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The three-point velocity increment correlation function is proposed to represent the multiscale
correlations in turbulent flows. The inertial–inertial correlation and the inertial–dissipative correlation
are discussed due to their endogenetic properties in turbulence and their roles in large-eddy simulation.
The zero-correlation points are then emphasized as equilibrium points between them. The credibility of
this theoretical result is numerically verified in both isotropic and anisotropic flows. Results imply the
universality of this zero-correlation scaling in different turbulent flows. This work is expected to be a
dependable theoretical base for creating multiscale subgrid models in large-eddy simulation.
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1. Introduction

The Large Eddy Simulation (LES) technique has been developed
in the last 50 years, yet till now it may not be regarded as a re-
liable tool in practical computations for engineering problems [1].
The remarks, from the engineering community, are mostly on the
unclear criterions of choosing a proper subgrid model in a typical
problem: on the physical level, this reality should be due to the
fact that the subgrid models, which should represent the multi-
scale energy transfer relations, are usually not universal in complex
flows.

In general, the process of formulating a subgrid model can be
divided into two steps [2]: (i) to assume a similarity between the
resolved and subgrid scales; (ii) to use a certain physical law to
calculate the ratio of this similarity, or say to make a closure. The
important thing is that this physical law should be universal in
reality. For example, if this law behaves differently in isotropic and
anisotropic turbulent flows, it would not be the best choice [3–5].

There are two physical laws which are widely used in current
subgrid models: one is the −5/3 slope of energy spectrum [6]; the
other one is the (traditional or anomalous) scaling law of the two-
point second-order structure functions [6–8]. The spirit of them
are similar on claiming a quantitative multiscale relation. Compar-
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ing to the former one in spectral space, the latter is a relation in
physical space and is then more appropriate for practical applica-
tions. However, this scaling law is not universal. Many researchers
have shown that, although the small scale fluctuations always tend
to be isotropic, the two-point scaling law is definitively affected
by the large-scale anisotropy [9–12]. Therefore, effects of finding a
more universal multiscale relation will be helpful.

The recent work of Marusic et al. [13] shed light on the mul-
tiscale similarity in wall-bounded turbulence, by considering the
correlation between large- and small-scale motions. However, this
work did not distinguish the wall effect from the more common
multiscale correlation, i.e., the endogenetic correlation in homoge-
neous isotropic turbulence (HIT). It should be clarified which types
of multiscale correlations always exist in turbulent flows and are
not consequences of the wall effect. Therefore, we would like to in-
vestigate this endogenetic correlation by revisiting the three-point
velocity increment correlation, which was firstly defined by L’vov
et al. [14] and analyzed by Benzi et al. [15]. Our work expands
the results of Benzi et al. from one dimension to three dimen-
sions, and also shows their universality in anisotropic turbulence
by processing the Direct Numerical Simulation (DNS) results. We
then conclude that the aim of the present work is a theoretical ap-
proach to investigate the multiscale correlation, focusing on finding
the universal physical behavior of turbulent flows.

2. Three-point velocity increment correlation function

In the following, we will revisit the work of Benzi et al. for
the one-dimensional three-point velocity increment correlation
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function, and discuss its behaviors in different scales. Then a three-
dimensional formulation is derived by expanding this work.

Following Benzi et al., the one-dimensional three-point velocity
correlation function can be defined as (see Fig. 1 as a sketch)

D AB↔BC (r, l) = 〈
(u A − uB)(uB − uC )

〉
, (1)

where r and l define the two distances AB and BC respectively. A,
B and C are located at one straight line in HIT. The corresponding
velocity components along this line are denoted as u A, uB and uC

respectively. In the following r and l are assumed to be normal-
ized by the Kolmogorov scale η. Physically we can then consider
this definition as the correlation between the velocity increments
of different scales r and l. Although the definition of this correla-
tion is distinct from the signal processing method of Marusic et al.,
we could say that the main ideas are similar. In HIT, traditional
theories of two-point second-order structure function lead to

