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ABSTRACT

The study of the motion of particles suspended in a turbulent medium is of great signif-
icance to the research on laser veloeity-measuring technique, atmosphere pollution, formation
of clouds, eause of rain and the deposition of mud and sand. In this paper, the mean values have
been obtained of the velocity and the square veloeity of particles suspended in a stationary
turbulent medium at large Reynolds number, and a discussion has been devoted to the ¢¢follow-
up’’ behaviour of suspended particles, which is contingent on the properties of the turbulent
medium and those of the suspended particles themselves. At the same time, a statistical
criterion has been given for the complete ‘‘follow-up’’, ie. equivalence of the velocity of
suspended particles to that of the fluid.

I. INTRODUCTION

In recent years, a new method using laser has been developed for measuring the
flow velocity of a fluid. By this method, it is the usual practice that the velocity of
suspended particles in fluid, such as dust particles in a gaseous flow, is first measured
and the results thus obtained are made to represent the velocity of the fluid. Yet,
strictly speaking, as a result of inertial effect of the particles, their velocity does not
quite tally with that of the fluid. This is especially so in the case of a turbulent flow,
where the suspended particles generally cannot follow up the random perturbation
motion.

Therefore, in introducing the laser velocity measuring technique, an answer has to
be given for the following questions first: How large is the difference between the
velocity of the suspended particles and that of the fluid? What conditions must be
met so that the suspended particles can serve as an indicator of the flow velocity? To
clarify these two points, a meticulous study has to be made of the behaviour of parti-
cles suspended in a turbulent medium and a criterion found for the complete *‘follow-
up’’ of the suspended particles with the surrounding medium. Besides, the study in
question is also of practical significance to the research on atmosphere pollution, the
formation of clouds, the eause of rain, and the deposition of mud and sand.

By the ‘““‘follow-up” behaviour of suspended particles is generally meant this:
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from the known fluctuating velocities in a turbulence field to find out the velocities of
the suspended particles, and by comparing the former with the latter to determine their
relative magnitudes. In Reference [3], the transfer probability function is given for
the motion of fluid particle in a stationary turbulence field at large Reynolds number,
which makes it possible to give a complete statistical description to Lagrange’s turbu-
lence field. It is the purpose of the present paper to analyse the ‘‘follow-up”
behaviour of particles suspended in the known turbulence field, and to provide a statis-
tical criterion for the complete ‘‘follow-up’’ ¢f suspended particles with the surround-
ing medium on the basis of the results obtained in [3].

II. MoTioN EQUATION (GOVERNING A PARTICLE
SUSPENDED IN A TURBULENT MEDIUM

It was C. M, Tchen™ who first examined the motion of a particle suspended in a
turbulent medium and gave the general form of the motion eqnation governing a
spherical particle, with a diameter less than the smallest scale of turbulence eddies,
suspended in a homogeneous field of non-steady velocity. Later omn, Corrsin and
Lumley™ pointed out that in applying Tchen’s equation to a turbulence field, the inho-
mogeneity in space of a flow field must be taken into account. Finally, Hinze™ obtained
the following equation governing the motion in a certain direction of a particle suspend-
ed in a turbulent medium:
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In these equations, v, represents the velocity of a suspended particle; v, the velocity of
a fluid particle; r, the density ratio of the suspended particle to the fluid medium; d,
the diameter of a suspended particle; f., the external force existing in the said direc-
tion such as the gravitational force, the electromagnetic force, and v, the viscosity
of the fluid. The integral term on the right side of Eq. (2.1) is known as Basset’s term.
®ykc” pointed out that when f. stands for a constant force, the gravitional force for
example, the presence of Bas®t’s term slightly reduces the acceleration of the suspend-
ed particles, and the amount of reduction in acceleration is proportional to the density
ratio . (The present study concentrates only on conditions where r < 1). The accele-
ration change is not larger than 2% when r << 0.25. In the case of solid or liquid
particles suspended in an airflow, whose density ratio r is generally smaller than 0.001,
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Basset’s term can be neglected. Thus, the motion equation becomes

dv d

Ef+ayup=aer+ky%+f,, | (25)
or ’
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R . gyvg = (by — 1) PE 4 7, 2.6

o T T (b )dt f (2.6)

where vp = v, — vp.

Assuming that the concentration of suspended particles is so low that the reaction
of suspended particles on the turbulent medium ecan be neglected, in other words, the
presence of the suspended particles does mot affect the turbulence field, vs in the above
equation is therefore given as a known velocity in the turbulence field, and as a result,
the evaluation of the ‘‘follow-up’’ behaviour of the suspended particles in relation to
the fluctuating motion in the turbulence field is reduced to finding out v, or v, from
the given vr.

