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A compressed stiff film/compliant substrate system undergoes a morphology transition from wrinkling to
period-doubling. The perturbation method is used to obtain the approximate analytical solution incorpo-
rating both the quadratic and cubic nonlinearities of the substrate, which have a significant effect on the
post-buckling behavior of the system. Based on the perturbation method, the post-buckling equilibrium
path of the system is presented with the multi-modal analysis, and two bifurcation points appear on the
stable equilibrium path. The wrinkling instability occurs at the first bifurcation point, where the
uncoupled path bifurcates from the fundamental unbuckled state. Under further compression, the
period-doubling instability occurs at the second bifurcation point due to the coupling of different modes,
which is referred to as the mode coupling. The two-mode analysis shows that the coupled equilibrium
path is hyperbola-like and there exists a stable branch which bifurcates from the primary uncoupled
path. When more modes are included, the model is more accurate to predict the critical strain of the
period-doubling bifurcation and the evolution of the amplitudes.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

The compressed stiff film bonded to a compliant substrate can
form wrinkles with a prescribed wavelength when the compres-
sion exceeds a critical value (Chen and Hutchinson, 2004; Huang,
2005; Huang et al., 2005). It has been observed widely in nature,
ranging from human skins (Genzer and Groenewold, 2006) and
tubular organs (Li et al., 2011) to fruits with hard pericarp and soft
sarcocarp (Cerda and Mahadevan, 2003). Moreover, the buckling of
the film/substrate system has been treated as a desirable means of
generating controllable microscale surface pattern (Bowden et al.,
1998, 1999). It also has some applications in the buckling-based
metrology method (Stafford et al., 2004), microfluidic sieves (Kim
and Crosby, 2011), microlens arrays (Chan and Crosby, 2006), tun-
able optical grating (Ma et al., 2013), and stretchable electronics
(Khang et al., 2006; Jiang et al., 2008; Rogers et al., 2010).

However, recent investigations reveal that there exists a new
buckling pattern beyond the sinusoidal wrinkling. Fig. 1 shows that
the film/substrate system under a uniaxial compression firstly
buckles into uniformly distributed sinusoidal wrinkles. Under
further compression, the period-doubling instability appears at a
relatively large deformation. Pocivavsek et al. (2008)
experimentally investigated the wrinkle-to-fold transition of a
polyester film resting on gel substrate and water, respectively. Par-
ticularly, the period-doubling instability was observed in the gel
substrate case. The finite element simulations of an incompressible
neo-Hookean bilayer (Cao and Hutchinson, 2012) and an elastic
film with asymmetric bending stiffness on a hyperelastic substrate
(Sun et al., 2011) showed the period-doubling morphology in the
post-buckling regime. Although the buckling analysis based on
linear substrate response is sufficient to predict the amplitude of
the wrinkle in small strain range (Huang et al., 2005), many inves-
tigations have focused on the role of the substrate nonlinearity in
the post-buckling instability of the system. Brau et al. (2011)
revealed that the period-doubling instability is triggered by the
quadratic nonlinearity of the substrate, which induces an up-down
symmetry breaking: the tension and compression perpendicular to
the surface of the substrate are no longer equivalent for the same
given up/down displacement. Recently, Hutchinson (2013) studied
the influence of the quadratic nonlinearity of a neo-Hookean sub-
strate on the mode shape evolution of the hard film/soft substrate
bilayer. In this study, the quadratic and cubic nonlinearities of the
substrate will be both considered into the post-buckling analysis.

Previously, some researchers focused on the mode jumping of
an axially compressed strut on a cubic nonlinear foundation. The
primary buckling mode will lose stability at a secondary bifurca-
tion point and experiences a sudden jump to a different buckling
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pattern of shorter wavelength (Everall and Hunt, 1999; Zhang and
Murphy, 2005). Such jump is only possible when the coupled equi-
librium path is elliptical, and only occurs from a lower mode to a
higher mode (Hunt and Everall, 1999). For a strut on a full elastic
foundation, the coupled path is unstable. In comparison, a partial
elastic foundation can break the symmetry of the system and cou-
ple the modes to remain stable and thus avoid jumping (Zhang and
Murphy, 2013). However, taking the quadratic nonlinearities of the
substrate into account, an asymmetric and hyperbola-like coupled
solution, which is similar to the case presented by Supple (1969),
will bifurcate from the primary path of the uncoupled mode and
couple the modes.
Fig. 1. A schematic of the film/substrate system and the coordinate system. (a) The
undeformed state with initial length L0 and film thickness h. (b) The sinusoidal
wrinkles form when compressed by DL; k0 is the buckling wavelength. (c) The
period-doubling configuration appears when compressed to a length of L; 2k0 is the
wavelength.
This paper explores the period-doubling instability of a com-
pressed stiff film on a compliant substrate. Based on the perturba-
tion method, some new analytical results on the nonlinear
response of a half-space subject to periodic surface displacements
are presented. The equilibrium equation which includes the qua-
dratic and cubic nonlinearities is solved by the Ritz–Galerkin
method and the post-buckling equilibrium paths are then
obtained. The present model also predicts the critical strain of
the period-doubling instability. The evolution of the mode ampli-
tudes is compared with the experimental data obtained by Brau
et al. (2011).

2. Model development

2.1. Governing equations of the thin film

Fig. 1 illustrates a hard film with the thickness h on a soft sub-
strate. The bilayer system is initially flat before compression. It
deforms only in the x � z plane and is uniform along the y axis
(perpendicular to the x � z plane). In addition, the length in the y
direction is much larger than the buckle wavelength, so the defor-
mation of the system is plane-strain (Song et al., 2008). The top
surface of the film is (assumed to be) traction free; the shear trac-
tion at the film/substrate interface is neglected because it has little
effect on the solution of the film if the deflection is much smaller
than the wavelength (Audoly and Boudaoud, 2008). Therefore,
the film equation of equilibrium is the following ordinary differen-
tial equation:

D
d4wf

dx4 þ p
d2wf

dx2 þ q ¼ 0; ð1Þ

where D ¼ �Ef h
3
=12 is the film bending stiffness and wf is the film

deflection; �Ef ¼ Ef =ð1� m2
f Þ is the plane-strain modulus; Ef and mf

are the film Young’s modulus and Poisson’s ratio, respectively; p
is the film in-plane membrane force per unit width (positive for
compression); q is the normal stress imposed on the film by the
substrate, which will be derived later using the perturbation
method.