〈
(u A − uB)2〉 = Dll(r),

〈
(uB − uC )2〉 = Dll(l),〈

(u A − uC )2〉 = Dll(r + l), (2)

with 〈 〉 the ensemble average, and Dll( ) the second-order longi-
tudinal structure function. From Eqs. (1) and (2) we can simply
obtain

D AB↔BC (r, l) = 1

2

(
Dll(r + l) − Dll(r) − Dll(l)

)
. (3)

This formula deduces the three-point correlation from the tra-
ditional two-point structure functions and then allows the follow-
ing theoretical analysis. In addition, this formula shows a scaling
behavior among three different scales, i.e., r, l, and r + l, thus a

Fig. 1. Sketch of one-dimensional three-point correlation.
classical scaling law of structure functions is implied here as a
multiscale relation.

In the following we will examine this formula by considering
the correlation between different scales.

2.1. Inertial–inertial range correlation

Assuming extremely high Reynolds number and extremely wide
inertial range, we examine the case when all scales r, l and r + l
are located in the inertial range, where Dll(x) = 2v2x2/3 with v the
turbulence fluctuation. From Eq. (3) we have

D AB↔BC (r, l) = v2((1 + l/r)2/3 − 1 − (l/r)2/3)r2/3. (4)

Fig. 2 shows that the function is negative and monotonically de-
creasing by either r or l, indicating the velocity increments be-
tween u A −uB and uB −uC tend to have the opposite signs. Indeed,
this fact can be explained that at large scales the three velocities
should be approximately zero-average. The scaling of l/r → 0 was
discussed in Ref. [15], and in this letter it will not be focused on.

2.2. Inertial–dissipative range correlation

The second case assumes that r and r + l are located in the
inertial range, and l in the dissipative range, say l � 1 and r � 1.
This leads to

Dll(r) = 2v2r2/3, Dll(r + l) = 2v2(r + l)2/3,

Dll(l) = 1

15
v2l2. (5)

From Eq. (3) we have

D AB↔BC (r, l) = v2
(

(1 + l/r)2/3 − 1 − 1

30
(l/r)2r4/3

)
r2/3, (6)

with the results shown in Fig. 3. In Fig. 3(b) we fix r = 10 as an
example. It is observed that the values in Fig. 3 are all positive,
Fig. 2. One-dimensional inertial–inertial range correlation. (a) Three-dimensional figure D AB↔BC /v2 in terms of r and l. (b) D AB↔BC /v2 in terms of l/r, with r = 10.

Fig. 3. One-dimensional inertial–dissipative range correlation. (a) Three-dimensional figure D AB↔BC /v2 in terms of r and l. (b) D AB↔BC /v2 in terms of l/r, with r = 10.
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Fig. 4. D AB↔BC using Batchelor’s interpolation formula. (a) Three-dimensional figure D AB↔BC /v2 in terms of r and l, with r, l ∈ [0,100]. (b) r fixed, D AB↔BC /v2 in terms
of l.
which could be explained that the small-scale (i.e., scale l) veloc-
ity increment tends to follow the large-scale (i.e., scale r) motion,
as a natural consequence of continuous functions. This inertial–
dissipative correlation was not mentioned in Ref. [15].

Comparing these two typical cases, we conclude that the endo-
genetic multiscale correlations can be either negative or positive,
and reflect different physical significances. Note that we only con-
sider the cases between an inertial range scale and a smaller scale,
because this is exactly the spirit of LES that filters the turbulence
in inertial range and models the smaller-scale fluctuations.

2.3. Using Batchelor’s interpolation formula

Besides the two typical cases discussed above, Batchelor’s in-
terpolation formula allows the study of the transition between
dissipative and inertial scales. This formula reads [16]

Dll(x) = v2 2x2/3

(1 + (C/x)2)2/3
, (7)

where C ≈ 13 is constant. Here we would like to comment that
although this formula is empirical, it is currently one of the most
accurate analytical relations which integrate the two single range
two-point second-order longitudinal structure functions [17–20].

