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The elasto-plastic-damage behavior of anisotropic aluminum alloys is investigated under finite deformation using a physical 
mechanism based constitutive model. With an application to the structural calculation, the present model is used to describe 
and analyze the mechanical response of anisotropic 6260-T6 aluminum alloy extrusions. For the tensile specimens extracted 
along three different material orientations from the extruded aluminum profile, twelve simulations are carried out covering four 
different specimen geometries. The simulation results in force-displacement response and central logarithmic axial strain evo-
lution are compared with experimental results. From the comparisons, it can be concluded that the present model has the ca-
pacity to describe the behavior of anisotropic material. From the force-displacement curves, the anisotropy is observed in dif-
ferent material orientations, and the physical mechanism of anisotropy is analyzed. 
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1  Introduction 

In the sheet forming process, the sheets usually possess dif-
ferent properties in rolling and transverse extrusion orienta-
tions. The effect of anisotropy causes difficulties in deter-
mining the mechanical behavior of materials, especially 
under the condition of plastic deformation and damage in-
duced anisotropy. In order to solve this problem, many ef-
forts have been put into the study of anisotropic behavior of 
materials. 

When it comes to plastic deformation, classical plasticity 

theory and crystal plasticity theory investigate the plastic 
anisotropy in different ways. As a macroscopic approach, 
classical plasticity theory is inseparable from the yield func-
tion. Hill [1,2] proposed an anisotropic yield function with 
six parameters in the definition of an equivalent stress. As 
an important extension, the Yld2000-2d yield function was 
proposed by Barlat et al. [3–6]. Recently, Dunand et al. [7] 
extended the Yld2000-2d model to three dimensional stress 
states and investigated the anisotropic behavior of alumi-
num alloy extrusions. In addition, great progress has been 
made in the microscopic perspective of crystal plasticity 
theory. For example, the Taylor-type crystal plasticity de-
veloped by Garmestani et al. [8] and the crystal plasticity 
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model with anisotropic strain hardening rule proposed by 
Zamiri et al. [9].  

For the damage stage, continuum damage mechanics 
(CDM) and microscopic damage mechanics are intended to 
study the anisotropic damage from different viewpoints, and 
damage variable is an important base to describe the dam-
age for many models. In the CDM, based on the scalar 
damage variables for isotropic damage model [10], vectors 
[11] or tensors [12–15] were incorporated into damage 
models to describe the anisotropic damage. On the other 
hand, microscopic damage mechanics is employed to obtain 
the macroscopic response from the microstructural physical 
process involved in microcrack growth, and several im-
portant micromechanical damage models were proposed 
[16–19]. 

There are two approaches mentioned above: macroscopic 
and microscopic. Both of them have their advantages and 
disadvantages: macroscopic approach allows for a direct 
implementation in the Finite Element Method (FEM) codes, 
but it can’t connect the texture evolution to the anisotropy 
of the materials. On the other hand, microscopic approach 
can explain the material behavior based on the texture evo-
lution, but it is difficult to implement in the FEM program. 

So combination of the two approaches is a promising 
path to construct applicable elasto-plastic damage models 
with a solid physical foundation. In recent years, progress 
has been made in developing material models by incorpo-
rating microscopic information. For example, Peeters et al. 
[20] and Kowalczyk et al. [21] attempted to describe the 
evolution of macroscopic plastic anisotropy based on the 
microstructure of polycrystals, and implemented their mod-
els in numerical simulations. On the other hand, some mod-
els based on interatomic potentials were proposed to reflect 
the microstructure of materials. The Virtual Internal Bond 
(VIB) model [22] and the Quasicontinuum model [23] de-
scribed the mechanical response of atoms within the 
framework of continuum mechanics. The physical mecha-
nism based model is not only easy to apply in structural 
calculation, but also able to explain the material behavior.  

However, some basic requirements should be considered 
for establishing a constitutive model [24,25]. For example, 
it must be objective. So an appropriate expression for con-
stitutive equation under finite deformation is very important 
[26]. And more requirements should be considered for the 
complicated behaviors in the deformation processes of some 
materials [27]. So, we also hope the constitutive model has 
the following characteristics: firstly, it can describe the me-
chanical behavior of whole deformation process including 
elasticity, plasticity and damage; then, it has the capacity to 
describe the anisotropy and complicated deformation under 
finite deformation.  