As in Reference [8], the motion of a fluid particle in a turbulence field ean be
described by Langevin’s equation as:

%ﬁ + por = f(8), @1

where 8 is the friction coefficient. With a homogeneous and isotropie turbulence, 8=>5v/
22, where A represents the smallest scale of turbulent eddies. In Eq. (2.7), f(%) is the
random force acting on a fluid particle. -According to the results cbtained in Reference
[3]1, for a stationary turbulence at large Reynolds number, the following expressions
are valid:

(F®)=FB =0, (2.8)
FOfFE+ )= fFOFE + ) = Ko(2), (2.9)
where ‘‘{ ).’’ represents the average over ensemble with veloeity u; ‘‘—’’ represents

the average over the complete ensemble; &(t) is the delta function and K =287%. In
the case of a stationary turbulence, K is a constant.

The solution of Eq. (2.7) is
vp(3) = vp e + 7% Y e“f(&)dg‘; (2.10)
0

where vr represents the value of ve(f) when {=0.

III. SorurioN oF MorioNn EQUATION OF SUSPENDED PARTICLES

.

First of all, let us take into consideration the conditions where f, = 0. In that case,
the solution of Eq. (2.5) can be given as follows:

0o(8) = vy ke oot [1(0) + (= p)us®)] a5, (D)

where v, is the value of v,(¢) at { =0. Substituting Eq. (2.10) into Eq. (3.1), we have
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Making partial integration, we can easily obtain

J‘; e*rEg=Fs H: eﬁg'f(f}')dé"] dE = :;?1—_ [e(ar—ﬁ)f L: e“f(f)db‘

— [ emsscorae]. | | (3.3)

Substituting Eq. (3.3) into Eq. (3.2), we have

:
v,(3) = v, e~ + kye™or* (—:—- — ,6') L eler=Ry, dE
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When we calculate the mean values of the velocity and the square velocity of
suspended particles, we take the average over the ensemble with initial velocity at v,,
which is represented by { )w,. Thus, we have

<vp>vpo = 'vpue-‘ﬂ, (35)
where we have made use of Eq. (2.8) and the condition, (vpo),m = Py, = 0.
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In calculating Eq. (3.6), we have made use of the condition of statistical independence
of ve and f(&) or f(n)™.
The first integral term on the right side of Eq. (3.6) can be written as,

([l emsag [Jemmtan), = | [} eernts@ia)., dsan

By using Eq. (2.9), we can change the above into

(e @ag | empCiin), = | [ emcrrse —magan. 39

By introducing the transforms, ¢ =& + 7, v = & — 5, it follows that
[t H o
j j T EKB(E + n)dEdy =§ gore H Ka(r)Ddr] do
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where D = OF 0y _ Oy OF l thereupon Eq. (3.10) becomes

or Oc Or Oo 2’

[ eortsrm kae - o) dgdn = L o — 1)
0 20y _

JOJ

Pt
- ii: Lo — 1], (3.11)

in which the condition, K = 28p%, has been made use of,

As regards the other two integral terms on the right side of Eq. {3 6), results
similar to Eq. (3.11) can easily be obtained. Thus, we have

2
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ay g ay + @ 4

where the stationary condition, o% = ¥} , has been made use of.

Giving a treatment similar to the above to vx(?), we have
¢
vr(t) = Vg€ — (ky — 1)6—”:13”;0] geT=REE

-+ {(kr — ])e—u‘r! (k?’ - 1)3 —w:} j; e“fgf(§)d§
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G, = (B 8 A
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At this point, we shall proceed to solve the motion equation under the condition
where f. = 0. The study here is restricted only to questions involving f. as the gravita-
tional force. If the z-axis is assumed to be vertical with what goes upward as positive,
while the y-axis, horizontal, then f. = — g(1 — 9), fey =0, where f.. and f., are the
components of the gravitational foree in the z- and y-directions respectively. Now we
shall make # and v represent velocity components in the z- and y-directions respective-
ly. As the mean value and the square mean value of the component of velocity in the
y-direction have already been given in Egs. (3.5), (3.12), (3.14) and (3.15), it is only
necessary, here, for us to find the mean and the square mean values of the component
of velocity in the z-direction.

Substituting f..= — g(1 — y) into Eqgs. (2.5) and (2.6), and noting that u is sub-
stituted for v in the two equations, we obtain

Uy, = — ﬂ(—-————la'; 7) (1 =) + u, ™"

rrem Lo 100 + (£ — p)uo)] az. (319

-

g = — g(1—7) (11— e—ur:) + 1w, e7oT
ay °

+ Oy = Demr || oo 17(8) — pun(©)1as. (320)
a
Repeating the above operation, we obtain

(u;,),;% = — -ﬂ%}—) (1 — ™) + u, e~ : (3.21)

(uli}“pu = — _[}.(_%_7.:}._ (_1 — e—nﬂ) + upue-wn

(3.22)
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IV. DiscussioN OoF THE RESULTS oF CALCULATION

Using the formulae obtained in the above section, we shall now disecuss how the
“follow-up’’ behaviour of suspended particles stands in relation to the parameters of
the properties of the turbulent medium and suspended particles.

