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The notion of very weak solutions is introduced in this paper in order to solve the boundary
value problems for the Laplace operator and for the Lamé system with nonsmooth data in
polyhedral domains. A continuity theorem is given for variational solutions of the above
problems. This result may be used to solve problems with concentrated loads.

1. Introduction

The problems to be considered in this paper consist of typical elliptic operators—
the Laplace operator A and the Lamé system L on nonsmooth domains and with
nonsmooth data, or more precisely, on polyhedral domains and with concentrated
loads (the Dirac’s measure) even on the boundary, i.e.

(Au=f in Q,
Ju
—_— = r N Pl
ﬂ on on ly (P1)
\u=g on Ip;
Lu=f inQ,
{Tu=h only, (P2)
u=g onlp,

where Q is a polyhedral domain in R* with straight faces I, jeR={1,...,J},
Ip=00\Ujeqn T, and Ty = 0Q\U g, [; with RpU Ry =N and RN Ry =, and
f, h, f, h may contain the Dirac’s measure.

Problems of this kind are often found in physical modelling (even in analysis),
where natural domains are often nonsmooth or may be considered as “small pertur-
bations” of some nonregular domains, and sometimes with concentrated loads: forces,
thermo-sources, etc. In practice, a concentrated load is generally the idealisation of
a load acting on a small area, where one need not determine its distribution, except
its total value. In analysis, the concern is with fundamental solutions.

In the literature, many works on boundary value problems are concerned with
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smooth domains. The classical results can be found, for example, in the paper of
Agmon, Douglis and Nirenberg [ 1] where smooth problems (with both domain and
data being smooth) are considered. In [14] Lions and Magenes give some general
results on solutions corresponding to smooth and nonsmooth data on smooth
domains. In later works, many references may be found on problems with nonsmooth
domains, such as the work of Maz’ja and Plamenevskii [16], Grisvard [7] and
Dauge [3]. The emphasis of this work is on the regularity or the singularity of the
solutions corresponding to relatively smooth data. In [21] Wildenhain treats elliptic
boundary value problems in the space of distributions. But some problems remain
to be solved.

Problems concerned with concentrated loads (even on the boundary) will be solved
in this paper, by the method of transposition, for a bounded polyhedron in R3.
Similar problems are solved by Lions and Magenes [14] for smooth domains.
Instead of using the usual Sobolev spaces as in [ 14] (which are not suitable for our
present case), we use the domain of the operator corresponding to variational
solutions. There are two major difficulties in solving our problems: one is the
continuity up to the boundary of functions in the domain of the operator correspond-
ing to variational solutions; another is the problem of traces for nonregular functions.
There are some works on the continuity of variational solutions corresponding to
relatively smooth data on a three-dimensional nonsmooth domain. Stampacchia
gave a continuity result of such solutions for a Dirichlet problem in an H-domain
{20]. Using the potential theory, the present author obtained a continuity result for
both Dirichlet and Neumann problems in a Lipschitz domain [6]. (Note that a
polyhedron domain is not always Lipschitzian.) In this paper, we give the continuity
results for Dirichlet, Neumann and mixed boundary conditions on a polyhedron
domain. The full description of the traces of nonregular functions can be found in
[4] or [5].

This paper is organised in two sections, one for the Laplace operator and the
other for the Lamé system. In each section we first introduce the notion of very
weak solutions, then discuss the continuity of variational solutions, the solutions for
concentrated loads and the decomposition of very weak solutions.

2. The case of the Laplace operator

Let Q, I'p, and I'y be as defined in the Introduction. By the variational method (see
[187), we have the following classical result: if F(v) = In fodx+ | Iy hv do is a continu-
ous linear functional on Hp(Q) = {v € H*(Q)|v|r, = 0}, then (P1) will possess a unique
solution in the following sense: there exists a unique u € H'(Q) such that

u=g on Iy, and

(2.1)
VuVodx=F(v), forall ve H5(Q).
Q

But this does not cover the case with concentrated loads where we no longer have
a solution with finite energy. So we need to introduce the notion of very weak
solutions. The idea is to increase the regularity of test functions.
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The very weak solution

We denote by Ey(Q) the set of variational solutions of the Laplace operator corre-
sponding to a square integrable right-hand side with homogeneous boundary
conditions, i.e.

Eo(Q) = {v e Hy(Q)|Av € L*(Q), Noj, = 0} (22)
with norm |||z, = (|lvl|7: + || Av|132)}, where Nov is defined by (see [4]):

DEFINITION 2.1. For ve E(Q) = {ve H}(Q)| Av € L2(Q)} we define Nve (H!(Q)) (the
dual space of H!(Q)) by

ND, Wy x gy = j Avu dx + j VuVvdx YueHYQ).
Q Q

N is a generalisation of the normal derivative and we have formally

o= ([ Zuis)

LemMa 2.2. Let ve Eq(Q); then {Nv, w) =0, for all we Hh(Q).

ReMARK 2.3. For a Lipschitz domain €, there exists a continuous extension operator
from H'(Q) into H'(R3). Hence for v € E(Q), Nv can be regarded as an element of
~1(R3), and the support set of Nv, supp Nu, is contained in Q.

ReMARrK 2.4. Up to now we have not yet given the proper definition of the restriction
of Nv to Iy for v € E(Q). The simplest way is to define Nv|r, as a linear continuous
function on H}(Q), and in what follows we shall take this as the definition of the
restriction. Then Lemma 2.2 is a simple consequence of the definition, and it will be
used to see the coherence of the very weak solution, which is defined below together
with the variational solution.

Using the space Ey(Q), we can define the very weak solution by transposition.

DEeFINITION 2.5. Let & be in (Ey(Q)), the dual space of Ey(£2). We say that u is the
very weak solution of the Laplace operator corresponding to & if and only if
ue LX(Q),

J (2.3)
uAvdx = F(v), YveEyQ).
Q

The following theorem is well known, and it ensures that Definition 2.5 is
meaningful.

THEOREM 2.6. The Laplace operator A is an isomorphism from Eq(Q) onto L*(Q).

THEOREM 2.7. For every & e(E,(Q)), there exists a unique u< L2(Q) as the solution

of (2.3).