In this paper, the mechanical behavior of anisotropic 
aluminum alloy is investigated using a physical mechanism 

based elasto-plastic damage constitutive model named 
component assembling model. The model is assembled by 
the spring-bundle, cubage and slip components. The spring- 
bundle and cubage components are abstracted from pair 
functional potentials to describe the elasto-damage constitu-
tive relation. Considering that slip is the main plastic de-
formation mechanism of polycrystalline metals, we propose 
slip component to describe the plastic behavior of material. 
Based on the decomposition of total deformation into elastic 
deformation and plastic deformation, the elasto-plastic 
damage constitutive relation has been established by assem-
bling the responses of three kinds of components. 

Based on the present model, the constitutive equation is 
implemented into the finite element simulation tool ABAQ- 
US. For the extruded 6260-T6 aluminum alloy, simulations 
are performed based on the experiments of Luo et al. [28] 
and Dunand et al. [7]. With the comparisons between simu-
lation and experimental results, the physical mechanism of 
anisotropy is analyzed. 

2  Material model 

The component assembling model was proposed by Deng et 
al. [29–31] in the infinitesimal deformation. Zhang et al.  
[32] studied the damage induced anisotropy of quasi-brittle 
materials based on this model. Liu et al. [33,34], Fu et al. 
[35,36] and Chen et al. [37] extended it into the condition of 
finite deformation and investigated the evolution of subse-
quent yield surface. In this paper, only essential parts of 
derivation process for the material model under finite de-
formation are provided.  

2.1  Elasto-damage constitutive relation  

Based on pair functional potentials and Cauchy-Born rule 
[38], the atomic bonds in the same direction are represented 
by a spring-bundle component, and the atom embedding 
interaction is represented by a cubage component. The 
spring-bundle components are discrete uniformly all over 
the space and reflect the pair potential. The only one cubage 
component reflects the embedding potential. The elastic 
deformation and the damage of material can be described by 
spring-bundle and cubage components, and the elasto- 
damage constitutive equation is established by the Jaumann 

rate of Kirchhoff stress  


e W  and the symmetric rate of 

elastic stretching tensor De
 [34]:  

   : ,


e
e e W C D  (1) 

where, We is the elastic part of lattice spin tensor, Ce is the 
tangent elasto-damage stiffness tensor. Its components are 
expressed as: 
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where, (s) is the deformation of a spring-bundle component, 
f((s)) is the force response of the spring-bundle component, 
n(s) is the direction vector, and ( )s

in  is the component of 

n(s);  is the deformation of cubage component, p( ) is the 
force response of the cubage component. f  ′((s)) and p ′() 
are the tangent stiffness of spring-bundle component and 
cubage component respectively. ij is the Kronecker delta. 

Since the essence of damage is the decrease and loss of 
atomic bonding forces, the damage effect can be reflected 
by the force response of spring-bundle and cubage compo-
nents. For simplicity, the damage of cubage component is 
not considered in the present work. 

2.2  Elasto-plastic damage constitutive relation 

Dislocation slip is considered as the main plastic defor-
mation mechanism of most metals. By extending crystal 
plasticity to polycrystalline, we propose the slip component 
to describe plastic deformation. The response of slip com-
ponent under finite deformation is similar to that of crystal 
plasticity. 

The slip components are uniformly discrete in the space. 
For the slip component , the kinematic variable is shearing 
deformation () and the kinetic variable is resolved shear 
stress (). According to the generalized Schmid law, for a 
potentially active or critical slip component, the resolved 
shear stress must reach its critical value. For a continuously 
active slip component, the resolved shear stress must in-
crease to and remain at the critical value. It is assumed that 
the rate of critical resolved shear stress is linearly related to 
the shearing deformation rate on slip components: 
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where, h is the hardening modulus matrix and reflects the 
affect of component  on component . b is the Bausching-
er effect parameter that determines the influence of positive 
critical resolved shear stress on the negative one. When 

  0,




  h  the positive critical resolved shear stress 

( )cr  changes due to hardening, the negative one   cr  

changes by Bauschinger effect, and vice versa.  