2.2. The deformation of the substrate

The substrate is modeled as an isotropic elastic half-space
(Volynskii et al., 2000; Song et al., 2008), with the Young’s modulus
of Es and Poisson’s ratio of vs. Although a linear substrate response
is sufficient to predict the onset of wrinkling and the evolution of
the wrinkle amplitude (e.g., Volynskii et al., 2000; Chen and
Hutchinson, 2004), the geometric nonlinearity from the substrate
is important for some post-buckling patterns and cannot be
neglected for the case of large deformation. A general expression
of the strain tensor eij is written as follows (Landau and Lifshitz,
1959),

eij ¼
1
2

@ui

@xj
þ @uj

@xi
þ @uk

@xi

@uk

@xj

� �
; ð2Þ

which is applicable to the slightly large deformation case. The equi-
librium of force requires that

@rij

@xj
¼ 0: ð3Þ

Eq. (2) is essentially the Green strain according to Landau and
Lifshitz (1959) and thus the stress in Eq. (3) is actually the second
Piola–Kirchhoff stress. In this study, we consider a weakly nonlin-
ear problem that there is no pre-stretch exerted on the substrate
before compression of the film/substrate system. In addition, the
period-doubling instability of the system only leads to small
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stretching of the substrate (Brau et al., 2013). Hence we do not dis-
tinguish the reference state of deformation from the current state,
and the deformation gradient is approximately uniform. As a
result, the equilibrium equation corresponding to the second
Piola–Kirchhoff stress is simplified to be the form as presented in
Eq. (3). For a pre-stretched substrate, the current state of deforma-
tion is different from the reference state and the equilibrium equa-
tion should be written as (FiKrJK),J = 0, where FiK is the deformation
gradient tensor (Song et al., 2008).

The stress tensor given by the Hookean elasticity is as follows:

rij ¼ 2Geij þ kekkdij; ð4Þ

where i, j, k = 1 or 3. The subscripts 1 and 3 represent the coordi-
nates x and z in the undeformed state as shown in Fig. 1, respec-
tively. The strain component e22 is vanished for a plane strain
deformation. G ¼ Es

2ð1þvsÞ and k ¼ Esms
ð1þmsÞð1�2msÞ are the Lamé constants,

and dij is the Kronecker delta function, namely,

dij ¼
1; i ¼ j;

0; i – j:

(
ð5Þ

It is noticed that Eq. (4) presents a linear stress–strain relation.
According to Biot (1965), the linear stress–strain relation can cap-
ture the essential post-buckling features by retaining the nonlinear
strain relation of Eq. (2). Furthermore, the experiment of Schneider
et al. (2008) also physically verifies a linear stress–strain relation-
ship of the polydimethylsiloxane (PDMS) up to a strain of 40%. In
this study, PDMS is the substrate material and the material nonlin-
earity is thus not considered.

By substituting Eq. (2) and Eq. (4) into Eq. (3), the governing
equation is given as follows

ð1� 2msÞr2ui þ h;i þ uk;jiuk;j þ ð1� 2msÞuk;iuk;jj ¼ 0; ð6Þ

wherer2 ¼ @2

@x2
1
þ @2

@x2
3

is the Laplace operator, and h ¼ @u1
@x1
þ @u3

@x3
. For the

half-space model, all the displacements are vanished far from the
film/substrate interface (Groenewold, 2001), namely, x3 ? �1.
But the boundary conditions can be very different. For example,
Song et al. (2008) imposed a vanishing shear traction at the inter-
face; Huang (2005) and Mei et al. (2011) assumed that the shear
and normal tractions at the interface are both nonzero. However,
the film equation of equilibrium in Eq. (1) requires no shear traction
at the interface. To determine the boundary conditions, the follow-
ing assumptions Audoly and Boudaoud’s (2008) are adopted:

(1) The film deflection is much smaller than the wavelength of
the morphology;

(2) The ratio of the film Young’s modulus to that of the substrate
is large.

Based on the first assumption, the film in-plane displacements
are much smaller than the out-of-plane displacement according
to the scaling of the plate equations. From the substrate’s perspec-
tive, the tangential displacement at the interface is thus assumed
to be zero. According to the second assumption, the shear traction
applied by the substrate at the interface is very small (if it is non-
zero) and makes a negligible effect (Audoly and Boudaoud, 2008).
Hence, we neglect the effect of the shear traction and assume the
tangential displacement u1 at the interface to be zero. Moreover,
in order to study the response of the substrate when the coupled
buckling mode appears, the transverse displacement u3 should
consist of two sinusoidal modes with different wave number. So
the boundary conditions are imposed here as

u1ðx1; x3 ! �1Þ ¼ 0; u3ðx1; x3 ! �1Þ ¼ 0;
u1ðx1;0Þ ¼ 0; u3ðx1;0Þ ¼ a cosðkx1Þ þ b cosðmkx1Þ;

�
ð7Þ
where k ¼ 2p=k is the wave number, and k is the wavelength. a and
b are the amplitudes, and m is a constant to indicate the difference
in wave numbers between these two modes. cos (kx1) is the primary
mode indicating the uniform wrinkle. cos (mkx1) is the secondary
mode arising beyond the primary wrinkling. Particularly, the mode
arising in the period-doubling instability can be written as cos (kx1/
2) by setting m = 1/2. In addition, the amplitude of the secondary
mode should be much smaller than that of the primary mode near
the onset of the period-doubling instability. For the amplitude is
much smaller than the wavelength, we introduce a small parameter
d � a=k (Song et al., 2008), and b is set to have a higher order than a,
namely, b=k � d2.