Proof. As A is an isomorphism from E,(Q) onto L*(Q), for every he L*(Q) there
exists a v € Eo(Q) such that Av = h. Denote by A~! the inverse of A in L*(Q) to E,(Q);
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then (2.3) is equivalent to
ue L*(Q),

f uhdx = FA~Y(h), ¥ he Q).
Q

Because & e (Eo(Q)), # A (h) is a continuous linear functional on L3(Q). So, by
a Riesz representation, we have the existence and uniqueness of the very weak
solution u. O

REMARK 2.8. It should be pointed out that if u is the solution of
ue [*(Q),
Au=0 in Q,

ulr,=0 for jeNp, =0 for je Ny,

Ou
on|r,

it does not follow that [uAv dx =0, for any v € Eo(Q). For instance, let Q=D, =
{(p, )| p<1,0<p<2n}, Iy=0Dy; then u=mn(p % — p¥)sin (p/2) e L*(Dy), Au=0
and u|r, =0, je N. But it is known that fulv dx = k(v) for any v € Eo(Q), where k is
the coefficient of the singular part of v, i.e. v = v, + k(v)p? sin (¢/2) with vy € H*(Q).

Using Lemma 2.2, one may prove the following proposition:

PROPOSITION 2.9. Let F(v)= —F(v)+ G(v) with F e (H5Q)) and G(v)={Nv, uy),
where uge HY(Q). Assume that u is the very weak solution corresponding to
F €(Eo(Q)). Then u is a variational solution, i.e.

ue H'(Q) such that u— uy € H5(Q) and,

(2.4)
f VuVvdx=F@) VveHLQ).
Q

Proof. Let u be the unique variational solution of (2.4). As Eq(Q) c Hp(€), so for
v € E¢(Q), (2.4) will still hold. Then by the definition of N we have

J ulAv dx = — F(v) + {Nv, u). (*)

Since u — uy € H5(Q), from Lemma 2.2, we have
{Nv,u) ={Nv,ugy VveEyQ),

so we conclude that
f uAvdx =F () VY veEy Q).
Q

Due to the uniqueness of the very weak solution, we have the proposition. [



BYVPs for the Laplace operator and Lamé system 649

ReEMARK 2.10. In the theory of mechanics, equation (*) is a kind of reciprocal
principle, i.e. the work done by the forces of state u on the displacement of state v
is equal to the work done by the forces of state v on the displacement of state wu.

The continuity of variational solutions

THEOREM 2.11. Let Eo(Q) be defined by (2.2) and C,(€) be the set of functions which
are continuous up to the boundary (where, in general, C,(Q) is not always equal to
C(Q) except when Q is a Lipschitz domain); then we have

Eo(Q)S Cu(Q).

By partition of unity, the problem could be localised as

ue Hp(Qc) (u=0for r>R),

Au=fel?(Q.) (f=0forr>R),

u=0 for w e yp, (2.5)
ou

— =0 for w € yy,

on

+ boundary condition on {r = R} or at infinity,

where Q. is the cone generated by a vertex, and G = Q- S? is a curvilinear polygon

on the unit sphere, with 6G = 5y U¥p and yynyp, = . In spherical coordinates we
have Q.= {(r, w)|[r>0, o =(9, ¢) € G} gnd

with

A 1 o/, s du N 1 d%u
=— —|sind—= |+ 5.
sin § 89 03/  sin® 3 9p*

To prove the theorem, it is sufficient to verify that the solutions of (2.5) are
continuous. The proof is rather constructive. We first transform the Poisson’s equa-
tion in (2.5) by variable transformations, then construct a solution of the transformed
equation. Such a solution reduces the problem to a homogeneous equation, which
could then be estimated by the eigen-expansion of the Laplace-Beltrami operator
A’. The details are given in what follows.

The solution of the transformed equation. Let r =¢, v(¢, ) =r *u(r, w)|,- and
0 < o £4; the Poisson’s equation of (2.5) becomes

521) ov 2
Gz FU+2) 5+ (A +ata’)=h, (2.6)

where

h= ey, (2.6
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+ oo + o0
J J [hi? dow dt = J J ri= 2| f(1)Pr? do dr
— G (1] G

R
= J J =2 f(")Pr? dw dr
o Je

SR I f I}200)- (2.7)

and we have

In order to estimate equation (2.6), we need the following lemma [2]:

LeMMA 2.12. The operator —A’ is a positive, selfadjoint, and anti-compact operator
with domain D,-. Moreover, 0 € 6(—A’) (the spectrum) if and only if y,, is empty, where
(with the definition of N¢ similar to Nv in Definition 2.1)

Dy ={pe H'(G)|Ng € L*(G), ¢l,,, = 0, Ngl,, = 0}. (2.8)
From this lemma, we have the following theorem:

THEOREM 2.13. Let he L*(R x G) and 0 < o <4 with o + o ¢ a(— A'); then there exists
a unique w € HX(R, L*(G))n L*(R, D,') such that

02 0

a—t;v+(1+2a)§+(A'+a+a2)w=h. (29)

Proof. Put

+ oo
Wz, 0) = J e w(t, w) dt,

the Fourier transform of w with respect to t. Then equation (2.9) becomes
-2+ (14 20)it+A +a+oa)Ww=h

By Lemma 2.12, it is seen that o(—A’) contains only non-negative, isolated eigen-
values (see e.g. [10]), so there exists a f ¢ o(—A’) such that 0 < 8 <3. Fixing

a=1(/1+48—1), (2.9)

then 0 <2 <41 and « + a®> = B, hence — 1%+ (1 + 20)it + a + a® € p(—A’) for all e R,
where p(—A’) is the resolvant of —A’. In addition, we have

C
— 12 4+ (1 4 20)it + o + 02|

([—A+ 7% — (1 + 20)it — (x + o?)] ! | eazey = |
Put
+ o0 .
w= J — " [—A + 1 — (1 + 20)it — (@ + «*)] " *h dr,

ie.

W= —[A + 72— (1 + 20)ic — (& + 22)] B
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then we could verify that

W2 < Cll A ,
{”T ”L(G)_ I ”L’(G) (2.10)

1%, £ CllAllL2)
Using Plancherel’s equality, we conclude that
we HX(R, L*(G))n L*[R, D).

