for the segment.
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Putting Equations (41)—(45) into Equation (34), we obtain

cosl = rg

OsG — Os. Ik sin 0 [d(rm)] (46)

oLG UL(;R sin 0 LG dr

Equation (46) is a new generalized Young’s equations for droplets on a flat homoge-
neous rough non-deformable solid substrate for any dividing surface between liquid
phase and vapor phase.

By using Young’s equation, Equations (1) and (46) can be written as

riK sin 0 [d(r.x)
0= Oy — — . 4
cos rg cos Oy oioRsnd  oic [ iR (47)
Noticing Equations (21) and (40), we can write Equation (47) as
rpK 1 d(I’L K)
0= Oy ———— . 48
cos 75 cos Oy ok o [ dR, (48)

Besides, for the surface of tension, we have
|:d(I”LK):| _ <8(1”LK)) (49)
dR; OoR, ), ()

(where T is the absolute temperature), which can be derived by the method similar to
Rusanov et al.’s proof for the Equation (49) with r, = 1 under the condition of smooth
substrate.[20] Then, Equations (48) and (49) give

LK 1 8(rLK))
cost) =rgcosly — ——— — . 50
s ! oGR;, oG ( OR, T.{1} ( )

This equation is the same as Equation (5) with ¢ = 0.

If we suppose r¢=1 and r; = 1, then Equation (48) reduces to the generalized
Young’s equation, Equation (4), obtained by Rusanov et al. [20]

The dividing line is characterized by R; = Ry, satisfying

|:d(KrL):| —0
dR, Rp=Rrr

(s1)

can be called as the line of tension, which, by taking r;, = 1, will reduce to the
definition of the line of tension of smooth surface.[20]
Therefore, for the line of tension, Equation (48) reduces to

rpiK;
cos 0 = rgcos Oy —

)
oLGRLT
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where

K = K‘RL:RLT'

If we ignore the line tension, then both Equations (50) and (52) reduce to the
Wenzel Equation (2).

4. Conclusion

It is an interesting task to use the method of dividing surfaces and dividing lines to
investigate the wetting phenomena of spherical droplets on rough substrates, including
the influences of line tension. We have studied the wetting of droplets on rough non-
deformable substrates by methods of thermodynamics with Gibbs’s concept of dividing
surface and Boruvka—Neumann’s concept of dividing line. A generalized Young’s equa-
tion for contact angles between droplets and rough non-deformable substrates, including
the influences of line tension, has been derived in terms of general dividing surface.
Under some assumptions, this generalized Young’s equation reduces to the Wenzel’s
equation or Rosanov’s equation in terms of surface of tension.

5. Discussion

In 2008, Dai and Zhao [23] established an electrowetting model for rough surfaces
under low voltage. Further generalizations of Dai and Zhao’s work by using the method
of dividing surfaces used in this work may be possible. Recently, Wang and Zhao [8]
studied the electrowetting on curved surfaces. This interesting and important work
suggests that it is possible to further generalize our results to the case of wetting
phenomena on curved surfaces.
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