The approximate analytical solution is obtained first by the per-
turbation method, and the stress imposed by the substrate (q) can
then be derived/given in Eq. (1). The displacement components are
expanded as the power series of d, which gives the following

u1ðx1; x3Þ ¼ kðUð0Þ1 þ dUð1Þ1 þ d2Uð2Þ1 þ � � �Þ;
u3ðx1; x3Þ ¼ kðUð0Þ3 þ dUð1Þ3 þ d2Uð2Þ3 þ � � �Þ;

(
ð8Þ

where u1 and u3 are the in-plane and out-of-plane displacements,
respectively; UðiÞ1 and UðiÞ3 are the ith order dimensionless functions
to be determined. To satisfy the displacement boundary conditions
in Eq. (7), where u3(x1, 0) has no the zeroth order term, Uð0Þ3 in Eq. (8)
must vanish. On the other hand, all the displacement components
are much smaller than the wavelength of k, which implies that
Uð0Þ1 also need to vanish. The displacements in Eq. (8) are then
substituted into Eq. (6) to get equations in the power series of d,
and all the terms with respect to different orders of d should vanish.
It yields a series of partial differential equations, which can be fur-
ther reduced to a series of ordinary differential equations. As a
result, solutions for the displacement components up to the order
of d3 are derived (see Appendix A for details).

The strain components are expanded with respect to d in the
form

e11 ¼ dkUð1Þ1;1 þ d2k Uð2Þ1;1 þ k
2 Uð1Þ1;1

� �2
þ k

2 Uð1Þ3;1

� �2
� �

þd3k Uð3Þ1;1 þ kUð1Þ1;1Uð2Þ1;1 þ kUð1Þ3;1Uð2Þ3;1

h i
þ � � �

e33 ¼ dkUð1Þ3;3 þ d2k Uð2Þ3;3 þ k
2 Uð1Þ1;3

� �2
þ k

2 Uð1Þ3;3

� �2
� �

þd3k Uð3Þ3;3 þ kUð1Þ1;3Uð2Þ1;3 þ kUð1Þ3;3Uð2Þ3;3

h i
þ � � �

8>>>>>>>>>><
>>>>>>>>>>:

ð9Þ

where the expressions of UðjÞi are listed in Appendix A. In conjunc-
tion with Eq. (4), the normal stress component on the surface is
as follows

r33ðx1;0Þ ¼
Esð1� msÞ

ð1þ msÞð1� 2msÞ
e33ðx1;0Þ þ

ms

1� ms
e11ðx1;0Þ

� �
; ð10Þ

which can be further expressed in the power series of d by the sub-
stitution of the strain components in Eq. (9), namely,

r33ðx1;0Þ ¼ dkK1k½cosðkx1Þ þ dm cosðmkx1Þ�

þ d2K2k2k2 cos2ðkx1Þ �
1
2
þ 2dm cosðkx1Þ cosðmkx1Þ

� �

þ d3K3k3k3 cos3ðkx1Þ þ d3k3k3f 1 cosðkx1Þ

þ d3k2k2f 2 cos½ð1�mÞkx1� þ � � � ;
ð11Þ

where K1 ¼ 2Esð1�msÞ
ð3�4msÞð1þmsÞ, K2 ¼ Esð1�2msÞð7�8msÞ

2ð3�4msÞ2ð1þmsÞ
, K3 ¼ 4Esð1�msÞ2

3ð3�4msÞ3ð1þmsÞ
. f1 and f2

are given as follows,

f 1 ¼
192m3

s � 504m2
s þ 454ms � 141

64ð1� m2
s Þð3� 4msÞ3

Es; ð12Þ



Fig. 3. The effects of substrate nonlinearities on the normal traction–displacement
relationship as presented in Eq. (15).
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and

f 2¼
mEs½64m3

s �ð8mþ128Þm2
s þð4m2þ6mþ84Þms�4m2þm�18�

2ð1þmsÞð3�4msÞ3
:

ð13Þ

An approximate form of Eq. (11) is given as follows

r�33ðx1;0Þ ¼ K1k½a cosðkx1Þ þmb cosðmkx1Þ� þ K2k2½a cosðkx1Þ
þmb cosðmkx1Þ�2 þ K3k3½a cosðkx1Þ�3; ð14Þ

where a � dk and b � d2k. When d is relatively small, the difference
between the perturbation solution of Eq. (11) and the approximate
one of Eq. (14) is shown in Fig. 2(a) and (b). When d approaches
zero, both r33(x1, 0) and r�33ðx1;0Þ become the degenerate solution
of rd

33ðx1;0Þ ¼ K1ka cosðkx1Þ, which is the normal stress of a linear
substrate.

If the out-of-plane displacement on the surface u3(x1, 0) is
assumed as a cos (kx1), namely, setting the amplitude b to be zero,
the normal stress in Eq. (14) can be written as

r�33ðx1;0Þ ¼ K1ku3ðx1;0Þ þ K2k2u2
3ðx1; 0Þ þ K3k3u3

3ðx1;0Þ: ð15Þ

Here K1k represents the linear stiffness of the substrate, which is
consistent with the previous results (e.g., Biot, 1937; Groenewold,
2001; Chen and Hutchinson, 2004), for the case of incompressible
substrate. K2k2 and K3k3 are the quadratic and cubic nonlinear stiff-
ness, respectively. Fig. 3 illustrates that the substrate quadratic non-
linearity generates the stiffening effect for the outward
displacements and the softening one for the inward displacements.
Therefore, the substrate top surface tends to deform asymmetrically
and favors the inward deformation. This trend is similar to the
behavior of a pre-compressed neo-Hookean substrate subject to a
periodic surface normal traction (Zang et al., 2012; Hutchinson,
2013). On the other hand, the cubic nonlinearity of the substrate
generates the same stiffening effect for both the outward and the
inward displacement which is symmetric.