It is obvious that such a w verifies equation (2.9). The uniqueness follows directly
from (2.10). O

LemMMA 2.14. Let D, be defined by (2.8); then
DA' — Hl +s(G)
Jor a certain ¢ > 0. Furthermore, if u€ D, then

ou

an € L'(yp).

Proof. Because the property is local, we can estimate in a neighbourhood of a vertex
A of G. As the operator A’ is intrinsic, one could choose A = {$=0}. Taking
p =sin 9, at the neighbourhood of 4 we have

L N ST

w pop o2 P P

According to [7, Theorem 5.2.7, p. 271], we see that if u e D,  then

A=

u=ug+cS with ugze H}G) and S‘=p"‘®(¢), o>0.

Hence there exists ¢ >0 such that § € H *%(G); it follows that u e H'*¢(G). Since
d(ug)/0n € H*(yp) <> L' (yp), and ® € C*, then

(_33
on
because > 0. O

COROLLARY 2.15. Let w be the solution of (2.9) in Theorem 2.13; then w € C,(R x G).

R
< | 8(ug)/on| L1y, + C J p* " ldp £ + o,

0

LY(yp)

Proof. Let w be the solution of (2.9). Using (2.10) and the inequality of convexity
(ref. [15]), we have

HeEWlo,_, < CllAlze
for s+ 2(t —1)=0. That is,
we H'R, D_ay)
(for a reference for operators (—A’)’ see [19]). Choosing { <t <3, we have
H*(R, D(—A’)')C' G(R, D(—A')')-
From Lemma 2.14,
D xy=H'¥(G), (2.11)
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for a certain & > 0. In particular, we have
D_ays = HY(G). (2.12)
From (2.11) and (2.12) we conclude (as t > 1) that
Di-xy Co(G),
so that (since t <3, or s > 1)
weCy(RxG). [

The proof of Theorem 2.11. Setting Qg = QN {r <R}, we have the following
lemma:

LeEmMMA 2.16. Let 0 < R < R and u be the variational solution of (2.5); then u can be
decomposed as

U=1u; +u,,

with u; € H{(QR)NCy(Qg), and u, = T C,r**®(w) for r <R, where ®(w) are the
eigenfunctions of the Laplace—Beltrami operator A' and o, = 0.

Proof. Let we Cy(R x G) be the solution of (2.9) with h defined by (2.6') and «
defined by (2.9'). Setting

uy, =r*w(log (r), w) lag

as « is positive, we could verify that

u; € HY(Qg)N C,(Qg)
and
Au;=f in Qp,
u =0 forO<r<R, weyp, (2.5a)
%’3:0 for 0<r<R, wevyy.
Let u be the variational solution of (2.5) and
U, =U—1u,.
Then u, € H'(Qg) and
Au, =0 in Qp,
u,=0 forO0<r<R, weyp, (2.5b)
%:O for0<r<R, weyy,

+ boundary condition on {r = R}.

Since — A’ is a positive, selfadjoint and anti-compact operator, its spectrum g(—A’)
contains only non-negative isolated eigenvalues, and the corresponding eigen-
functions form a base in L*(G), [2]. Let 6(—A) = {4} O L, £ 4L, < ... 45 ...,
Ax— 00, as k— 00) be its spectrum, and ®@,(w) the eigenfunction corresponding to A,
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and put
Uy = Z v (N @ (w).
From (2.5b), u, must satisfy
% l:r2 % vk(r):l — A (r)=0.
It is easy to solve this equation:
v ()= Cy % + C} rii
with
ot = -1+ 21+4Ak'
As u,e H'(Qg), we must have C; =0 for 1,20 (for r* e H'(Qg), we have
af > —1). So
uy =Y Ci r' @ (o)
with of 20. O

Proof of Theorem 2.11. From the above lemma we have u = u, + u, and u; € C,(Qz).
Now we prove that we also have u, € C,(Qy).
As u, € H'(QR), the theory of traces [7] gives

uy(r, )|, =g € L*(G),
ie. \
Y (C#R* P < + 0.
Then for all R <R and all integer n,
SICHo PR* P < + 0
holds. Using the property
AN® =40, and A ~O((e5)?)

and the previous inequalities, we can prove that for all s>0 there exists a K
such that

Y Cifr* @ (w) e H* (10, R[, D,),

k>k

which is continuous for s large enough. Since o =0 and @, € Dy S Cy(G) (When
o =0, we have A, =0 so that ®, = constant) for all k, we could conclude that

u € Cp(Qg),
50
u e Cp(Qpz).
By partition of unity, we obtain Theorem 2.11. O
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Solution for concentrated loads

Existence. Suppose that we have concentrated loads P; on points 4;e QuUTy,
i=1,2,...,n, and concentrated loads ¢, on rectifiable curves 7,<QuUTy,
a=12,...,n,; then f and h will take the following form

Z A;iby, + Z P40,

where 6, and 4, are the Dirac’s measures with supports on 4; and on y,, respectively.
Here the dimension of y, is 1. With the help of Remark 2.10, we can now construct
the very weak solution of (P1) with these concentrated loads. The effects of these
loads on the field v can be put formally in the following expression:

“j fvdx—J‘ gvda”=ZP1u(Ai)+Zf @,v ds,
0 g i a Jy,

so the very weak form for (P1) with such loads should be

juAvdx=—ZPiv(Ai)—ZJ pvds+{Nv,uy>, VveEyQ), (2.13)
Q i x VY,

where u, € HY(Q) and Uolr, is the imposed displacement on I'. In order to use
Theorem 2.7 to establish the existence and uniqueness of the solution for the above
problem, it is necessary and sufficient to show that

F)=— Z Pu(4)~ Y, J @0 ds + {Nv, uy» (2.14)

is a continuous linear functional on EO(Q)i This is ensured by Theorem 2.11. Thus
we have:

COROLLARY 2.17. Let & be defined by (2.14) and ¢, L'(y,); then & €(EyQ)).
As a consequence we have:

COROLLARY 2.18. (P1) possesses a unique (very weak) solution u € L*(Q), corresponding
to & defined by (2.14), in the sense of (2.13).