Similarly we can employ Eqs. (3) and (7) to draw the val-
ues of three-point function in Fig. 4. We fix r and change l (see
Fig. 4(b)) to study the transition from a dissipative–inertial one
to an inertial–inertial one, that is, the value changes from posi-
tive to negative when l increases, e.g., when r = η, the velocity
increment u A − uB has a positive correlation with the increment
uB − uC when its scale is less than 10η, and a negative correla-
tion otherwise. It is interesting that when r = 10η and l ≈ 27η,
we have D AB↔BC = 0, which indicates a statistical independence
between these two scales. Strictly speaking, this independence is
a statistical balance between the dissipative–inertial and inertial–
inertial interactions. This would be important in LES applications,
because when we take a filter size in inertial range (corresponding
to the scale r here), we should know how to model the smaller-
scale parts, i.e., which part is positively dependent to the resolved
motion and which part negatively dependent. This zero-correlation
point will be carefully examined in Section 3.

2.4. Three-dimensional three-point velocity increment correlation

In order to examine the behavior of anisotropic turbulent flows
in the numerical tests, a theoretical comparison of the three-
dimensional correlation function in HIT should be helpful. The one-
dimensional definition is then expanded to the three-dimensional
three-point velocity increment (see Fig. 5):
Fig. 5. Sketch of three-dimensional three-point correlation u A , uB and uC are
collinear in the direction of vector �a, the angle between

−−→
AB and

−−→
BC is α.

D AB↔BC,a(r, l,α) = 〈
(u A − uB)(uB − uC )

〉
a

= 〈u A,iuB, j〉 · eiae ja − 〈u A,iuC,k〉 · eiaeka

+ 〈uB, juC,k〉 · e jbeka − v2, (8)

where the subscript a stands for the velocity direction fixed in the
direction �a. The velocity component in the direction �a of point A
can be written as u A,a = u A,ieia with u A,i the velocity projection of
point A on the axis i, eia the cosine value of the angle between the
vector �a and the axis i. 〈u A,iuB, j〉, 〈uB, juC,k〉 and 〈u A,iuC,k〉 can be
expressed by the longitudinal and transverse structure functions
Dll and Dnn . Following Ref. [21], we have

〈u A,iuB, j〉 = v2
(

rir j

r2

(
f (r) − g(r)

) + g(r)δi j

)
, (9)

where ri is the normalized projective length on axis i between A
and B , f (r) and g(r) are nondimensional longitudinal and trans-
verse correlation functions respectively. The other two functions
〈uB, juC,k〉 and 〈u A,iuC,k〉 can be derived similarly.

In the HIT we can write the transverse structure function as

Dnn(x) = Dll(x) + x

2
D ′

ll(x). (10)

Since

f (x) = 1 − Dll(x)

2v2
and g(x) = 1 − Dnn(x)

2v2
, (11)

we have

〈u A,iuB, j〉 = rir j

4r
D ′

ll +
(

v2 − Dll

2
− r

4
D ′

ll

)
δi j . (12)

As 〈uB,iuC, j〉 and 〈u A,iuC, j〉 can be deduced similarly, substi-
tuting them into Eq. (8), we can finally obtain the expression of
D AB↔BC,a(r, l,α). The longitudinal structure function Dll(x) can
be replaced with any experimental or empirical formula, such as
Batchelor’s formula (7).

2.5. Considering intermittency

In the previous parts we assume the Kolmogorov 2/3 law in in-
ertial range. Indeed, this may be not appropriate due to the widely
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Fig. 6. Three dimensional numerical verification of the three-point velocity increment correlation function. (a) The theoretical results using Eqs. (7) and (8). (b) DNS results.
existing intermittency effect [8,15]. In case of considering inter-
mittency, another scaling exponent (normally about 0.7) instead of
the number 2/3 should be employed. It is found that there are no
qualitative differences comparing to the above results.