2.3. Buckling and post-buckling analysis

The film is assumed to be perfectly bonded to the substrate, i.e.,
no delamination occurs (Mei et al., 2007). Furthermore, the
deflection of the middle plane is assumed to be equal to that of
the bottom surface for a thin film. So the film deflection is the same
as the out-of-plane displacement on the surface of the substrate;
and q exerted on the film in Eq. (1) is equal to the normal stress
at the substrate surface, which gives the following two equations:

wf ¼ u3ðx1;0Þ;
q ¼ r33ðx1;0Þ:

�
ð16Þ
Fig. 2. Comparison of the perturbation solution of r33, its approximate form of r�33 and
m = 1/2 when (a) d = 0.1 and (b) d = 0.05.
For the primary buckling analysis in which the nonlinearity of
the substrate is neglected, the film equation of equilibrium as given
in Eq. (1) is now as the following:

D
d4wf

dx4 þ p
d2wf

dx2 þ K1kwf ¼ 0; ð17Þ

where p ¼ �Ef he is the compressive membrane force and e is the cor-
responding in-plane strain. The film deflection induced by the pri-
mary buckling is (assumed as) wf = a coskx, where a is the
amplitude and k is the wave number. By substituting this deflection
into Eq. (17), the following equation is obtained (Biot, 1957; Chen
and Hutchinson, 2004)

p ¼ Dk2 þ K1=k: ð18Þ

The smallest compressive membrane force determines the crit-
ical load of the primary buckling. So the bending of the film favors
small wave number, whereas the deformation of the substrate
favors large wave number. Consequently, the wrinkles select an
intermediate one, which is the critical value, to minimize the mem-
brane force. The critical wave number k0 is determined by the van-
ishing of the differentiation of Eq. (18) with respect to k, namely

k0 ¼
K1

2D

� �1
3

: ð19Þ

The evolution of the amplitude can be derived by the inextensi-
bility of the film (Cerda and Mahadevan, 2003; Pocivavsek et al.,
2008; Brau et al., 2011), which is given as follows:
the degenerate solution of rd
33 along the x-axis with Poisson’s ratio ms = 0.48 and



Fig. 4. The projections of the post-buckling equilibrium paths onto the (a) P � A, (b) P � B and (c) A � B planes, respectively. (d) The three-dimensional diagram of the paths.
Stable paths are shown as solid lines and unstable paths as dashed lines.
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en ¼
1
k0

Z k0

0
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� dwf

dx

� �2
s0

@
1
Adx; ð20Þ

where k0 ¼ 2p=k0 ¼ 2pð2D=K1Þ1=3 is the critical wavelength, and
en = DL/L0 is the nominal overall compressive strain as illustrated
in Fig. 1. By substituting the deflection of wf = a coskx into Eq.
(20), the evolution of the amplitude as a function of the nominal
overall strain is the following:

a ¼ 2
k0

ffiffiffiffiffi
en
p
¼ k0

p
ffiffiffiffiffi
en
p

; ð21Þ

which has the same scale as the amplitude presented by Cerda and
Mahadevan (2003) for the stretch-induced wrinkling. If the radical
in Eq. (20) is expanded to the second order (Brau et al., 2011), the
following equation is obtained

a ¼ 2
k0

ffiffiffiffiffi
en
p

1� 3
8
en

� �
: ð22Þ

When the film/substrate system is further compressed beyond
the onset of the primary buckling, a new configuration triggered
by the period-doubling bifurcation as shown in Fig. 1(c) emerges
(Pocivavsek et al., 2008; Brau et al., 2011; Cao and Hutchinson,
2012). This asymmetric morphology can be caused by the coupling
of two or more sinusoidal modes with different wave number,
because the coupled mode can bifurcate from the primary path
of uncoupled mode under certain condition (Supple, 1967, 1969).
Supple (1970) studied the changes of wave-form of a plate by dis-
cretizing the von Kármán plate equations based on the Ritz–Galer-
kin method, which is also used here to solve the governing
equation of the film.

By setting the constant m in Eq. (7) to be 1/2, the deflection of
the film is then written as wf = a cos(k0x) + b cos (k0x/2), where
the wave number is assumed to be the critical value of the primary
buckling and keeps a constant. As the system is further deformed,
the effects of the substrate nonlinearities stand out. In conjunction
with Eq. (16) and using the approximate stress r�33 of Eq. (14), the
film governing equation is now obtained as follows:

D
d4wf

dx4 þp
d2wf

dx2 þK1k0 acosðk0xÞþb
2

cos
k0x
2

� �� �

þK2k2
0 acosðk0xÞþb

2
cos

k0x
2

� �� �2

þK3k3
0ðacosðk0xÞÞ3¼0: ð23Þ

The dimensionless form of Eq. (23) is

d4Wf

dn4 þ P
d2Wf

dn2 þ 2 A cosðnÞ þ B
2

cos
n
2

� �� �

þ �K2 A cosðnÞ þ B
2

cos
n
2

� �� �2

þ �K3ðA cosðnÞÞ3 ¼ 0; ð24Þ

where n = k0x and other dimensionless parameters are listed as
follows,

Wf ¼ wf k0; A ¼ ak0;B ¼ bk0; P ¼ p
Dk2

0
;

�K1 ¼ K1

2Dk3
0
¼ 1; �K2 ¼ K2

Dk3
0
¼ ð1�2msÞð7�8msÞ

2ð3�4msÞð1�msÞ ;
�K3 ¼ K3

Dk3
0
¼ 4ð1�msÞ

3ð3�4msÞ2
:

8<
:

ð25Þ

Eq. (24) becomes the following two nonlinear algebraic equa-
tions by applying the Ritz–Galerkin method (see Appendix B for
details)