For numerical calculation, the more singular the solution is, the less the accuracy.
So, in general, using the usual numerical methods to solve the problems with
concentrated loads will cause significant error. But, if we know exactly the singular
part of the solution, we can transform the problem to a regular one; then we can
obtain better accuracy for the numerical calculation. This is the purpose of what
follows.

The decomposition of the solution. We shall treat the pointwise concentrated
loads and curve supported loads separately. We shall assume that y, are segments
in O\T,. First, let us assume that one of the vertices of Q is at the origin 0 = (0, 0, 0).
We define

soL

o°r
where r is the spherical coordinate in the radial direction of the spherical coordinate
system (r = (x*> + y* + z%)3, (x, y, z) is the Cartesian coordinate system), and o is the
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measure of the cubic angle of this vertex, i.e. (for a certain R,)
o =mes (0B(R)nQ)/R? =mes (G), R<R,,

where B(R) is the ball centred at the origin with radius R and G is the intersection
of the unit sphere and the polyhedral cone generated by this vertex of Q.

It is easy to see that S! is regular outside a neighbourhood of the origin 0, and
that the following lemma holds:

LEMMA 2.19. Let P be any plane passing through the origin and n be its normal vector;
then
os?
s 0, on P\{0}.

We also have
AS*=0, in R3\{0}.

HypoTHESIS H,. Let Q be a bounded polyhedral domain in R3, and e be a point or a
segment in R3; we say that e satisfies Hypothesis H, in Q if: (i) enT}, is empty and,
(ii) for any v e C,(Q), x € e, we have

lim o(z) = lim o(y,),

i~ o0
where z;, y; € Q such that im,_, , z; =lim;,  y; = x.

ReEMARK 2.20. If e is on one face of a crack of Q, then e does not satisfy Hypothesis H,.
Hypothesis H, is introduced to ensure the validity of the decomposition of solutions
corresponding to concentrated loads in what follows. If Hypothesis H, is violated,
we should modify the definitions of §* and S$? (see later), and in general we could
no longer have their explicit forms.

LeMMA 2.21. Let S! be defined as above and the origin 0 satisfy Hypothesis H,; then
Jor any v € EyQ) we have

—aS1d —(0) -0
lean s— v as ¢—0,

0
J P2 4s50 ase—0,
¢, On

where G, = 0B(e)n Q.

Proof. As a convention, we use C to denote any constant that does not depend on &.
Since v € E(Q), using the decomposition of the functions of E,(Q) in the subsection
‘The continuity of variational solutions’, above, we can obtain that

K
v=rw(logT,w)+ Y Cp r @ w)+ Y, Cp r«®(w),
k=1

k>K
where 0 <a <3, 0,20, ®, € D,, and we H*(R, D(_ay) for s +2(t — 1) =0, and

WK(t’ w)=r_l Z Ck'rakd)k(w)lr=e_xEHZ(RaDA')'

k>K
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Because for a; = 0 we have dr*/or =0, then

0 1 0
f S‘—vds‘= f—-—v-szdw
G, on G0

gC-ej
G

K
éC'S"J {thI+IWI+IWK|+IWf‘I+ ) ICk‘Dk(w)I} do,
G

k=1

K
e wotarw) + owf+wE+ Y C,,-a“k“(Dk(w)l do
k=1

where  =min {o, ag; 0, #0, k=1,...,K}. As we H¥>**R, D_1s-»2), then for h
small enough there exists a certain A > 0 such that

w, w; € (R, H*)S Cy(R, L*(G)).
So
sup |w|, sup |w,| € H*(G)< I*(G)S L'(G).
t t

Similarly, we can obtain

sup |w¥[, sup |wf|, @ € L'(G).
t t

Hence

g—0

5
limf st & gs=o0.
6, On

Because for v € Ey(Q2) we have v e C,(Q) (Theorem 2.11), Hypothesis H, ensures that

o8t os? 1
2 s = ey PR el g2
Levan ds Levar ds Lv(s,w) ) & dow

1
= f v(e, W) do—v(0) ase—0. O
g Je
Now let (p, ¢, z) be the cylindrical coordinate system in R*® and let a, b>0 and
y={(0,0,z)|a<z<b} be a segment on an edge of Q which joins a vertex of Q at

the origin 0. Taking a function y € L*(y), we define

1 1 1 (* 46
2 Vdy=r— || 55— 5343
YE=25 L ey
where ¢ is the measure of the angle of this edge. It is easy to see that §? is regular
outside a neighbourhood of y, and the following lemma holds:

LEMMA 2.22. Let S? be defined as above; then
AS>=0 inR3\y.
For any plane P passing through y, we have
08?

o =0 on P\y.

S 2:¢ ), 1X-Y]
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LemMA 2.23. Let D = {(p, 9, 2)| z < kp, (p? + z2)* < R}, with k, R being two positive
constants, and let P be a plane passing through the origin such that yn P is empty.
Then

2

as
S*e H'(D), an € L¥3(Pg) S (H*(PR)),
with Y €LP(y) such that p=1 for a>0, and p>2 for a=0, and Pr=
Podlp, ¢, 2)1(p* +2*)* <R}.

Proof. A simple calculation shows that

o)
VSi1sC Lp2+(z—a)2

If a > 0 then the distance from y to D is no less than ka/(1 + k2)%, so that

(+2)*

Ivsi<cC- j l¥(3)| d3 in D.