The Jaumann rate of Kirchhoff stress is written as: 
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where, D is the symmetric rate of stretching tensor, and D p 
is the symmetric rate of plastic stretching tensor.  is 
Kirchhoff stress and the sum runs over the active slip com-
ponents. ( ) ( ) ( ) ( ): ,      e  P C Q Q  and  g  

( ) ( ): . 
 h  P  P() and Q() are the symmetric and anti-

symmetric tensor respectively: 
1

(
2

     ( ) ( ) ( ) ( )P s n n  

), ( )s  ( ) ( ) ( ) ( ) ( )1
( ).

2
       Q s n n s  For the slip 

component , s() is the vector in the slip direction and n() 
is the vector in the normal direction of slip plane. 

Defining C epd as the elasto-plastic damage stiffness ten-
sor by 

 1 ( ) ( )

1 1

( ) , 


 



 

 
m m

epd e g=C C    (5) 

where, the components of elasto-damage stiffness tensor C e
 

are determined by eq. (2). 
More details about the material model were given by Liu 

et al. [34]. 

3  Finite element formulation 

For the structural calculation based on the FEM, the consti-
tutive equation (4) would be transformed to a linear format 
using the update Lagrange method. In the calculation, the 
last deformed state is defined as the reference configuration.  

According to the update Lagrange method, the second 
Piola-Kirchhoff stress T is equal to the Kirchhoff stress  in 
the reference configuration. In the current configuration, the 
relationship between the material spin of Kirchhoff stress 
  and that of the second Piola-Kirchhoff stress T  can be 

expressed as: 

 ,     ij ij ip pj ip jpT L L  (6) 

where, L is the velocity gradient tensor. 
The components of the Jaumann rate of Kirchhoff stress 

can be written as: 

 ,   


    ij ij ip pj ip pjW W  (7) 

where, W is the lattice spin, and it is an antisymmetrical 
tensor. So the material spin of Kirchhoff stress   can be 
written as: 
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where, the components of elasto-damage stiffness tensor 
epd
ijklC  are calculated by eq. (5). 

Substituting eq. (8) into eq. (6) yields, 

 ( ) .      epd
ij ijkl ik jl kj il klT C D  (9) 

The relationship between the rate of Green strain E  
and the symmetric rate of stretching tensor D is expressed 
as:  

 T ,  E F D F  (10) 

where, F is deformation gradient. 
Since the last deformed state is defined as the reference 

configuration, the principal elongation ratio is regarded as 1 
in the current configuration. Then the rate of Green strain 
E  is equal to the symmetric rate of stretching tensor D, i.e. 
=E D  [25], eq. (9) can be expressed as: 

 ( ) .       epd
ij ijkl ik jl kj il klT C E  (11) 

The constitutive equation is transformed into a linear 
format as: 

 : ,  T C E  (12) 

where C  is the stiffness tensor that satisfies the character 
of Voigt symmetry, and its components can be written as: 

 .      epd
ijkl ijkl ik jl kj ilC C  (13) 

4  Iteration procedure 

The linear constitutive equation (11) is integrated into FEM 
simulation tool ABAQUS. For each integration point, the 
increase of strain is given and the stress is calculated in the 
user subroutine VUMAT. The whole calculation procedure 
in an increment step is presented as: 

(1) The increase of Green strain E(n) is given. 
(2) Since D(n)=E(n) holds in the update Lagrange  

method, the symmetric rate of elastic stretching tensor is 
calculated by (De)n=(D)n(Dp)n1. The initial value of Dp is 
set as 0. 

(3) The increase of elastic deformation gradient is com-
puted by Fe=(De+We)·(Fe)n1; the value of We is set as 0. 
The total elastic deformation gradient is (Fe)n=Fe+(Fe)n1. 

(4) The deformations of spring-bundle and cubage com-
ponents can be obtained by the elastic deformation gradient 
(Fe)n [34], and the force responses of these components 

would be calculated.  
(5) The elasto-damage stiffness tensor C e is obtained by 

eq. (2). 
(6) The Kirchhoff stress  is calculated by  


(s)(s) 2

1

( )e ( ) ( ) .  


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n

s

f pn n I  

I denotes the identity tensor. 
(7) For the slip component, the resolved shear stress is 

computed based on the Schmid law: ( ) ( ): .    P  For 
the continuously active slip , the slip deformation rate 

( )  is calculated by the rate of resolved shear stress ( )  

and the hardening modulus matrix h based on the eq. (3) 
[34]. 