Að3� PÞ þ 1
8

�K2B2 þ 3
4

�K3A3 ¼ 0;

B 17
4 � P þ 2�K2A

 �

¼ 0:

(
ð26Þ
3. Results and discussion

Eq. (26) has the trivial solution of A = B = 0, which is referred to
as the fundamental state of the film here. There are the following
two nontrivial solutions:



Fig. 6. The effect of the substrate cubic nonlinearity on the position of the
bifurcation point at which mode coupling (period-doubling) begins. The solid and
dashed lines indicate the stable coupled paths with and without the cubic
nonlinearity, respectively.
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A – 0; B ¼ 0;

A – 0; B – 0:

�
ð27Þ

The first is referred to as the uncoupled mode and the second is
the coupled mode. For the uncoupled mode, the first equation of
Eq. (26) is simplified to

P ¼ 3þ 3
4

�K3A2
: ð28Þ

Eq. (28) is the equilibrium path of the uncoupled mode trig-
gered by the primary buckling, which is parabolic as shown in
Fig. 4(a). Obviously, it bifurcates from the fundamental state at
P = 3, and the corresponding (dimensional) membrane force is

pc ¼ 3Dk2
0; ð29Þ

which is the same primary buckling load as given by Chen and
Hutchinson (2004) for a incompressible substrate. If A and B are
both nonzero, the following projections of the coupled mode onto
the P � A and P � B planes are obtained by the second and the first
equations of Eq. (26), respectively,

P ¼ 17
4 þ 2�K2A;

ðP � 3Þ P � 17
4


 �
� 1

4 ð�K2BÞ2 � 3
16

�K3
�K2

2
P � 17

4


 �3 ¼ 0;

8<
: ð30Þ

which are plotted in Fig. 4(a) and (b), respectively. Particularly, the
projection on the P � A plane is a straight line, which also intersects
the uncoupled mode as shown in Fig. 4(a). The projection of the
coupled mode onto the A � B plane is further obtained by eliminat-
ing P in Eq. (26), which results in the following

6�K3A3 � 16�K2A2 � 10Aþ �K2B2 ¼ 0: ð31Þ

Eq. (31) is hyperbola-like as plotted in Fig. 4(c). The three-
dimensional diagram of the equilibrium paths is presented in
Fig. 4(d). However, without the effect of the quadratic nonlinearity,
the coupled solution of Eq. (26) will degenerate into a straight line
in the P � A � B space, and there will be no period-doubling config-
uration. Furthermore, it is worth pointing out that only the branch
with negative A is stable due to the smaller membrane force
needed than that of the primary uncoupled mode. The other
branch which bifurcates from the fundamental state is unstable.
The configurations of the film on the stable and unstable coupled
paths are shown in Fig. 5(a) and (b), respectively. Obviously, the
period-doubling configuration appears on the stable path while
the sinusoidal configuration with the doubled wavelength appears
on the unstable path.

The amplitude of the primary mode at the mode coupling bifur-
cation point can be determined from Eq. (31) by setting B = 0. The
corresponding critical nominal strain can thus be obtained by Eq.
(21) as follows:
Fig. 5. The film configurations on the (a) stable coupled path at (A, B) = (
enc ¼ 4�K2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16�K2

2 þ 15�K3

q� �
=ð6�K3Þ

� �2

: ð32Þ

It can be seen from Eqs. (30)–(32) that the coupled equilibrium
paths as well as the critical strain depend on the substrate nonlin-
earities notably. Fig. 6 shows the projection of the stable coupled
paths in the A � B plane before and after eliminating the substrate
cubic nonlinearity, respectively. It indicates that the cubic nonlin-
earity, which has the stiffening effect on the substrate, can
decrease the amplitude of the primary mode when the mode cou-
pling occurs, and thus a smaller nominal strain is needed.

As Eq. (25) shows that �K2 and �K3 only depend on the substrate
Poisson’s ratio ms, Eq. (32) indicates that the critical strain for the
period-doubling instability to occur is also dependent on ms only.
Fig. 7 plots the critical strain in Eq. (32) as a function of the Pois-
son’s ratio between 0 and 0.5. The critical strain increases with
increasing Poisson’s ratio. If the substrate is nearly incompressible,
ms = 0.48, the critical strain enc is about 50%, which is (much) higher
as compared with the experimental data (Brau et al., 2011) and the
numerical result (Cao and Hutchinson, 2012). More accuracy can
be achieved by increasing the number of modes to approximate
the film deflection as follows (Brau et al., 2011):

Wf ¼
Xn

i¼1

Ci cos
in
2

� �
; ð33Þ
�0.95, 0.72) and (b) unstable coupled path at (A, B) = (0.024, �0.72).



Fig. 7. Variation of the critical strain of period-doubling bifurcation shown in Eq.
(32) as a function of the substrate Poisson’s ratio ranging from 0 to 0.5.

Fig. 8. Variations of the dimensionless membrane force P as a function of C2 for the
uncoupled mode and the stable coupled modes with n in Eq. (33) ranging from 2 to
6.
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where Ci = cik0(i = 1,2 . . .) and ci is the amplitude of the ith mode; n
is the mode number. In this form, c2 indicates the amplitude of the
primary buckling mode. By substituting Eq. (33) into Eq. (24), a
series of the discretized equilibrium equations are derived by the
Ritz–Galerkin method (See Appendix B for n = 4), and the solutions
Fig. 9. (a) Variations of the normalized amplitudes as a function of C2. (b) The film mo
Poisson’s ratio is 0.43.
are obtained numerically by the Newton–Raphson method. The
projections of the uncoupled path and the stable coupled path in
the P � C2 plane are demonstrated in Fig. 8 for mode number n vary-
ing from 2 to 6. The coupled paths hardly change when n P 4.
Therefore, n = 4 is enough for the computational results to converge.
Fig. 9(a) shows the evolution of the normalized amplitudes with
respect to C2. It indicates that there exists a simultaneous bifurca-
tion in the values of C1 and C3 as C2 increases, which is the reason
for the occurrence of the period-doubling configuration. The film
deflections before and after the bifurcation are shown in Fig. 9(b).