3. Numerical verification

Two DNS databases are used in this letter. The first database
is the high Reynolds HIT, generated by Gotoh et al. [22]; the other
one is a Couette channel flow, as introduced in Ref. [23]. In the HIT
case all statistics are made by an average operation in all the three
directions. As the theoretical derivation in HIT has already been
introduced above, the HIT database is applied to illustrate this the-
ory; by contrast, the channel flow case is employed to investigate
the anisotropic behavior.

A general view of the three-point velocity increment correla-
tion function is shown in Fig. 6, focusing on the inertial–inertial
correlation when r and l are large. Batchelor’s formula is used as
a theoretical comparison. Generally the DNS result is quite consis-
tent with the theoretical result, except in the region where r and l
are extreme values. This consistency validates both our theory and
the DNS results. The slight difference when r and l are large is due
to the fact that Batchelor’s formula does not consider the finite
Reynolds effect at the scales near the energy-containing scale.

A one-dimensional comparison with the theoretical result
(Fig. 4(b)) is also presented in Fig. 7 to verify the DNS results.
Good agreement between theoretical and numerical results is ob-
served.

As already stated, we are particularly interested in the dis-
tribution of the zero-correlation points. From Fig. 8(a) and 8(b),
we find the existence of the zero-correlation isosurface, which
means the velocity increments are uncorrelated when the param-
eters are on this surface. The similarity between the theoretical
isosurface and the DNS result illustrates the credibility of theo-
retical derivation again. In the figures, the parameters behind the
isosurfaces, i.e., in the same side as the original point, correspond
to an inertial–dissipative correlation which leads to positive values
of the three-point function; the parameters in the other side con-
tribute an inertial–inertial correlation. Both subfigures show that
the zero-correlation points exist when the angle α is smaller than
π/2. From Fig. 5 this can be understood that in HIT the correlation
only exists between both longitudinal directions or both trans-
verse directions. Only in the region α < π/2 the three-point tensor
(8) can be decomposed to a longitudinal-transverse part and a
Fig. 7. One-dimensional verification of the three-point velocity increment correlation
function. Parameters are the same as in Fig. 4(b).

longitudinal–longitudinal part, where the latter one can contribute
an inertial–dissipative correlation. We could then remark that the
effect of α can be investigated as a rotation of tensor. Therefore,
in the following we only focus at the case when α = 0, i.e., the
one-dimensional case.

In order to examine the different performances of the three-
point correlation function in different types of flow, we observe
the zero-correlation line under the condition α = 0 of DNS data in
both HIT and the channel flows, then find the difference by ana-
lyzing the scaling of the equipotential line. Similar to the form of
scaling law in turbulence, we suppose the zero-equipotential line
satisfies r = ln , and then define the scaling exponent of a zero-
correlation line as n = r′ · l/r = δr/δl · l/r.

In the Couette channel flow we only use the central part (i.e.,
away from walls) of the channel for statistical analysis, where the
flow is approximately driven by constant shear. In the following
we will denote the streamwise, normal and spanwise directions as
x, y and z, respectively.

Fig. 9(a) demonstrates the difference between the zero-cor-
relation lines in HIT and in channel turbulent flow. The lines, ex-
cept in the streamwise direction (i.e., the x direction), are approx-
imately in good agreement, which probably indicates a universal
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Fig. 8. Three-dimensional numerical verification of the zero-correlation isosurface. (a) Theoretical results using Eqs. (7) and (8). (b) DNS results.