(1) When random foree f(£) and the fluctuating velccities ve(£) and ur(£) in a
turbulence field all equivalent to 0, Eqgs. (3.1) and (3.19) change respectively to:

v,(8) = v, 7", (4.1)
() = — -9(1“%?’) (1 — =) + up e~ (4.2)

These are the well known formulae in an exponential form, which are valid in a laminar
field.

(2) When t — oo, Egs. (3.12), (3.15), (3.23) and (3.24) asymptotically go over
into the following respectively:

tim (63, = (630 = 938, s [ Chr — 13
+ 2 o gy o+ 2oy = e = B0, (43)
lim 18, = Coi)e = po3, LT, (44
lim (3),, = (43)e = [—2%'37—)]2 + gz, @7‘1—_@2 [ar(kr — 1)
+ 1:; (o — k8)* + 4"2“0"’;:_‘1_);“ = ﬁk)] , (45)

From Egs. (3.12), (3.15), (3.23) and (3.24), we can see that {-—> co means
i 1/2ay and t > 1/(ay + B), with ay as defined in Eq. (2.2) and B representing the
friction coefficient in Liangevin’s equation. For a homogeneous and isotropie turbulence
field, B = 5v/A°, where A is the smallest scale of turbulence eddies. We can now esti-
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mate the magnitudes of ay and 8 on the basis of the following condition which is
usually present in laser velocity-measuring teehnique: at a room temperature, with the
atmospheric pressure at 1, v in a turbulent airflow is about 0.15 cm®/sec; if the density
of suspended particles is taken to be 1g/em’, then r is about 107°; if the diameter of
suspended particles is taken to be 0.5 ™, @y is about 1 X 10° sec™; if A is taken to
be 0.1 mm, B is about 0.75 X 10* sec™*. Thus ay > 8, and at this point { — o0 means
t>» 1/ay, ie.,, t > 107°sec.

(3) The effect of the gravitational force on the ‘‘follow-up’’ behaviour can be seen
from Eq. (4.6). Let

_, (ky — 1)
0= fur, ay +8_ _ ﬁﬁ}uazyz(k'r —1)?

[_ g(1 — T)_T (1 — )y + 8)
ay

When @ > 1, the effeet of the gravitational force can be neglected. When @ « 1, the
effect of the turbulence field can be neglected. If we still take y =107% ay =1 X 10°
see”™?, B=0.75 X 10* sec™* and even if we take \/s?%n = 1em/see, @ will also approxi-
mate to 0.75 X 10*, which means that the effect of the gravitational force may well be
neglected here.

(4) When the effeet of the gravitational force is negleeted, Eq. (4.4) has the

same form as Eq. (4.6). Therefore, we might as well discuss the ‘‘follow-up’’ behaviour
of suspended particles in terms of Eq. (4.4) alone. BEq. (4.4) can be written as

(4.1

<y;t>ﬂ — (kT _— 1)2 4.8
v, lar+8) “8)

With the introduction of the dimensionless parameter

Br = 2L (4.9)
g
Eq. (4.8) becomes
ke o (g — 1) —L 4.10
o Gy = 507 (410)

Fig. 1 shows the dependence of (v%)w/?%, on Br, with the solid line denoting y — 0,
the dot-and-dash line, y = 0.1 and the dotted line, y =0.5. When y =1, the line coin-
cides with the abscissa axis.

For solid or liguid particles suspended in a turbulent airflow, the condition, y«1,
is usually satisfied. Thus we have approximately

2

(1-’;)“ = 1 Br = prd
vE, Br+1’ o1’ ’

where pr and p, are the densities of the fluid and the suspended particles respectively;
r is the radius of the suspended particles, i.e. r = d/2.

When Br « 1, (vk)e/v%,a 1, in other words, the suspended particles do not

H
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Fig. 1. The change of {vk)w/T}, with Br.
— 0 —r——, r=0.1; ———, v=0.5

follow up the fluctuating motion in a turbulence field at all. If we take Br — 0.1,
v {tk)w/V%, is about 95%.

When Br 3 1, (9&),/5}53 0, which means that there is a complete follow-up of
the suspended particles with the fluctuating motion in a turbulence field. If we take
Br = 10°, «/(y}),/{;}n is about 3%. At this point, if we assume 4 — 0.1 mm, d = 0.2 .
This value is found to be in complete agreement with empirical results stated in
Reference [1].

V. ConcLupmng REMARKS

Based on a theoretical study of the law governing the motion of the suspended
particles in a turbulent medium, the present paper has made an analysis of and estab-
lished a statistical criterion, Br, for the ‘‘follow-up’’ behaviour cf particles suspended
in a stationary turbulent medium at large Reynolds number. When Br > 1, ie,

r«,/;,,_ > ﬂ.\/p_;.-_, the suspended particles will follow up the fluid motion completely. This
is found to be in agreement with the empirical - results achieved by the laser veloeity-
measuring technique™, '

The authors wish to make a cordial acknowledgement to Prof. Tan Haosheng (H.
S. Tan) for his advice and encouragements,
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