The value of the external nominal strain corresponding to each
configuration can be derived based on the inextensibility of the
film. By substituting the deflection in Eq. (33) into Eq. (20), the
following relation between the nominal strain and the amplitudes
is obtained when n = 4
en ¼
1

16
4C2

1 þ C2
2 þ 9C2

3 þ 16C2
4

� �
: ð34Þ

The bifurcation point of C2 � �0.88 as shown in Fig. 9(a) corre-
sponds to the critical strain of about 20%. It is much closer to the
experimental prediction and more accurate than the two-mode
model, in which the critical strain is calculated about 33% for the
same Poisson’s ratio. Moreover, the amplitudes d1 and d2 charac-
terizing the film morphology as shown in Fig. 1(c) are the functions
of the normalized amplitudes Ci, which is given as follows
d1
k0
¼ 1

4p Wf ðpÞ �Wf ð0Þ
� 


¼ 1
4p ð�2C2 � C1 � C3Þ;

d2
k0
¼ 1

4p Wf ðpÞ �Wf ð2pÞ
� 


¼ 1
4p ð�2C2 þ C1 þ C3Þ;

8<
: ð35Þ
where C1 and C3 are both negative and much smaller than C2. The
evolutions of the film amplitudes as a function of the nominal strain
en based on the expansion in Eq. (22) are shown in Fig. 10 for the
substrate Poisson’s ratio ranging from 0.43 to 0.48. Comparing with
the experiment carried by Brau et al. (2011) of a polydimethylsilox-
ane (PDMS) substrate cured with ultraviolet radiation–ozone, the
theoretical evolutions of the amplitudes fit the experimental data
well for ms varying from 0.43 to 0.44. But they deviate from the
experiment when ms is 0.48, which is actually the Poisson’s ratio clo-
ser to the material property of PDMS (Harrison et al., 2004; Song
et al., 2008). This deviation may be caused by the assumption that
the substrate is linear elastic (Hookean) as treated by Eq. (4) and
the nonlinearity is from the large deformation only as indicated
by Eq. (2). In reality, the constitutive relation of PDMS is nonlinear,
which is treated as an incompressible neo-Hookean solid (Efimenko
et al., 2005; Sun et al., 2011; Cao and Hutchinson, 2012;
Hutchinson, 2013).
rphology before (dashed line) and after (solid line) the bifurcation. The substrate



Fig. 10. Variation of the amplitudes d1 and d2 shown in Fig. 1(c) as a function of the
nominal strain (en) with different ms ranging from 0.43 to 0.48. The diamond
symbols are the experimental data obtained by Brau et al. (2011).
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4. Conclusions

The period-doubling configuration of a stiff thin film on a non-
linear substrate is induced by the coupling of several sinusoidal
modes. If two modes participate in, the equilibrium path of the
coupled mode is hyperbola-like. One of the branches bifurcates
from the primary uncoupled mode and it is stable owing to the
lower membrane force needed than that of the uncoupled mode.
This bifurcation is triggered by the quadratic nonlinearity of the
substrate, which has an asymmetric effect on the traction–dis-
placement relationship of the substrate, and thus causes the sym-
metry-breaking of the surface configuration. Moreover, the cubic
nonlinearity has a symmetric stiffening effect on both the tension
and compression of the substrate, and thus the amplitude of the
primary mode will be smaller when the period-doubling instability
occurs as compared with that of the case without the cubic nonlin-
earity. As a result, the critical nominal strain is reduced. The evolu-
tion of the film morphology as a function of the nominal strain fits
the experiment very well when four modes or more are used to
approximate the film deflection and the substrate Poisson’s ratio
ms ranges from 0.43 to 0.44. The critical strain of the period-dou-
bling bifurcation is only a function of the substrate Poisson’s ratio
and independent of the modulus ratio between the film and the
substrate. Our future study is to incorporate both the constitutive
and geometric nonlinearities.
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Appendix A. The response of the substrate under periodic
displacement constraint

(i) The expressions for Uð1Þ1 and Uð1Þ3

All the terms with the order of d should be vanished, leaving a
series of partial differential equations related to Uð1Þ1 and Uð1Þ3 ,

2ð1� msÞUð1Þ1;11 þ ð1� 2msÞUð1Þ1;33 þ Uð1Þ3;13 ¼ 0;

ð1� 2msÞUð1Þ3;11 þ 2ð1� msÞUð1Þ3;33 þ Uð1Þ1;13 ¼ 0;

8<
: ðA:1Þ

where ms is substrate Poisson’s ratio. The boundary conditions can
be obtained from Eq. (7) in the main text, namely,
Uð1Þ1 ðx1; x3 ! �1Þ ¼ 0; Uð1Þ3 ðx1; x3 ! �1Þ ¼ 0;

Uð1Þ1 ðx1;0Þ ¼ 0; Uð1Þ3 ðx1;0Þ ¼ cosðkx1Þ:

8<
: ðA:2Þ

Assuming a decoupled form of those displacements,

Uð1Þ1 ¼ F1ðkx3Þ sinðkx1Þ and Uð1Þ3 ¼ F3ðkx3Þ cosðkx1Þ, Eq. (A.1) can be
simplified to a series of ordinary differential equations

F 00001 � 2F 001 þ F1 ¼ 0;

ð1� 2msÞF 001 � 2ð1� msÞF1 � F 03 ¼ 0;

(
ðA:3Þ

where the prime denotes differentiation with respect to x3. The
functions F1 and F3 satisfy the conditions: F1(�1) = F3(�1) = 0,
F1(0) = 0 and F3(0) = 1. So Eq. (A.3) can be solved analytical and

the expressions for Uð1Þ1 and Uð1Þ3 are

Uð1Þ1 ¼ 1
3�4ms

kx3ekx3 sinðkx1Þ;