(8) The new symmetric rate of plastic stretching tensor 

  npD  is calculated by      

=1

= . 



 
mnpD P  

(9) The new symmetric rate of stretching tensor is com-

puted by ( ) ( ) ( ) ,  n e n p nD D D  and the computed one 

( ) nD  is compared with the given one (D)n. If the condition 

      n n
D D  ( is a small value dependent on the 

calculation precision) is satisfied, go to the next step; oth-

erwise, assign the value   npD  to D p and go back to the 

second step. 
(10) The elasto-plastic damage stiffness C epd is obtained 

by eq. (5). 
(11) At last, the increase of second Piola-Kirchhoff stress 

(T)n is calculated by eq. (12), and the total value of second 
Piola-Kirchhoff stress is obtained by (T)n=(T)n1+(T)n. 

5  Simulations 

For the anisotropic 6260-T6 aluminum alloy, the material 
was tested under uniaxial loading along different material 
orientations and the material constants were given by 
Dunand et al. [7]. On the other hand, in the experiments of 
Luo et al. [28], the flat tensile specimens with circular 
notches (three different notch radii were used: R=20 mm, 
R=10 mm, R=5 mm) and specimens with a central hole 
(R=5 mm) were employed. All specimens were extracted 
along three different orientations: the first one was along the 
extrusion orientation (0°), the second one was along the 
diagonal orientation (45°), and the last one was along 
transverse orientation (90°).  

The simulations are carried out for the experimental re-
sults of Luo et al. [28]. All tensile specimens are discretized 
using reduced-integration four-node plane stress elements 
(CPS4R). Considering the symmetry of the specimen ge-
ometries and loading conditions, we choose one fourth of 
the tensile specimens with the thickness of 2 mm for all 
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simulations.  
The geometries and mesh grids for the four types of 

specimens are showed in Figure 1. The left plots are the 
geometries for each type of specimens, and the right plots 
are the mesh grids. For the tensile specimens with circular 
notches, the gage length is 30 mm, and for the specimens 
with a central hole, the gage length is 20 mm. The width for 
all tensile specimens is 20 mm.  

5.1  Discrete directions of spring-bundle and slip com-
ponents 

The spring-bundle and slip components are discrete in the 
space. For simplicity in the simulation, 15 independent 
spring-bundle components are chosen in the plane, as 
shown in Figure 2(a). Considering that the active slip com-
ponents can slip along positive or negative directions, we 
choose 30 independent slip components in the first and se-
cond quadrants, as shown in Figure 2(b).  

5.2  Calibration of model parameters 

In the experiments by Dunand et al. [7], the Young’s mod-
ulus of E=63 GPa and the elastic Poisson ratio of v=0.33 
were given, as well as the yield stress ys in different mate-
rial orientations. The average value of the initial uniaxial 
yield stress is 210 MPa.  

Before the structural calculation, the pretreatment would 
be carried out and other model parameters could be deter-
mined. 

5.2.1  Pretreatment before the structural calculation 

For each calculated point, the stiffness matrix is determined 
by the state variables on the components (e.g. deformations 
history and response). For isotropic material, the initial state 
variables remain the same in different directions. To simu-
late the anisotropy of material, we change the state variables 
before structural calculation. 

The pretreatment is completed by using the software  

 

Figure 1  Geometries and mesh grids for tensile specimens. (a) Specimens with circular notches: R=20 mm; (b) specimens with circular notches: R=10 mm; 
(c) specimens with circular notches: R=5 mm; (d) specimens with a central hole. 

 

Figure 2  Planar discrete directions of spring-bundle and slip components. (a) Spring-bundle components; (b) slip components. 
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Figure 3  Change of the value of critical resolved shear stress after the pretreatment (solid line: positive direction; dotted line: negative direction). (a) Be-
fore pretreatment (isotropic); (b) after pretreatment (anisotropy). 

FORTRAN. By setting the initial yield stress 0 ys  as 210 

MPa, each calculated point would experience a tensile 
loading to 211 MPa (the yield stress in the extrusion orien-
tation) and a linear unloading to zero-stress state.  

The state variables on slip components would change 
according to their own directions, such as the critical re-
solved shear stress and slip deformation. For example, the 
change of critical resolved shear stress in different direc-
tions after the pretreatment is shown in Figure 3. The length 
of line represents the critical value. The solid line and dot-
ted line represent the critical value of positive and negative 
directions respectively. 