Fig. 9. Comparison of the zero-equipotential lines and the corresponding potential scaling exponent distribution with α = 0. (a) The zero-correlation lines. (b) The scaling
exponents.
law of turbulent flows regardless of the large-scale anisotropic ef-
fects. We remark that the different behavior in the streamwise
direction might be a result of the normalization of length scales.
We calculate the Kolmogorov scale in each x–z plane by using
a spherical average of all directions, while this may be not ap-
propriate since in the streamwise direction there may be larger
structures. This problem is beyond the scope of the current letter
and will be investigated in our future work. Indeed, the problem
of calculating the Kolmogorov scale in anisotropic turbulence does
not affect the present analysis: instead of the values of the length
scales, as stated above, we are more interested in the scaling of
the zero-correlation lines, which are not affected by the normal-
ization problem. From Fig. 9(b), if we focus on the region where
r/η ∼ 20, which is approximately the starting of the inertial range
[20], the scaling exponent values in any direction (x, y or z) fluc-
tuate around −1.0, which is in agreement with the HIT results.
Differences in other regions could be explained as the effect of
energy-containing structures. In LES we are more interested in the
scaling at the transition between dissipative and inertial ranges
[18], therefore an agreement around r/η ∼ 20 might be interesting.
It means that when the three-point velocity increment correlation
is zero, the parameter r is always approximately inversely propor-
tional to l, i.e., r ∝ l−1. This law is, at least in current test cases,
not affected by the large-scale anisotropic structures.

4. Discussion and conclusion

Aiming at providing modeling tools for LES, researchers have
been searching for multiscale correlations in complex flows, for in-
stance in Ref. [13]. However, we would like to ask that in these
multiscale correlations, which part is a consequence of the wall ef-
fect and which part is the endogenetic one that exists in all types
of turbulent flows including the HIT. The present letter is there-
fore an attempt to clarify the endogenetic multiscale correlation by
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investigating the three-point velocity increment correlation func-
tion. Two types of correlation, i.e., the inertial–inertial type and
the inertial–dissipative type, are clarified to be both endogenetic in
HIT. These two types lead to negative and positive values of the
three-point correlation, respectively. Therefore, there exists a zero-
correlation point, which corresponds to the equilibrium between
these two types of correlation and should be helpful in the studies
of LES. For example, if we revisit the work of Marusic et al. [13]
in these zero-correlation points, the endogenetic correlation can be
excluded. In addition, we may also employ the zero-correlation in
subgrid modeling, in order to allow a respective modeling of the
inertial–inertial and inertial–dissipative interactions.

Therefore, the contributions of the current letter can be con-
cluded as follows.

(1) Our work expands the results of Benzi et al. [15] from one di-
mension to three dimensions. In HIT the theoretical equations
are derived from the tensor analysis and the classical theory
of second-order structure functions. The results are compared
with DNS results and are in good agreement.

(2) Considering LES, where the smallest resolvable scale is in the
inertial range, two types of three-point correlation are summa-
rized, i.e., the inertial–inertial type and the inertial–dissipative
type. They are both endogenetic in turbulent flows, yet they
have different three-point multiscale behaviors: the values of
three-point correlation are of different signs.

(3) The zero-correlation point is then introduced to represent the
multiscale equilibrium. This zero-correlation point can only
exist when the angle of the three points α < π/2. In the pa-
rameter space, DNS results of HIT and channel Couette flow
show that, when α = 0 and r or l is in inertial range, the scal-
ings of the zero-correlation lines are similar. This might imply
the universality of this zero-correlation scaling.

(4) This work could be expected to be a dependable theoretical
base for creating multi-scales subgrid models in LES, as dis-
cussed in the above parts. Future researches in the domain of
passive scalar turbulence [24] might be also interesting.

In the end, we would like to clarify the difference between
this three-point correlation and the classical triad interaction in
spectral space [25]. Although the triangles are similar, the physical
backgrounds of them are different. The triad interaction is a de-
scription of energy transfer, corresponding to a third-order velocity
variable. By contrast, the three-point correlation is a second-order
function, which is related to the energy of turbulence.
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