As D is bounded, we have

|| vs? ||L2(ID) £C- || lﬁ ||L1(y)-

Ifa=0then (1/p+1/g=1)

. b J i/p b d3 1/q
=C- r IR
vs? < (J 1761 3) (L(p2+(z_3)z).,>

(py*e! z>0

éc'”!/,”LP(”.{(pz+z2)’*“'1 r<0 P

Since z < kp, we can obtain, for z > 0,
p iZC-(p*+2A) t=C-r 2
So
VS S C ¥ llgoey r972 = C+ ¥ oy ™17 in D.
If p>2 we have —1—1/p> —3/2, which means (as D is bounded) that
IVS* 20y < C ¥ llreys P> 2.
Similarly, we can verify that S? is square integrable in D. Therefore
$2e HY(D),

with y € LP(y) such that p=1for a>0, and p>2 for a=0.
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As 7 is a segment with yn P = ¢, then there exists a positive number k such that
for any (p, ¢, z) € P we have z < kp. So

0s*

— Z|VS}|SC-r Y7, fora=0,
on
052
— =< |VS?EC, for a> 0,
on

R
f |r'1_1/’|4/3ds§2nf |r 1"V BPrdr < + o0
Pr 0

if (—1—1/p)+4+2>0, ie. p>2. Then from the Sobolev embedding theorem we
conclude that

08’ s

= e LR(PYS (HAPRY. O

LemMa 2.24. Let T,={p=¢0<z<b}nQ\B(2e), S,=0dB(2e)nQ\{p=¢}, and
Hypothesis H, be satisfied. Then, for any v e E(Q), we have

082 0
v—ds + 22 4s50 as e—0,
s, On s, on

aSZ b
j v—ds— j V(z) vo(z)dz as -0,
T, an a

1%
J S2~2d3—+0 as e—0,
r, Oon

where S? is as defined previously with y € LP(y) under the conditions:
(i) p=1fora>0,and ¢ <2morycl
(ii) p>1 for a> 0 and ¢ = 2n with y < 0Q;
(iii) p>2 for a=0.
Also, vy(z) = lim,_, v(e, @, 2).

Proof. (1) Similarly to the proof of Lemma 2.23, we can obtain the following
estimates (with k = 3%):

IS | S C- Y llwrgy 7™ " on S,,
VS| SC |Yrpyr Y7 onS,
if a=0, and
1SS C Wl IVSHEC 1Yl

if a > 0. Because when a = 0 we have assumed that p > 2, then in all cases we have,
for r =2¢ (and with y being bounded),

|S2|<C-c7% |VS?SC-e 2
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Hence
08? ov a5? ov
—_ 2 = = 2_"(e2d
sz6n+Sads ijan+San w
<C lv|et + | —| & dw.
G

Using the decomposition of v € E,(Q) as in the proof of Lemma 2.21, we have

l

0s* L ov
o 4 S
on

ds<C+et50 ase—0.
on

(2) Let

- JY® 3e(ab)
"’(3)‘{0 3e R\(a, b);

then

0s? & [*[* (" Y@ e 2)

—ds=— ———————"—d3dzd
L”an T2l b e @ BT
A A R LX)
2:¢ Jo Jg d:oo (£2+32)3/2
L ¢ (P [+ lp(Z—Sh)U(S, @, Z)
2.¢ JO Jg J—© (1+h2)3/2

d3 dz do

dh dz dg,

where
g(p) = max {z, 3%¢} if (¢, ¢, z) € Q.

It is easy to see that g(p) ~ O(¢). Now we shall show that we can replace Y(z — ¢h)
in the last formula by y(z) in the limit case. In fact, as v € C,(),

J” r” [¥(z — &h) — Y(2)]
s dow  (LHRPP

b +00 [,y h _
=sup|v|f f_ li//(z(l_i}:z)wf(z)ldhdz.

I(e) =

vdhdz

Combining the integrability of (1 + h?)~3/2 over (— oo, + 00) and the average conver-
gence of L' [18] we can conclude that

Ie)>0 ase—0.
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Therefore, we have (since [* % (1 + h?)”¥2 dh =2)

. 08 *® Y(2)v(e, ¢, 2)
1%L”w“ %2¢JJ L (gmypr hdzdy

g0

= lim - p J J Y(2)v(e, @, ) dz do

= J Y(2)vo(2) dz = j Y(2)v(2) dz.
0 a

Note that the last limit is ensured by the continuity of v and Hypothesis H,.
(3) Now let us prove the third part of the lemma. First we argue the case where
a> 0. We always assume that ¢ is small enough.

v (>  ov
Sz—ds J .f S2—dzd |
L, o

Sz—dzd(pl

+

dz| de

J;/z op

3 e

o |?

Ja/Z
g

3
. 2.
2 de (2.15)

+¢ dz

- UO
Using the properties of convolution we have, for 1 <p<2,i=1/p+1/h—1,

+

b
(52)2 dz| <C- |y ”LP(y) i (82 + 22)_4} ”L"(—b,b)

g P 1<p<2,

=C |y “L"(y) {|10g8| p=2

As a > 0, therefore

a2 3 a2 | b vG) 2 |
S?Ydz| £C- J J———d dz
L Y= e ®
Y6
§C-f d3 d
s |Ja (a/2)
£C- "'/’HLl(y)-
So for a >0 we have (1<p<?2)
[ b 2 k2
JSZ@ds §C°83/2"1/"J‘ J & dz| de
T, on o | Ja2z |9p
J¢ J‘a/z v |? 3
+C-¢ —| dz| dep.
1] Y4 6p
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Because dv/dp =sin 8§+ 0v/0r + cos 3+ (Ov/08)/r, we can make estimates for the inte-
grals in each term. We first do so for sin 3 dv/or.

) a2 2 ¢ (b
L sc-[[]
0 I'4 0 Jg
¢ (9
o Jog SiN Y

Here we have used the variable transformation: z = ¢ * ctg 9. Using the decomposition
of v € Ex(Q) as in the proof of Lemma 2.21, we can obtain

¢ af2 +
L .
0 g
=C-

¢ [ .
o Jog SID I

K
+ Z Ck M r“"_l(l)k(w)
k=1

2

) * . ovf?
sm.S!a dz| do s1n85 dz dy

2

ov

=C or

sin8d9d¢l.

2

dz

2

. v
sin & o

" Yow + w,) + wk + wk

2

sin 9 d3 dq)‘

<C-e¥ !

K 2
f {IWI+thI+|w,"I+IW"I+ > ICk'Qk(w)l} do|,
G

k=1

where we have used the relation r = ¢/sin 3, and |(sin $)*| = 1 for u = 0. With regard
to the fact that for a, =0 we have r**®, = constant, ¢ is defined by

d=min {o, oq; 0, #0,1 Sk <K}, (6>0).
Since

sup |w, sup |w,|, sup [w¥|, sup ||, |@;] € LX(G),
t ' t t

j‘ﬁ J*a/z
0 g

Similarly, we have
v % ¢
sin $ — dp < J
0

¢ | b
J;) .[1/2 or

ie. for any psuch that 1 Sp <2

0
J 52 sin & @ ds
L, or

we can conclude that
2

dz

\

S Ce (gt Vpto—% 4 glHo4

v 4+
sin 8 — dp<C-&° %

or

2

dz

2
dz

%
dp<C-&7%,

. v
sin & o

£C-e>0 ase—0.