The anisotropy is reflected by the variety of state varia-
bles on the discrete components. Then the value of the cur-
rent state variables would be saved as the initial value for 
the structural calculation. 

5.2.2  Calibration of slip components 

(1) The value of initial critical resolved shear stress 0cr  is 

determined by the average value of initial uniaxial yield 
stress as 0

cr =210 MPa/2=105 MPa [34]. After the pre-

treatment, the critical resolved shear stress would differ 
from one another.  

(2) The hardening rule in the present model includes iso-
tropic and kinematic hardening [34], and it is defined as: 

 ( , ) ( , ) ,   
  i kh h h  (14) 

where ( , ) 
ih  represents isotropic hardening, and ( , ) 

kh  

represents kinematic hardening. 
From the comparison between the maximum tension 

stress (about 240 MPa) and the initial yield stress (about 
210 MPa) in the experiments [7], the Aluminum in the ex-
periments is considered as a kind of very low work harden-
ing material. Based on the investigation of Liu et al. [34] 
and the experimental results of Khan et al. [39–41], the 
kinematic hardening dominates the hardening rule for low 
work hardening materials. So the isotropic hardening is not 

considered in the present work. 
The hardening modulus matrix his expressed as: 

 
( , )

( , ) ( ) ( ) ( ) ( , ) ( ) ( )     = : ( ) : ,

 


        




 
k

kl ks kl

h h

h h hP P P P
 

(15)
 

where ( )
ksh  and ( , ) 

klh  denote self and latent hardening 

respectively. 
Considering that the exponential curve is similar to the 

macroscopic stress-strain curve, we express the self hard-
ening parameter ( )

ksh  as: 

 1( ) ( )
02 (| | ) ,     km

ks k kh c m  (16) 

where ck and mk are the kinematic hardening parameters of 

the model, and 0 is determined by 

1
0

0 .


  
  
 

km
cr

kc
 

Considering that the earlier active slip components affect 
the later ones and based on the symmetry of the hardening 
matrix, we express the latent hardening parameter ( , ) 

klh  

as: 

 ( , ) ( ) ( )min( , ),   kl ks ksh q h h  (17) 

where q is the latent hardening parameter. 
The response of the slip component can be expressed as: 

 ( )
0( + ) .   km

kc  (18) 

The response curve of the continuously active slip com-
ponent is revealed in Figure 4. 

(3) Considering that the Bauschinger effect parameter b 
and the latent hardening parameter q affect the change of 
critical resolved shear stress in the pretreatment, we deter-
mine these two parameters by the difference of yield stress 
between the extrusion orientation (0°) and other orientations 
(45°, 90°). 

(4) The kinematic hardening parameters ck and mk are 
determined by fitting the stress-strain curve under uniaxial 
loading. Figure 5 shows the comparison of stress-strain  
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Figure 4  Response curve of the continuously active slip component. 

 

Figure 5  Comparison of stress-strain curve in uniaxial loading between 
the simulation and experimental results. 

curve between the simulation and experimental results. 

5.2.3  Calibration of spring-bundle components 

Considering that the stiffness of spring-bundle component 
decreases exponentially, we express the response of the 
spring-bundle component as: 
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(19) 
where H0 is the initial stiffness of spring-bundle component, 
which is determined by Young’s module and Poisson’s ratio. 
0 is the damage threshold value in tension loading. ( )

s
h  

is the deformation history. k is the parameter that deter-
mines the rate of damage development of the spring-bundle 
component. Figure 6 is the response curve of the spring- 
bundle component. 

 
Figure 6  Response curve of the spring-bundle component. 

Comparing the tangent stiffness tensor in eq. (2) with the 
generalized Hooke’s law, we obtain the initial stiffness H0 
of spring-bundle component by the initial Young’s modulus 
and Poisson ratio [34]. In the plane stress condition, H0 is 

calculated by 0

4
= .

(1+ )
E

H  The damage threshold value 

0 and the parameter k are determined by fitting the 
force-displacement curves along the extrusion orientation 
(0°) in the experiments by Luo et al. [28].  

5.2.4  Calibration of cubage component 

The damage of cubage component is not considered in the 
present work, so the force response p() can be calculated 
by the initial Young’s modulus and Poisson ratio [34]: 

 
(3 1)

( ) .
2(1 )(1 )

 
 




 
E

p  (20) 

All parameters for simulation are listed in Table 1 and 
kept the same irrespective of the specimen geometries.  