Uð1Þ3 ¼ 1
3�4ms

ð3� 4ms � kx3Þekx3 cosðkx1Þ:

8<
: ðA:4Þ

(ii) The expressions for Uð2Þ1 and Uð2Þ3

To vanish the terms with the order of d2, Uð2Þ1 and Uð2Þ3 should
satisfy the equations

2ð1�msÞUð2Þ1;11þð1�2msÞUð2Þ1;33þUð2Þ3;13þ
2k3kð1�msÞ

3�4ms
e2kx3 sinð2kx1Þ¼0;

ð1�2msÞUð2Þ3;11þ2ð1�msÞUð2Þ3;33þUð2Þ1;13�
2k3kð1�msÞ

3�4ms
e2kx3 cosð2kx1Þ

þ2k3kð2�5msþ4m2
s þ2mskx3þk2x2

3Þ
ð3�4msÞ2

e2kx3 ¼0;

8>>>>>><
>>>>>>:

ðA:5Þ

where the expressions for Uð1Þ1 and Uð1Þ3 has been substituted. The
corresponding boundary conditions are listed as follows:

Uð2Þ1 ðx1; x3 ! �1Þ ¼ 0; Uð2Þ3 ðx1; x3 ! �1Þ ¼ 0;

Uð2Þ1 ðx1;0Þ ¼ 0; Uð2Þ3 ðx1;0Þ ¼ cosðmkx1Þ:

8<
: ðA:6Þ

Here Uð2Þ1 and Uð2Þ3 are also set to be decoupled, namely

Uð2Þ1 ¼ F11ðx3Þ sinðmkx1Þ þ F12ðx3Þ sinð2kx1Þ; ðA:7Þ

and

Uð2Þ3 ¼ F31ðx3Þ cosðmkx1Þ þ F32ðx3Þ cosð2kx1Þ þ F33ðx3Þ: ðA:8Þ

With Eqs. (A.7) and (A.8), Eq. (A.5) can be simplified into a series
of ordinary differential equations, and the solutions of the dis-
placement components are

Uð2Þ1 ¼ �
ð1� msÞkk

ð3� 4msÞ2
kx3e2kx3 sinð2kx1Þ þ

1
3� 4ms

mkx3emkx3 sinðmkx1Þ;

ðA:9Þ

and

Uð2Þ3 ¼
ð1� msÞkk

ð3� 4msÞ2
kx3e2kx3 cosð2kx1Þ

þ 1
3� 4ms

ð3� 4ms �mkx3Þemkx3 cosðmkx1Þ

þ e2kx3
kk½ð7� 14ms þ 8m2

s Þ � 4ð1� msÞkx3 þ 2k2x2
3�

8ð3� 4msÞ2ð1� msÞ

� kk½ð7� 14ms þ 8m2
s Þ�

8ð3� 4msÞ2ð1� msÞ
: ðA:10Þ

(iii) The expressions for Uð3Þ1 and Uð3Þ3
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Similarly, leaving all the terms with the order of d3 to be zero,
the governing equations for Uð3Þ1 and Uð3Þ3 are as follows:

2ð1�msÞUð3Þ1;11þð1�2msÞUð3Þ1;33þUð3Þ3;13

þ e3kx3 k4k2 sinðkx1Þ
4ð1�msÞð3�4msÞ3

ð34�92msþ64m2
s Þk

2x2
3

h
þð�6þ8msÞk3x3

3�ð29�144msþ236m2
s �128m3

s Þkx3

þ56�300msþ606m2
s �552m3

s þ192m4
s



�e3kx3 k4k2 sinð3kx1Þ

2ð3�4msÞ2
ð7�15msþ8m2

s Þ

þ2k3kð1�msÞmð1þmÞeð1þmÞkx3 sin½ð1þmÞkx1�
ð3�4msÞ

�
2k3kmð1�mÞ 5�15msþ12m2

s

�
�ð1�2msÞð1þmÞkx3þmk2x2

3

i
ð3�4msÞ2

�eð1þmÞkx3 sin½ð1�mÞkx1� ¼0; ðA:11Þ

and

ð1� 2msÞUð3Þ3;11 þ 2ð1� msÞUð3Þ3;33 þ Uð3Þ1;13

� e3kx3 k4k2 cosðkx1Þ
4ð1� msÞð3� 4msÞ3

9� 40ms þ 102m2
s � 136m3

s þ 64m4
s

�
þð9þ 72ms � 212m2

s þ 128m3
s Þkx3 þ ð64� 164ms þ 96m2

s Þk
2x2

3

�ð10� 8msÞk3x3
3

i
þ e3kx3 k4k2 cosð3kx1Þ

2ð3� 4msÞ2
ð7� 15ms þ 8m2

s Þ

� 2k3kð1� msÞmð1þmÞ
ð3� 4msÞ

eð1þmÞkx3 cos½ð1þmÞkx1�

þ 2k3kmeð1þmÞkx3 cos½ð1�mÞkx1�
ð3� 4msÞ2

ð2� 5ms þ 4m2
s Þð1þmÞ

�
�ð1� 2msÞð1þm2Þkx3 þ 2mkx3 þmð1þmÞk2x2

3

i
¼ 0; ðA:12Þ

and the corresponding boundary conditions are

Uð3Þ1 ðx1; x3 ! �1Þ ¼ 0; Uð3Þ3 ðx1; x3 ! �1Þ ¼ 0;

Uð3Þ1 ðx1;0Þ ¼ 0; Uð3Þ3 ðx1;0Þ ¼ 0:

(
ðA:13Þ

Here Uð3Þ1 and Uð3Þ3 are also assumed to have a decoupled form,
namely,

Uð3Þ1 ¼ G11 sinðkx1Þ þ G12 sinð3kx1Þ þ G13 sin½ð1þmÞkx1�
þG14 sin½ð1�mÞkx1�;
Uð3Þ3 ¼ G31 cosðkx1Þ þ G32 cosð3kx1Þ þ G33 cos½ð1þmÞkx1�
þG34 cos½ð1�mÞkx1�;

8>>>><
>>>>:

ðA:14Þ

where Gij(i = 1 or 3, j = 1 to 4) is the functions of x3 to be determined.
By substituting Eq. (A.14) into Eq. (A.11) and Eq. (A.12), Gij is solved
analytically and presented as follows:

G11 ¼
k2k2

ð1� msÞ2ð3� 4msÞ3
ekx3

253� 760ms þ 768m2
s � 256m3

s

512
kx3

��

þ1621
512

� 757ms

64
þ 277m2

s

16
� 93m3

s

8
þ 3m4

s

�

� e3kx3
�9þ 8ms

64
k3x3

3 þ
131
128
� 2ms þ m2

s

� �
k2x2

3

�

þ �1125
512

þ 195ms

32
� 95m2

s

16
þ 2m3

s

� �
kx3

þ1621
512

� 757ms

64
þ277m2

s

16
� 93m3

s

8
þ 3m4

s

��
; ðA:15Þ
G12 ¼
k2k2ð1� msÞð7� 8msÞ

6ð3� 4msÞ3
kx3e3kx3 ; ðA:16Þ

G13 ¼
�2kkmð1� msÞ
ð3� 4msÞ2

kx3eð1þmÞkx3 ; ðA:17Þ

G14 ¼
2kkm2ð1�mÞ
ð1�msÞð3�4msÞ2

eð1þmÞkx3
k2x2

3

8m
þð4ms�5Þð1þmÞ

16m2 kx3

"(

þ1þm2ð1�msÞ�ms

4m3
þ8�19msþ12m2

s

8m2

�

�eð1�mÞkx3
1þm2ð1�msÞ�ms

4m3 þ8�19msþ12m2
s

8m2

�

þð3�4msÞ2�8m2ð1�msÞþmð�15þ44ms�32m2
s Þ

16m2ð3�4msÞ
kx3

#)
; ðA:18Þ

G31 ¼
k2k2

ð1�msÞ2ð3�4msÞ3
e3kx3

�11þ8ms

64
k3x3

3þ
187
128
�47

16
msþ

3
2
m2

s

� �
k2x2

3

��

þ �1063
512

þ93ms

16
�93m2

s

16
þ2m3

s

� �
kx3þ

431
256
�691ms

128
þ55m2

s

8
�33m3

s

8
þm4

s

�

�ekx3
253�760msþ768m2

s �256m3
s

512
kx3

�

þ431
256
�563ms

128
þ55m2

s

8
�33m3

s

8

��
; ðA:19Þ

G32 ¼ �
k2k2ð1� msÞð7� 8msÞ

6ð3� 4msÞ3
kx3e3kx3 ; ðA:20Þ

G33ðX3Þ ¼
2mkkð1� msÞ
ð3� 4msÞ2

kx3eð1þmÞkx3 ; ðA:21Þ

G34 ¼
kk

8mð1� msÞð3� 4msÞ2
�eð1þmÞkx3 2ðm2 þm3Þk2x2

3

h�

þ 4ms � 5Þðmþm3Þkx3 þ 2m2kx3 þ 4ð1� msÞð1þm3Þ


þ mþm2Þð1� 2msÞð3� 4msÞ

 

þ eð1�mÞkx3 mð3� 4msÞkx3 �m2ð8� 12msÞkx3

�

þ 8m4ð1� msÞ þm3ð7� 36ms þ 32m2
s Þ

ð3� 4msÞ
kx3

þ 4ð1þm3Þð1� msÞ þ ðmþm2Þð3� 10ms þ 8m2
s Þ
��
:

ðA:22Þ
Appendix B. The discretized equilibrium equations of the film

For the case of n = 2, Wf = A cos(n) + B cos (n/2), Eq. (24) can be
discretized into two nonlinear algebraic equations by Ritz–Galer-
kin method, namely,R 2p=k0

0 cosðnÞ d4Wf

dn4 þ P d2Wf

dn2 þ �r�33

� �
dx ¼ 0;

R 2p=k0
0 cosðn2Þ

d4Wf

dn4 þ P d2Wf

dn2 þ �r�33

� �
dx ¼ 0;

8><
>: ðB:1Þ

where

�r�33 ¼ 2 A cosðnÞ þ B
2

cos
n
2

� �� �

þ �K2 A cosðnÞ þ B
2

cos
n
2

� �� �2

þ �K3ðA cosðnÞÞ3: ðB:2Þ
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Eq. (B.1) is further simplified into Eq. (26) in the main text. For the
case of n = 4, the film dimensionless deflection is Wf = C1 cos (n/
2) + C2 cos(n) + C3 cos(3n/2) + C4 cos(2n), and four nonlinear alge-
braic equations for the normalized amplitudes and the dimension-
less membrane force are derived as follows:

�K2C1ðC1 þ 6C3Þ þ 6�K3C3
2 þ 8C2ð3þ 2�K2C4 � PÞ ¼ 0;

24�K2C3ðC2 þ 2C4Þ þ C1ð17þ 8�K2C2 � 4PÞ ¼ 0;
8�K2C1ðC2 þ 2C4Þ þ C3ð129� 36PÞ ¼ 0;

ð2C2
2 þ 3C1C3Þ�K2 þ 16C4ð5� PÞ ¼ 0:

8>>>><
>>>>:

ðB:3Þ

These equations can be solved numerical by the Newton–Raph-
son method, as long as one of the unknown parameters is pre-
scribed at first. Here all the normalized amplitudes in Eq. (B.3)
can be expressed as a function of P, giving the evolution of the film
shape as the membrane force varies.
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