Using the variable transformation z = (r* — ¢%)}, we have

¢ | b 2 b [ry
0 a/2 0 Jrapn

v 2
cos 3—| dz

2
39 dr de.

% dv
do ra9
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Let v=r*w with 0 < <4, and 9, > 0 fixed and small enough. We have

j f drd¢<(’a/)2°' 1j f
Faj2 Taj2
s
0 Jign

29 dtd(p

¢ (% (ow 3 2w 2
<C- - + j dS} dt do,
L »L/z {5'9 9=8, 9, 62‘9

where sin 9, =¢-exp(—t). Since we [*(R,D,) (see Theorem 2.13), using the
decomposition of functions in D,’ [7] a simple calculation shows that

rdr do

a 2

53¢ L2(R, HY(O($,))), (sin 9)“ - e L2(R, [*(G)),
where O($) is a neighbourhood of {3=&,} in G, and u is a positive number such
that if § < 2w or y = Q then u <3 and if ¢ = 2n and y < dQ then u can be any number
greater than . So

~5|  €PRHN({8=83nG)S LR L({$=9,} nG).

$=9,

Also, (as min {|cos &, |cos 3|} > 0)

9, A2 2 -
AL S a
12973 9
» 3, 9, 2., (2
§f f {J‘ (sin3)_2“_1d8}'{f (sin §)?#*1 | ——
o] taj2 9 9y "9
w

0
7 dS} dt do

§C-e_2”Jf (sin 9 ——| dwdt

R JG

ie.
¢ 1 b arw 2 | 2
J J cos 82 1l do| <ceic+coemmy,
o | Jap2 ro9

Taking into consideration that (r;)**~' < C-¢**~', we obtain

J ¢ f b or*w)
cos

rod
Using the conditions on g, p and «, we conclude that, as ¢ -0,
a 4
J S%-cos 3+ r w)ds
L ro9

holds. We can estimate the integral for v = rwX and Zle C, @ (w) in a similar

2

dz

%

3 do

2
SC-e= 1 (C+Cre72).

< C.(S%—llp—n +etter) 50
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way. Taking into account the fact that ®, = constant for &, =0, we conclude that

< C.(eé—llp—u + 8&+6—u)_,0,

0
f §2-cos 8- — ds
r, ro8
where 6 = min {o, o; 0, #0,1 £k <K} and 6 > 0.
For the case where a =0, the estimate is almost the same as the estimate of the
second part of (2.15). The only difference is about the estimate of 52, i.e.

J Sz—ds Sz—dzdwl
I,
(] b a 2
<e f (S22 dz| - j f LV dz| dp
g 0 g op
¢ b ovl? 2
<C-¢lloge|- J f i dz| dep.
0 8 ap
The estimate of the integral
NI
—| dz| de
V] g ap
is exactly the same as the estimate of the integral
J¢ Jva/z w2 1B
—| dz| dp fora>0.
0 g 6p
Therefore B
2 o 01) J
§%sin & —ds| £ C-&°|log ¢,
L, or

<C- ++o—p
33 C-¢ |log ¢|.

ov
f S2+cos 9+ 2 ds
T,

This completes the proof. [

PROPOSITION 2.25. Let S* and S? be defined as previously, with y = {(0,0, z)|a <z < b},
and let the conditions in Lemma 2.24 be satisfied. We assume that 0 =(0,0,0) and f=
(0,0, 1), 0<a<b< f, are the two ends of an edge of Q, and the origin 0 (respectively
y) satisfies Hypothesis H, (respectively H,). Then there exists a function u; € H LQ)
(respectively u, € H'(Q)) such that for any v € Ey(Q)

J (S* —u)Av dx = —0(0)
Q
(respectively

J (82 —u)Avdx = — J W - v ds).

Proof. We prove the proposition for $2, while the proof for ! is analogous and easier.
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Let Ty, =Ty\uU;en I; where R, = {ilecT;}. Because S is regular outside a
neighbourhood of y and y = QnTy, Hypothesis H, and Lemma 2.23 allow us to
conclude that

2

oS
S2|r‘ € H*(FD), ~ € L4/3(FN\}J)'
° an vy

Then from the variational formulation we can see that there exists a unique u € H(Q)
such that ulr, = S and

082
VuVvdx = —wvds for any v e Hp(Q).
Q vy

So we have Au=0, u|r, = §%|r, and du/dnly,, = 0(S*)/onlr,, , Ou/onlr, =0, je R,.

Denote by B(p, ¢) the ball centred at the point p with radius & and by Z(E, ¢) the
cylinder with radius ¢ whose axis passes through segment E. We assume that {4}
and {E;} are the set of the vertices and the set of edges of Q such that 4;#0, 4;# f
for any i and E;n0f is empty for any j (0f is the segment with ends 0 and f). Then
we define

I, =0Z(y, ey nQ\(B(0, 2&) U B(f, 2¢)),
S, =(6B(0, 2e) U IB(f, 2e)) NO\Z(y, ),

r,={) {6Z(Ej, s)mQ\< U B4, 28))},

j A;€E;

S, = {U 0B(4;, 28)} nQ\{U Z(E;, 3)},

Q= Q\{(U Z(E;, e)) 9] (U B(A4;, 2e)> VU Z(y, &)wB(0, 28) U B(f, 28)}.