5.3  Simulation results 

The comparisons for tensile specimens with circular notches 
between simulation and experimental results are shown in 
Figure 7 and these for tensile specimens with a central hole 
are revealed in Figure 8. ‘FD’ represents force-displacement, 
and the local Log strain at the center of the planes is taken 
into account. 

Figure 9 is the comparisons of the axial strain for the 
tensile specimens in extrusion orientation between the sim-
ulation and experimental results. The left plots are the ex-
perimental results measured by Digital Image Correlation 
from the specimen surface, and the contour plots on the 
right are simulations of logarithmic axial strain. It can be  

Table 1  Parameters for simulations 

E (GPa) v 0 k 0 (MPa)cr  ck (MPa) mk q b 

63 0.33 0.0024 0.017 105 5000 0.1 0.1 1.0 
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Figure 7  (Color online) Comparisons of experimental and simulation results in force-displacement response and central logarithmic axial strain evolution  
for the tensile specimens with circular notches. (a) R=20 mm, =0°; (b) R=20 mm, =45°; (c) R=20 mm, =90°; (d) R=10 mm, =0°; (e) R=10 mm, =45°; 
(f) R=10 mm, =90°; (g) R=5 mm, =0°; (h) R=5 mm, =45°; (i) R=5 mm, =90°. 
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Figure 8  (Color online) Comparisons of the force-displacement response between experimental and simulation results and the evolution of central loga-
rithmic axial strain for the tensile specimens with a central hole. (a) =0°; (b) =45°; (c) =90°. 

found that the strain localization is near the center of the 
specimens both in simulation and experimental results. 

From the comparisons in Figures 7–9, it can be obtained 
that the model is able to describe the elasto-plastic-damage 
behavior of materials. 

6  Discussion 

The force-displacement response curves for the tensile 
specimens are showed in the Figure 10. Same with the ex-
periment results, a noticeable anisotropy is observed. 

In the present work, the plasticity is reflected by the slip 
components. The loading and unloading processes in the 
pretreatment make the state variables on slip components 
changing according to their own directions. Moreover, the 
change of critical resolved shear stress is affected by 
Bauschinger effect parameter b and the latent hardening 
parameter q, which makes the yield stress diverse in differ-
ent material orientations. Then in the structural calculation, 
the plastic deformation induced anisotropy is reflected by 
the slip components.  

On the other hand, the damage is determined by defor-
mations on the spring-bundle components, which depend on 
the directions of themselves. Then in the structural calcula-
tion, the damage evolution in different spring-bundle com-

ponents reflects the anisotropic damage. 
For the specimens in different material orientations, the 

macroscopic anisotropy is reflected by the state variables on 
the components naturally. 

7  Conclusions 

The present work focuses on the elasto-plastic-damage be-
havior of anisotropic aluminum alloys under finite defor-
mation by using a physical mechanism based constitutive 
model. The main conclusions of this paper are summarized 
below. 

(1) The constitutive equation is transformed into a linear 
format and applied in the structural calculation using the 
user subroutine (VUMAT) of ABAQUS. For the same ma-
terial, the parameters are the same in all cases and have their 
physical meanings. 

(2) For tensile specimens from the extruded 6260-T6 
aluminum alloy profile, the comparisons between the simu-
lation and experimental results show the capacity of the 
present model to describe the elasto-plastic-damage behav-
ior of anisotropic materials. 

(3) The anisotropy is explained based on the present con-
stitutive theory. Since the spring-bundle and slip compo-
nents discrete all over the space, and the state variables on  
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Figure 9  Comparisons of simulation and experimental results in the axial strain for tensile specimens in extrusion orientation. (a) Specimen with circular 
notches: R=20 mm; (b) specimen with circular notches: R=10 mm; (c) specimen with circular notches: R=5 mm; (d) specimen with a central hole. 

 

Figure 10  (Color online) Simulation results in the force-displacement response for tensile specimens. (a) Specimens with circular notches: R=20 mm; (b) 
specimens with circular notches: R=10 mm; (c) specimens with circular notches: R=5 mm; (d) specimens with a central hole.
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these two kinds of components change according to their 
directions, the macroscopic property is naturally reflected 
by the evolution of state variables on the components.  
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