Let w= 5% —u. Considering that S? is regular everywhere except in the neighbour-
hood of y, we can prove (in the same way as in the proof of Lemma 2.24) that for

every v e Ey(Q)
0 082
lim j (—US2—0—>ds:0
=0 r.us, 8n 6"

holds. As v(0S?/0n) is integrable on I'y,,, we have

=0 n

. 082 082
lim —vds= ——vds for any v e Ey(Q).
rN\yhanz l—‘N\v
Because
lim J VuVodx =0,
o\Q,

=0

for u e HY(Q) and v € Ey(Q) = HY(Q), we obtain

052
lim{f VuVvdx — f ——vds}=0.
=0  Jo, T, ML, on
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As ue HY(Q), we know that jr USLULLUS, |uj? ds is bounded by | ul}1q,. Using the
Cauchy-Schwartz inequality and the estimates for v in Eo(Q) in the proof of
Lemma 2.24, we have

ov
lim —uds=
e=0 Jriusior,us, Of
Let us approximate the integral |, wAv dx by

J wAv dx = J S2Av dx — J uAv dx
a, a, Q,

d 0s? i 0
= J (——ESZ—U—> ds + VuVovdx — J Zuds.
o0, n

Jo, 2Q, on

o _, 08 [ o , 05°
L, wAvdx = L,us, <6ns —v 6n>ds+ Jeos: <6nS —v n ds

0
+J VuVudx—J —vds—f —Uuds.
Q, T\, noQ, on r,us,ul,us, on

Let ¢ tend to zero. From Lemma 2.24, it is seen that

J wAv dx = lim f wAvdx = — J Y-vds for every ve Ey(S2).
Q Q, Y

£—~0
Using this proposition, we can easily obtain the following corollary:

COROLLARY 2.26. Let u be the very weak solution corresponding to

F)=—F(@v)— ZPiv(Ai)— y j @0 ds + {Nv, up)

with F e (HH(Q)) and uye H'(Q). Moreover, A; is a point in QUTy and satisfies
Hypothesis H, , y, is a segment in QU Ty and satisfies Hypothesis H, , ¢, € L*(y,) with
p such that

(1) p=1if the ends of y, do not join the vertices of Q, and ¢, <2r or y < £;

(2) p>1if the ends of y, do not joint the vertices of Q, and ¢, = 2n with y < 0Q;

(3) p>2 if the ends of y, join the vertices of Q,
where ¢, is the measure of the angle of the edge on which vy, is lying (for y, in Q we
have ¢, = 2m, for y, in a face of Q we have ¢, = n). Let o; be the measure of the cubic
angle of Q at point A;; then we have

1 1 _9.(Y)
x—a) Ly, ) x-v

u—uk+z— ds, (2.16)

where ug € H'(Q), and | X — Y| =((x; — y1)* + (%3 — y2)* + (x5 — y3)*)%.
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3. The case of the Lamé system

Now we turn our attention to the Lamé system, ie. (P2) mentioned in the
Introduction. In this case the very weak formulation is analogous to that of the
Laplace operator. But for the continuity of variational solutions we have no complete
result. We are only able to prove the continuity of the solutions near the edges of
a polyhedral domain. We shall present the results in the same order as in the
previous section.

The very weak solution
Let us use the notation in Section 2 and introduce:
Vo(Q) = {v € H (Q)*| Lv € L*(Q)®, Tvlr, =0},

where L is the Lamé operator, i.e.

Lv=o0y,(@) (3.1)

with
0;;() = 2ug;(v) + 16,8 (v), (3.2)
&j(0) =3, + 1) (33)

and Tv is defined as follows:

DEFINITION 3.1. For v € V(Q) = {v e H'(Q)*| Lv € [*(Q)*} we define Tv e (H(Q)*) if
(Tv,u) = J [Lo-u+ o;(v)e;w] dx Vue HY(Q). (3.4)
Q
We have formally (see [4] or [5])

(To,uy = “f o,(v)n;u; do”,

8]

where n=(ny, n,, ny) is the unit outward normal vector of 6Q. To|r, is defined as
the restriction of Tv on (H5(Q)*).

From the variational resolution, we have [7, 8]:

THEOREM 3.2. The Lamé operator L is an isomorphism from Vy(Q) onto I*(Q), if
I, #J.

ReMARK 3.3. For I', = ¢, we may replace V,(Q) by the quotient space of V,(S):
Vo(Q)/u,, where u, represents the rigid displacement:

Il,,=MX+B

with Be R® and M e R? x R3, MT = — M, and replace 1*(Q)® by a subspace of L2(Q)*
of which the functions take the zero mean value and the zero l-order moment.

By the transposition method, we can introduce the very weak solution:
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DEFINITION 3.4. Let & € (Vo(QQ)), we say u is the very weak solution for the Lamé
system corresponding to % if and only if

ue [2Q)

35
such that J u-Lvdx=F@) VYove Q). (35)
Q

Similar to the first subsection of Section 2, we can show:

THEOREM 3.5. For every F € (V4(Q)) (P2) posssesses a unique (very weak) solution u
in the sense of (3.5).

We also have a similar statement to Proposition 2.9.

The continuity of variational solutions
THEOREM 3.6. Let Q be a bounded polyhedral domain, and & = {S;} be the set of its
vertices. If u € V,(Q), then for all ¢ > 0 we have

ueC, <Q - Ly) B(S;, s))

where B(S;, ¢) is the ball centred at point S; with radius e.

3
s

The proof follows.

Partial regularity. Let G, be a (two-dimensional) bounded polygon, and yy,
yp € 080G, with yynyp =, JyUfp=0G,. We impose Q; =G, xR, I'y=7y xR,
Ip =7yp x R; then u € Vo(Q,) implies that u e HL(Q,)® and Lu e L?(€,)’. According
to Theorem 3.2 this is equivalent to saying that there exists fe L*(Q,)® and that u is
the unique solution of the following variational problem (I', # &, for I'y = & see
Remark 3.3):

ue Hy,),
(3.6)

J a'ij(ll)s,-l-(v) dx = J‘ f' v dx V ve H})(Ql)a.
€ Q

Then we have (see [4,9, 17] etc.)

LemMA 3.7. Let fe I2(Q,)* and u be the variational solution defined by (3.6); then

0
ZeH'(Q),
0z

where z e R, with (m, z) e Q,, me G,.

Proof. It can be proved by using the invariant property of the domain Q; and of
the Lebesgue’s measure with respect to the transition in the z direction.
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Let us take ¢ e R and define

_ w(m, z+ &) — w(m, 2)

€

for (m, z) € Q, = G, x R. Then from the invariant properties we have

f o;i(u.)e;(v) dx = j firvdx.
Q, Q

So
||, ||H1(nl)3 <Clf ||(H},(Q,)3)"
If we have
".ﬂ“(n},(nlﬁ)’ < C||f”L2(nl)3, (3~7)
we could conclude that
17/
& e HY(Q,P.
0z

In fact from (3.7) one can deduce that

(|, ||1r11(nl)3 =C ||f|lL2(nl)3-

Therefore, {u,|¢ € R} is bounded in H!(Q,)>. Hence it is weakly compact, i.e. there
exists a sequence {g,}, & — 0 such that

u, —— weH Q).

weakly
But we have
Ou
U, APYE)
in the sense of distribution 0z

so that

ou

— =we H\(Q,)

0z

(one can obtain an even better result: du/dz e HL(Q;)®). For (3.7), we take
ve Hy(Q,)? then

1(* 19
v_£=——J @dzz—J‘ _v(m,z—ta)dt

& 0z o 0z

z—¢e

Using the above relation, we have

f forvdx —J fro_.dx
Q Q,
1 v
f—(m,z—ts)dtdm'
Jﬂl.[) 0z

1
=< J‘ ”f||L2(n,)3
0

dt

2@,

v
% (m, z —te)

0
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= " f"Lz(nl)2

6z L2(91)3
S Cll flz@ ol o,

This implies (3.7). O
Continuity. THEOREM 3.8. Let Q, be defined as previously, and fe L*(Q,)>. If u is
the variational solution defined by (3.6) then

ue Cy(Q).
o)
u= .
uz

+Lo=F,e I},

Proof. We put

Using Lemma 3.7, we arrive at

&
07>
v=0 on Iy,

_gij(")l'j =H,¢e H*(FN)Z,

and
Pu, -
aZz + éuz = f;l € Lz(Ql )s
u, =0 onlI,
du,
= hu € H*(FN)a
on

\ =

where A, L are the Laplace operator and the Lamé operator in two-dimensional
space, respectively. Also ¢ is the two-dimensional stress tensor, n is the outward
normal vector of yy in R2 We have

(_T(U)‘ll={i aaﬂ(v)'nﬂ} ={aaﬂ.nﬁ}’ a=1> 2.
=1

Using the results about traces (see e.g. [4, Appendix III]) one obtains: there exists
a u' e H*(Q,)® such that

=0 on I,
‘_T(UI)Z' = Hu on FN,
oul

=h, on I'y.

on
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If we put
w=u—u',
then
(22 (2 O)e-ser@y
622 O 4 U= € ( 1) ’
< u2= on rD,
o@*)n=0 on Ty,
oul
o = on I'y.
We define
D
= (5:)
D,
L 0 ou,
= {ueH},(G1)3 (0 é>ueL2(Gl), ov)yn=0 and 6_p=0 on yN}

(o(v)n and 0u,/0n are defined in a weak sense similar to the definition of Tv); then

(¢ o)

0 A

is a positive selfadjoint invertible (I', # &) operator with domain D. Similarly to the
proofs of Theorem 2.13 and Corollary 2.15, we could obtain

e HA(R, [*(Q,)*)n (R, D)*S C(Q,)°.
So, from the Sobolev embedding theorem, we have
u=u’+ule Cy(Q,).

Theorem 3.6. can finally be obtained from the properties of traces and partition
of unity.

ReMARK 3.9. From the recent result of Kozlov and Maz’ya [12], one can conclude
that the functions of V,(Q2) are continuous up to the boundary if the domain Q
contains only isolated singular points, e.g. if Q is a cone with regular intersection
with the unit sphere. For such domains Grisvard (personal communication) proved
that the functions of ¥,(Q) (Iy = 0Q, or T, = dQ) belong to H*2*£(Q)? for a certain
&> 0. From Sobolev’s embedding theorem we have the continuity.

Solution for concentrated loads
Similarly to what is done in the third subsection of Section 2, we shall shall give
some results for concentrated loads, i.e. under certain restrictions, f and k& may
contain Dirac’s measures.

Let P,eR? and 4;e€ QuTy. We also assume that ¢, e L'(y,)?, with y, being a
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rectifiable curve in QuUTy. The following constraint would be imposed:
{430 {8} = <U 7.:) n{S;}=¢.

Then, from Theorem 3.6, we have the following lemma:

LeMMA 3.10. With the above assumption, the functional

F(v)=—2j @.-vds— Y P;-v(4;) (3.8)

is in (Vo(Q).
Take

F(0) = F(v) + {To, uy) (3.9)
with u, € H'(Q). Due to Theorem 3.5 we have

COROLLARY 3.11. Let F € (Vo(Q)) be defined by (3.9). Then there exists a unique
u e I2(Q)? solution of (P2), in the sense of (3.5), under the concentrated loads P, and
@, in QUTy and the imposed displacement uor,, on I'p.

REMARK 3.12. In Section 2, we discussed the decomposition of solutions correspond-
ing to concentrated loads. The key point, that allows us to use the fundamental
solution to construct the singular solutions on segments and to decompose the
solutions, is the fact that the normal derivative of the fundamental solution on any
plane passing through the singular point of the fundamental solution is zero except
at the singular point. Unfortunately this is not the case when we deal with the Lamé
system, and in general we do not have an explicit solution for a polyhedral cone or
edge (even locally). So far as the author’s knowledge goes, the explicit solutions
corresponding to a point load exist only for the whole space and the particular case
of a half space. Here is the solution in the whole space [12]: let F=(f,, f5, f3) act
at point ¥ =(y,, y,, ya); then the solution of the Lamé system is

1+v  (3—4vF+nn-F)
8nE(1—v) | X-Y]
where n=(X— Y)/|X — Y| and the relations between the Lamé coefficients y, A and
E,v are u=E/(14v)/2, A=vE/(1 +v)/[(1—2v). So, similarly to what is done in
Section 2, the solution u of the Lamé system in Q corresponding to concentrated
loads F at a point 4 € Q, H on a segment y = Q can be decomposed as

Gr(X—Y)=

u=ug+ Gp(X - A4)+ f Gy(X-Y)-H(Y)ds,,

Y

with uz € HY(Q).
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